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A SIMPLE METHOD FOR INVERTING THE AZIMUTHAL: ANISOTROPY OF: SURFACE WAVES
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Abstract. We investigate the problem of
retrieving anisotropy ‘as . a function of :depth in
the mantle, from the observed azimuthal
variations:of ‘Love ‘and ‘Rayleigh wave velocities.
Following the approach of Smith ‘and Dahlen, ‘this
azimuthal dependence is expressed. in terms of a
Fourier 'series of the iazimuth: 6. For the most
general case of anisotropy (provided it ‘is small
enough), .some  simple linear combinations ‘of the
elastic tensor coefficients are shown to describe
the total effect of anisotropy (both polarization
anisotropy and azimuthal —anisotropy) on ' the
propagation of surface waves. For the terms that
do not . depend on' the azimuth the combinations are
related ~to . the  ‘elastic coefficients:  of i'a
transversely ‘isotropic mantle. 'For.‘the ‘azimuthal
terms ‘the relevant ‘combinations are explicited.
It:wis found that the ‘partial ‘derivatives: of the
azimuthal terms with respect to these
combinations ‘are ‘easy to .compute  for ' they are
proportional to: ‘the 'partial . derivatives-  of a
transversely isotropic model: in :the  case of a
plane-layered model. In a first approximation the
same “property holds true for a sphericaliearth
and we . calculate from PREM :all ‘the ' partial
derivatives needed for performing ‘the inversion
of ‘the azimuthal 'anisotropy of surface waves in
the period range 50-300 's. ‘It 'is observed that
very shallow anisotropy can be ‘responsible for
substantial " azimuthal ~~variations. ~up: to: the
longest  ‘periods. ‘With - this ‘approach it 'is ‘also
easy ‘to compute ‘the ‘azimuthal wvariatioms :iof
surface wave velocities produced by any
anisotropic ‘model. When a Cjj elastic ‘tensor is
chosen for ‘the upper mantle, azimuthal variations
up to 2% - are 'obtained for Rayleigh waves. The
azimuthal variations of Love wave velocities are
very small. “The 26 term. of the azimuthal
variations of "Rayleigh ~wave -velocities ‘is ‘the
dominant  term. Its ‘fast:@ axis corresponds ‘to ‘the
fast axis of P.! waves.

Introduction

The ‘evidence ‘that .much “of " the ‘upper mantle
may  -be . anisotropic ~is:isteadily  growing. . In
particular, the interest 'in .azimuthal -anisotropy
is -~ “increasing. Since' imtrinsic . anisotropy
requires that ‘crystals ~be both ‘anisotropic 'and

1a1s0 at Laboratoire de sismologie, Institut
de Physique ‘du Globe, Université P, et M, Curie,
4:pliJussieu, 75230, Paris Cedex ‘05, France.

Copyright 1986 by the American Geophysical Union.

Paper number 4B5338,
0148-0227/86/004B-5338505.00

oriented in preferential directions, observations
of . seismic anisotropy:.'can provide information
about the mineralogy ‘and the deep  structure of
the ‘mantle.  Over the last few years, there has
been a ‘large  increase. :in . the  number = of
observations “implying anisotropy 'in . the earth
(for 'a review, see Crampin et. al. [1984]). The

early . evidence ' was: the ' ‘discrepancy. between
Rayleigh and: Love wave dispersion [Anderson,
1961, . 1966; ~Aki 'and Kaminuma, 19637, ‘and ‘the
azimuthal ‘dependence: 0f  'Ph . velocities [Hess,

1964; Morris et al., 1969; Raitt et ali; 1971]
Azimuthal . variations . ‘have: ‘now ' been = well
documented  for ‘different areas in the world for
body. ‘waves [Bibee and Shor; 1976; Bamford;1977;
Hirn, -:1977; :Talandier :and Bouchon, 1979;  Fuchs,
1983 ] ‘as well ~as. for surface waves [Forsyth,
1975; Mitchell “and ~Yu, '1980; ' Montagner’, 1985}.
The Rayleigh ~'Love discrepancy is widespread for
fundamental modes [McEvilly, 19645 Forsyth; 19753
Schlue 'and ' :Knopoff, :1979; - Journet ‘and Jobert;,
1982; Montagner, 1985] but iralso for  overtones
[Leveque and Cara, 1983]. This discrepancy 'is
accounted for when using .a transversely isotropic
medium” with 'a wvertical 'symmetry ~axis . (PREM of
Dziewonski ‘and Anderson [1981]): On “a global
scale; “long-period surface ‘waves ‘have been .used
to. map ‘lateral .variations of anisotropy in: the
upper’ ‘mantle ‘within ~this. framework of a
transversely ‘isotropic earth [Nataf et ali,
1984 ). Tanimoto and Anderson [1984] have recently
determined the "azimuthal wvariation of: Love and
Rayleigh wave ~phase. velocities 'on a 'global
scale. They show that /the:. fast directions of
Rayleigh  'waves' appear to correlate  with flow
directions in ‘the mantle; but ‘it is not known to
what 'depth ‘the anisotropy extends.

As we . see,: . observational “'surface  waves
studies ‘call for two kinds of anisotropy: On the
one ‘hand, wvariations of phase or group velocities
with “the “‘azimuth ~of “the ~path ' (azimuthal
anisotropy); ~on the -“other hand ' inconsistent
values ‘forithe "azimuthally averaged velocities
of Love and:‘Rayleigh waves,  explained  in
terms = of . ‘transverse ‘isotropy  (also:called
polarization “anisotropy). 'From an ‘observational
point. of view it ‘must be noted that there is a
difference between these two forms of
anisotropy. “Azimuthal = anisotropy 'is  ‘observed
directly ‘for body ‘waves as well 'as for surface
waves; on the 'contrary, transverse ‘isotropy 'is
not -observed  directly but “is inferred from the
inversion of Rayleigh and ' Love wave ‘data. To
our  knowledge; . no: inversion has been performed
that takes ‘into ‘account:simultaneously azimuthal
anisotropy and Rayleigh - Love discrepancy.

From ' a ' theoretical point  :of ' view the
propagation of surface waves 1in  a completely
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anisotropic plane-~layered medium has been studied
by Crampin 1970} and applied: to a few special
cases [Crampin, 1970; Maupin, 19857, ‘Smith and
Dahlen [1973] have studied the effect of a slight
elastic anisotropy on the propagation of Love and
Rayleigh 'surface waves. They give the ‘azimuthal
dependence i of the phase velocities of surface
waves, which involves the variation with depth of
some ‘combinations - of  the canonical: harmonic
components of ‘the ‘elastic tensor, which are hard
to handle.

The ' purpose .of ‘the. present paper  is 'to
provide the basis for an inversion method of the
azimuthal variations of surface wave velocities.
From ' the —azimuthal ' variations at different
periods our goal 'is to - retrieve .the wvariations
with ‘depth of some ‘combinations ‘of the ‘elastic
coefficients. ‘Using Smith and ‘Dahlen’s approach,
we shovw that the partial derivatives: involved can
be calculated very simply. The. combinations: of
the elastic coefficients  are ‘explicited.  The
method  is then applied to two realistic mantle
models in order to assess the relative importance
of the different teérms involved. It is shown that
depending on whether: the ‘anisotropy 'is confined
to the: lithosphere or to the asthenosphere, the
resulting azimuthal . variation :of the: 'phase
velocity ‘of Rayleigh waves presents a different
signature.

Relating Local Elastic Coefficients to
the Anisotropy of:Surface Waves

We  follow 'the “approach ‘of ‘Smith and i Dahlen
[1973]. They calculate the azimuthal' dependence
of 'surface wave velocities for . the most general
slightly anisotropic elastic plane-layered medium
with its 2] ‘independent  ‘elastic coefficients:
Rayleigh’s principle  is  combined :with Backus’
[1970] harmonic ‘temsor ‘decomposition.. To .the
first order in - the —anisotropy, the ‘azimuthal
dependence 0f ‘both Love = and Rayleigh - wave
phase velocity . is found to be of . the form

Clw,8) = A1(w + As(w)cos26 + Az(w)sin2b +
A (w)cossd + Ag(w)sinkd

where 'w:is the angular frequency and 6 ‘is the
azimuth of . the wave number vector -measured
clockwise ‘from the north. The various ‘azimuthal
terms “A{(w) .are  depth integral ~functions that
involve some canonical harmonic elastic
components. y M¢2) as derived from Backus [1970].
Indeed, these harmonic components are difficult
to-handle; and. .we have preferred to. express: the
different  Aj(w)  using ~the Cartesian  elastic
coefficients ©Cii(z) “in: 'the  usual = simplified
index ‘notation (see: Fuchs [1983], for: example) .
The details ‘of: the calculations for ‘Love waves
are given. in the appendix; and we present. only
the ‘results in the:text. It is ‘found that 'the
perturbed phase velocity can. be expressed as

C(k,8) = Colk) + 8C(k;6)

where 'k is the modulus of the wave number vector,
Cp(k). is the phase velocity for the ‘isotropic
medium’ considered ‘as ::a ‘reference: model: and
8C(k,8) is the first - order perturbation.  in
phase  velocity dispersion. We assume that the
anisotropy is slight ‘enough that quasi’ - Love

modes .and quasi - Rayleigh modes can be defined
[Crampin, 1977]. Love = and »'Rayleigh' - wave
dispersion is:successively considered ‘as follows:

Love Waves

The ‘first - order perturbation in Love wave
phase:velocity GCL(k,e) can be ‘expressed as

6C, (k, 0)= 1 [L1(k) + La(k)cos26 + Li(k)sin26
2Cor.(k)
+ Ly(k)cossd + Lg(k)singd] (1)

where
w

Lo(k) = fop.wzdz

2
Li(k) = L Io(wz.dN +..2L;__.dL)dz

Lo pit k
2
1
Lo(k) = - J'O—GC-._"lT dz
o o K (2)
La(k) = —— I_GS.__Q_W'Z dz
Lo 2 ok
2
Ly(k) = 1 fo—cc.w dz
Lo -
2
Lg(k) = Sl IO—CS.W dz
Ly

where W(z) ‘is  the -unperturbed love displacement
eigenfunction and W' its derivative with respect
to ‘the depth z.

Rayleigh Waves

The ~first = order perturbation 'in Rayleigh
wave phase velocity 6CR(k,9) can be expressed as

1 [Ry(k) + Ry(k)cos28 + Ry(k)sin26

2CRr(k)
+ Ry(k)cossB + Rg(k)sina8]  (3)

6C, (k, 8)=

where
Ro(k) = fop(U2 + V)4

oo
L[ [aa v2 sqc.U'2 2U'V
L IO[ V% +dc.U " +ap. 20V

Ri(k) =
Ro ) k k
+dL(T~U) ldz
i 2
Ro(k) = 1 IO[ Be.V® + H..2UW
Rg ) 5 k
+ G (Veu) % )dz
k (4)
Ry(k) = _L fo[ Bs.V2 + Hy-20'V
Rg ' 5 k
+:Gg(V1-u) 4 ldz
5 K
Ry (k) =1 fOCC.Vzdz
Ry
Rg(k) = 2L IOCS.VZdz
Rg

where U(z) and V(z) are the unperturbed Rayleigh
displacement eigenfunctions, U in ‘the horizontal
direction  and V. in the vertical 'direction 'of
propagation;:U' and V' are their derivatives with
respect to ‘z. The sign convention: for U, V, W is
the 'same as that of Smith and Dahlen [1973].
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The 13 -depth = ‘functions A, C, F, L, N, B¢,
Bg,Ges Ggy Hey Hg,y Cey Cgiare linear combinations
of the ‘elastic coefficients  Cjj and are now
explicitly given . as follows
Constant’ term (independent of azimuth)

A= %g (Ci1r Cop) *+ Yy Cra+ Yy cee
C = C33
F =1, (i3 Cyy) (5a)
L= 1/2 (Cyy*+ Csgs)
S 1 1

No="/g (Cy1+ Cpp) - /4 Cia+ /2 Cgp
20 -'azimuthal term

1
Beo= 2/ 2(C117C22)
Bg = Cle+ Cog
Ge = /2 (Css~ Cuu)

(5b)
Gg:= Csy
He = Y5 (13- €23
Hg=C3g
46~ -azimuthal term
o 1 1

Cc = /g (C11¥ Co2) = /)y Cig = /o Cge

. (5¢)
Cq = /2:(C16~ C26)

It may be moted: that all ‘these ~expressions 'are
relative to the components of the total elastic
tensor and. not of the 'perturbed omne. This is
possible  because only linear combinations of 'the

Cii.are - involved. If 'we ‘consider -the ‘constant
terms Ly and Ry, five independent combinations of
elastic coefficients are involved. They
correspond  tothe  case ~of a  ‘transversely
isotropic : medium  ‘with vertical ' symmetry ~axis
after ‘averaging over ‘all 'azimuths. The elastic
coefficients of this ' equivalent: ' transversely
isotropic medium. have been'defined, ‘following
Love 1927, p. 196] and " Takeuchi ' and " Saito

[19727, as 4, C, F, L, N.

Let ‘us  recall. that in a really transversely
isotropic medium, ‘A, C, L; N can be ‘determined
from measurements ofi the P .~ ‘and 8§ - wave
velocities ‘propagating perpendicular .or . parallel
to the axis of symmetry:
A=pvl,Cc= vk, N-= v,
where pis the density.

Some of the previous combinations have already
been derived in the expressions  that:describe the
azimuthal dependence of body waves (see Crampin. et
al.[1984], for ‘example) in:a weakly ‘anisotropic
medium.

Ly
L pVSV

pvg = A+ BCCOSZG + Bssin29 + Ccc0848 + Cssin46
pV82P =D = Ccc0349 - Cssin46
pVéR = F + Gccosze + Gssinze

We use Crampin’'s notations for the coefficients

B, B G ;G CyC However, Hc’ Hs do not
appearsin %odyswavg azimuthal dependénce ‘and :aré

typical of ‘surface waves. On the other hand, we do
not follow Crampin's motation for ‘theconstant term
and iprefer the most commonly used notation A, C,
F, L, N,

From equations  (2) ' and - (4). 'the partial
derivatives of 'phase velocities ‘with respect to
the different parameters pj can be calculated:

np © :
(6c, )= S (66,), = T € [ [(26) dpildz
u i=1 U Opi k,pj#i Ah

where ' 6C1 ' is’ ‘anyone  of/ the -azimuthal . phase
velocity amplitudes in (1) and:(3). The subscripts
ky ww, pj are wused to show that the derivatives
are taken ‘along 'k, W, p. = constant. Ah is the
normalizing ‘thickness for the partial derivatives;
U is “the 'group 'velocity and np the number of
parameters.

The 'partial ‘derivatives with ‘respect to the

five elastic ~coefficients of a  transversely
igsotropic earth A, ~C, F, L, N are in the
literature [Anderson and ‘Dziewonski, 1982]. One

important point “is. that  the determination of the
partial -derivatives for the azimuthal ‘terms  does
not requireadditional computations because ‘the
kernels' that —appear in. the ‘azimuthal ‘terms are
already present in the constant terms L and Rj.
In fact, ias can 'be  seen from (2) and (&) the
partial derivatives of “the® azimuthal terms with
respect . to . the azimuthal ‘combinations of the
elastic coefficients (B, C:, G ;...) are exactly
equal to the partial ‘dérivatives of the constant
term with ‘respect  to 'the corresponding transverse
isotropy parameters (A, N, L,...). Surface wave
propagation . (or . normal  mode  solution -in a
spherical earth) can be calculated completely for
transverse isotropy with a vertical symmetry axis
[Anderson, 1961; " Takeuchi ‘and Saito,; 1972 ].  Our
point is that the partial derivatives with respect
to.the five elastic parameters of a transversely
isotropic “earth  (PREM, |Dziewonski ‘and  Anderson,
1981]) obtained from these calculations can be
used ‘directly ‘to invert the azimuthal variations
of ‘the phase welocities of 'surface waves. In the
next: section, we ‘take advantage of this property
to present these partial derivatives:

Partial ‘Derivatives for the ‘Azimuthal Anisotropy
of ‘Surface Waves

In ‘the period range that we consider (50 -

300 s), ‘the “influence of the sphericity of the
earth cannot 'be mneglected. We :make no attempt
here ' to ..carry :out —an analysis of ‘azimuthal

anisotropy for normal modes in a spherical earth.
Dahlen and 'Smith [1975} and ‘Woodhouse "and Dahlen
[1978] have . given the general ‘expressions for the
influence of ' ‘anisotropy :'perturbation -on  the
period . “of = normal: modes using  Rayleighls
principle. ‘However: the integration has ‘mot been
performed so .as ‘to give ‘the 'variation of ‘the
eigenperiod with azimuth, It is not possible to
simply transpose  the ‘decomposition  made = for
surface 'waves in: . a “flat. - layered ‘medium  to
normal modes in a spherical Earth. In particular,
the ‘concept of azimuth of propagation itself is
not ‘a - natural one for mnormal modes. ‘Although the
theory presented above is valid for surface waves
in-a flat mantle, we will calculate the partial
derivatives with respect to.p, A, C, F, L, Nin a
spherical earth. We think that by applying a flat
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Fig. 1. ‘Partial derivatives for'Love waves. The plots are the partial derivatives of
the period ‘of i the normal modes Ty (left) and oTigp (right) with respect to the

il

elastic coefficients of 'a transversely isotropic earth: L and: N, and the density p, as
a function of depth in the upper mantle. (The partial derivatives with respect to A,
C, F are null for Love waves).  The plots are normalized to ‘their maximum amplitudes,
which are given ‘for:'a “fh = 1000~km ‘thick ' perturbed layer. In ‘parenthese, the
combination ‘of elastic  coefficients ‘that' has ‘the 'same .partial derivative for the
azimuthal terms (26 and 46). Note that the amplitude of the L - partial is very small.

layered theory to a sound spherical ‘earth model,
we obtain more realistic ‘dispersion properties
and eigenfunctions than by applying that theory,
in its  legitimate = frame, 'to 'a ‘necessarily
oversimplified: flat. “earth:  model. -Sphericity
cannot produce azimuthal variations in itself. If
the actual ‘problem: of azimuthalanisotropy  were
solved, the sphericity corrections ' to add ‘to our
approximated' theory would probably ‘amount ‘to' some
10 % of the few percent we are inverting. We use
the program 'EOS" of Dziewonski to 'compute 'the
periods ‘and partial 'derivatives: of ‘'the ‘normal
modes.  The ‘earth model ‘we choose, is =~ PREM
[Dziewonski and Anderson, 1981]. The computation
includes the effects of ‘gravity and anelastic
attenuation.

Figure 1 shows the ‘partial 'derivatives for
Love waves. The ‘partial derivative with respect
to L is ‘equal ‘to the partial derivative with
respect to =Go in the 20 - azimuthal term; the

partial ‘for N is ‘equal to the  partial for -Cg
inthe 46 - term. ‘As expected, the amplitude of
the N - kernel.is much larger, which just means
that ‘love waves .are much ‘more sensitive  to
SH = wvelocity (¥  N/p) than to SV = wvelocity
(Y "L/ p). Therefore, we expect the 48 - azimuthal
term to be 'dominant over the 26 - term:for: Love
waves. 'However; this 'prediction:depends on  the
relative strengths of ‘the G ‘and C: coefficients
Y c.

to expect for '‘a realisticianisotropic mantle. We
also note that the 48 - term is mostly sensitive
to the shallow C¢ = structure.

Figure 2 displays the partial derivatives for
Rayleigh waves. There are now.three partials that
contribute to the 26 = 'azimuthal ‘term. One of
them is: ' very 'shallow (the B¢ =~ partial, -equal
to the A = 'partial). A second one is sensitive to
much deeper structure (the G - partial, equal to
the L= partial): The third partial (the. Ho =
partial, ‘equal to the F - partial) has a mixed
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Fig. 2. Partial ‘derivatives for Rayleigh waves. Same conventions as' for Figure 1. The
partial with respect to N has not been plotted. It is null in a flat earth, but it
takes a non zero value in: a spherical earth. However, for the periods considered here,
its amplitude is small (less than15% of the amplitude of the L -~ partial). Note that
three partials contribute to the 26 = azimuthal term.
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TABLE 1. Elastic Coefficients Cij chosen for
both "Lithospheric! and "Asthenospheric"
Anisotropic Regions,

1 72,3648 0.7253.0.7228 -0.0008 -0.0196  .0.0000
2 2.2081::°0.7187..0.0169 .0.0164 :-0.0040
3 2.2016:-:0.0182 -0.0024 . 0.0041
4 0.7494.-0.0058 -0.0103
5 0.7921 :0.0128
6 0.7877

In megabars.
From anisotropic Table 2d of Peselnick and Nicolas
(1978) for uppermost oceanic mantle.

sensitivity and a somewhat smaller ‘amplitude. The
40 - azimuthal: term depends on the C  ~parameter
only. The corresponding partial (A - partial) is
very shallow, even:at long periods.

Density cannot: be responsible  for - azimuthal
anisotropy of course. Nevertheless, it can affect
its amplitude through the Lp —: or Rg = terms in
equations (2) and (4). This is a second = order
effect that can be ignored at the present time.
Note that the plotted ‘p - partials are those for
the complete transversely isotropic medium; they
do not describe: the influence of ‘density on the
azimuthal terms.

At this stage . the main conclusion is that the
observation of ‘azimuthal .anisotropy  for 'long- -
period Love '~ .or - Rayleigh: waves: does . not
necessarily imply the presence of deep azimuthal
anisotropy. Indeed, 'shallow ‘anisotropy can cause
large  azimuthal —anisotropy  for ‘‘long - - period
Rayleigh waves ‘through the B -~ partial.: To
further assess 'the ‘relative ‘Importance . of the
various terms creating azimuthal ‘anisotropy, we
need ‘to:determine “the -values of.  the “relevant
combinations: of ‘‘elastic coefficients ~in ‘a
realistic mantle. This is what we present ‘in’the
next section.

Application  to  Two  ‘Realistic Upper == Mantle
Structures: ‘Anisotropy. in the Lithosphere
or in' the Asthenosphere

From  a geodynamical point of  view it ‘is
important: to know “if we can' resolve  azimuthal
anisotropy beneath the lithosphere. In fact, deep

anisotropy. - could  bring :valuable  information
concerning convective  currents - in the'  mantle
[Tanimoto  and - Anderson, 1984; Nataf et ali,

1984 ]. To check that point, we apply the partial
derivatives of the previous section to . two simple
models: a "lithospheric' model in which ‘azimuthal
anisotropy is restricted to:the lithosphere: from
the base of the crust (at 24 = km depth) to 100 =
km depth; an "asthenospheric'" 'model, 'in which
azimuthal anisotropy runs: from 140 ~ km to 400 =
km depth; the rest of the ‘mantle (including the
lithosphere ~and the 'spinel . - zone): bearing mno
azimuthal anisotropy.

To ‘estimate plausiblé values for the G¢,

Bgyeonicombinations ~that enter . the  azimuthal
terms,  we choose '‘a realistic  Cj5  matrix  of
elastic - coefficients. ' Peselnick and Nicolas
[1978] have: calculated the matrix of elastic
coefficients for ‘uppermost. . oceanic mantle on:a
massif scale “from field ‘observations (Antalya
ophiolite complex in Turkey), fabric data and

experimental values of single -~ crystal elastic

coefficients. The Gji" ' matrix is the weighted
average ~of ‘many ‘samples ‘oriented  in the field
covering a 15~ km long outcrop., This is still

very ‘small as ‘compared to the wavelength of ‘the
surface 'waves we ‘are dealing with (100 = 1000
km) .. From - Pp = 'studies i and models: of the
formation. of ‘oceanic  lithosphere it is possible
to:infer 'that - anisotropy remains ‘homogeneous on
horizontal ‘length - scales in excess of 1000 km,

We “take  ‘their’ results to: ‘build “both = our
lithospheric and - asthenospheric  anisotropic
examples. ' The  Cjj matrix (their Table 2d) is

reproduced in  Table 1, with respect to ‘the 'x, y;
z axes. The x = axis 1s normal to the ridge, the
y =~ axis is parallel : to- it and ‘the z - axis is
vertical. We note that their data produce: a 4% P
-, wave ‘anisotropy, somewhat -smaller than actually
observed Py .- anisotropies. in the oceans [e.g.,
Morris et al., 1969; Raitt et al.y 1971].
Therefore we think that .the . azimuthal anisotropy
we derive ‘should not overestimate the azimuthal
anisotropy to be expected for: surface waves ‘in
the earth.

Given . the Cis . matrix, it . is ~easy to
calculate ~the  combinations  .Gcy “Bge,i.. that @ we
need for - 'discussing ' azimuthal anisotropy,
according to “equations' (5). The values of the

relevant ratios of .combinations - are: given in
Table 2. Strictly speaking, we should take into
account. ' the . pressure .-~ ' and ' temperature: . .-
dependence of  these 'ratios. However, they  are
poorly known in the ‘depth range we consider and
we neglect them at this stage in order to keep
our models as simple as possible.

The - azimuthal variations . of = the  phase
velocities of Love and  ~Rayleigh waves -are
computed by -integrating.  the ‘relevant  partials
times ‘the associated ratios over the anisotropic
region. For 'example, the cos28 ~ . anisotropy of
Rayleigh wave phase velocity at.a given period Ty
for the "asthenospheric' model is obtained as

400km
AC(T g)ecos20 = =€ { [(_lic Ja(er) + (8o )E(or)
T U 140km A T BA Kk . F T dF k

+ (G )_L.(QZ)J -4z 100526
LT dL"k  Ah

TABLE 2. Ratios  of the ' Combinations of ‘‘the
Elastic Coefficients Used to Calculate the
Azimuthal ‘Anisotropy ‘of ‘Surface Waves
for Our Two Realistic Models.

G ¢ B H

c,s c,s c,s c,s C,8

L N A A F
cos 0.028 =0.005 ~0.002 0.034 0.003
sin ~0.007 0.003 0.001 -0.002 0.006
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Fig. 3. The cos26. - azimuthal ' anisotropy

amplitude of Rayleigh waves (top) and Love waves
(bottom) ‘asa function ‘of ‘period for the ‘two
tested  models. ~The dashed  line ' is :for the
"lithospheric" model and ‘the' continuous line for
the  '"asthenospheric' 'model.  Also  drawn (fine
lines) ‘are ‘the ‘individual contributions of 'the
Geovand Beterms . to. the ‘Rayleigh wave co0s28.:~
anisotropy - for ' both: models.  Note: 'the: : large
anisotropy -at ‘long-period for the "lithospheric"
model.

where C and Ui are' the unperturbed phase ' and group
velocities ‘at the period Tg.

The ¢c0820 =~ amplitudes are given in Figure 3
as - a function of 'period. As expected, the 206 =
anisotropy of ‘Love waves 1is very small.(less than
0.2% peak to peak). On: the  contrary, Rayleigh
waves have:a significant 26 - anisotropy for both
models.  The '"asthenospheric'!  model = yields a
maximum: 1.6% peak to peak: anisotropy at: 150 :s.
The "lithospheric" model reaches the same value
at 50s, but its ‘anisotropy remains “high (0.5%
peak to ‘peak) up to the largest periods. As shown
in-Figure 3, its long =~ period anisotropy comes
from: the B¢ - contribution. The 'very  shallow
sensitivity of the Be =~'partial -allies with the
large value " 0f the B./A ratio to give  that
strong effect.  We. . also - note - that' the He =
contribution: i to: the 26 = term is . always
negligible (not plotted):

As can be seen from Table 2, the sine: -~ terms
are much smaller 'than the cosine. -'terms, except
for H and H_ whose contribution is negligible:
The 60 diredtion thus corresponds  to a ‘maximum
velocity ‘when the cosine = amplitude is positive
(as: for Rayleigh waves) and to a minimum when the
cosine = ‘amplitude  is ‘megative . (as' for 'Love
waves). Rayleigh waves are faster along: 'the
direction of fast P - waves (which colncides with
the: normal ‘to the ridge, the x — 'axis in:Table
1), whereas Love waves. are faster. 90° from that
direction. As mnoted .. by Maupin [1985}, that
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property arises from the difference in particle
motion between Love and Rayleigh waves.

Figure 4 'shows our results for: the cos4f: -
anisotropy. :That' term is negligibly small for
Rayleigh waves (less than 0.1% peak to peak). For
Love waves, the amplitude is also’ rather 'small
(less than 0.2% peak to peak) and we note that
the variation with period is weak.

To assess ‘the generality of the results that
we present, ‘we have tried other  plausible Cij

matrices. In particular, we have considered the
case - of ‘the ~hartzburgite  'sample ~given by
Peselnick .and - Nicolas [1978}. On . the  sample

scale the coherence is ‘better and the resulting
anisotropy larger. The .cos26 - Rayleigh wave
anisotropy is still the dominant ‘feature with a
maximum 4% peak to peak wvariation. The cos4f -
anisotropy. of Rayleigh waves remains negligible.
These . two ‘trends seem to be:  ‘indeed 'robust
features for - any . 'realistic = ‘upper 'mantle
anisotropy, when the fast axis is horizontal, On
the —other hand, the amplitude: and ‘even ‘the sign

of the ‘cos4f ~ ‘Love wave anisotropy is' quite
sensitive  to 'the chosen Cjj matrix. For  the
hartzburgite Cijj, 'its amplitude reaches half
the: ‘Rayleigh ' co0s26 "~ —amplitude ‘and = it is
negative. - The . cos28 - ~Love 'wave 'anisotropy
remains very small.
Discussion and Conclusions

Figures 3 and. 4 indicate '‘that ' realistic
anisotropic.  models  of . the  '‘mantle ' produce
significant azimuthal variations of the
velocities of “surface waves. The 206 - term of
Rayleigh  wave = azimuthal = variations. . is . the

dominant term and ‘a robust feature: Its fast axis
isthe fast 'axis of P - waves. The peak to:peak
amplitude of ‘the ‘variation reaches 1.6%, a value
that ‘compares favorably with observed azimuthal
variations: in . ‘the Pacific [Forsyth, 19755
Mitchell ‘and :Yu, 1980;: Montagner, 1985] oron a
global scale [Tanimoto ~and Anderson, 19847. We
should  stress that the ' tensor ~of ‘the elastic
coefficients ‘that 'we —adopted for: our models is
truly not extreme in 'the 'sense that the Py -
azimuthal anisotropy it produces is :lower: than
actually observed ‘in most oceans. The 46 = term

COs 48
05rze RAYLEIGH
% G
o - e e e
[ A 1 i period
100 200 300 (s.)
05 LOVE
e
o)
Fig. 4. The ' cos46. - ‘azimuthal anisotropy’

amplitude of Rayleigh waves (top) and Love waves
(bottom) .- 'Same conventions ‘as in Figure 3.
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for Rayleigh waves ‘is: found to be negligible. For
Love waves, on the contrary, the 40 - term can be
larger than the 26 =~ term., The amplitude of both
terms is ‘however quite small  ‘and . somewhat
dependent  on the details of the Cjj matrix.
Since the 40 ~ variation requires a 'very complete
azimuthal coverage in order to ‘be detected, we
think that Love ‘wave azimuthal ‘dependence should
be rather difficult to retrieve.

Concerning the variation of ‘the 20 ~ term of
Rayleigh 'wave with -period,  we note  that: the
observation of ‘azimuthal ‘anisotropy at ‘long =
period - does :‘not 'necessarily mean  that deep
anisotropy is present. Indeed;, our '"lithospheric"
model yields peak to peak amplitudes up to 0.5%
at 300 s. This is because two terms contribute to
the 26 = azimuthal variations of Rayleigh waves:
one is sensitive to very shallow structure (the
Bc -~ combination), and one ‘to 'deep structure (the
Gc - = combination): In order 'to : retrieve some
information about the variation of ‘anisotropy as
a: function of depth, it is necessary to invert
the “observed azimuthal = anisotropy 'variations,
using a period range as large as ‘possible.

In: this paper we have set the bases for 'such
an inversion.  We . have . shown -~ how i partial
derivatives  for the  inversion 'of ‘the azimuthal
variations of ‘surface waves .velocities could ‘be
derived very simply from the partial derivatives
of ‘phase velocity of: a transversely isotropic
earth. We '~ have  presented ' .examples of ' these
partial derivatives:calculated from PREM.! Using
the linear combinations of the elastic
coefficients  derived . in -equation {(5), it is
possible to test any Cij anisotropic matrix. In
turn,’ ‘the inversion ‘ofi the observed azimuthal
variations ‘of ‘Rayleigh  and ‘Love wave velocities
could bring most valuable information about: the
petrology of: the mantle '‘and about 'the preferred
orientations of ‘crystals -at .depth, Once related
to the deformation field that produce them, these

preferred orientations could be ‘used to  map
convection currents at depth [Tanimoto and
Anderson; 1984 ].

We  note ‘that  the B. =" 'combination, "whose

value at shallow depth: significantly contributes
to the 26 = azimuthal variation of Rayleigh wave
velocity, ‘is ‘the ‘combination: that describes the

28 .~ azimuthal @ variation “of Py ‘- yelocity
[Backus, 1965]. Since ' many - data are  becoming
available = on .the ' azimuthal.  wvariation ' of
Pn o~ velocities ‘around the ‘world, it. could be

possible to correct Rayleigh-wave data for this

shallow contribution and obtain reliable
estimates of ‘the deeper anisotropy.
Finally, 'we .note that:  the 'present  ‘theory

needs 'a more  rigourous extension 'to the problem
of normal modes: in. a spherical ‘earth.

Appendix: Direct Calculation of First = Order
Perturbation of Surface Wave Phase Velocity
ina Slightly ‘Anisotropic Medium

The ‘calculations which lead to.equations (1),
(2), (3), (&), (5) of text, are: detailed using
the 'same approach ‘as Smith 'and :Dahlen [1973] but
without Backuss “harmonic tensor ‘decomposition.
We express  the different azimuthal terms 'as ‘a
function  of the  ‘elastic  coefficients . Cjj
expressed in the commonly used simplified index
notation:

First, we recall the assumptions considered by
Smith ~and Dahlen '[1973]. Let us consider the
propagation of ~Love  and Rayleigh ' 'waves .in 'an
arbitrarily stratified half =~ space in which a
right - handed Cartesian coordinate system (x, 'y,
z) 1is ‘defined. The half - space may be described
by its: density 'p(z)  and “its' fourth = order
elastic tensor T(z) with 21 'independent: elastic
coefficients. ‘The .unperturbed medium ~is ~assumed
isotropic with 'an ‘elastic ‘tensor Ig(z). In that
medium, the' two  cases of Love - and Rayleigh =~
wave dispersion can be ‘successively considered.

The unperturbed Love wave displacement 'is: of
the form

> -W(z)sin®
u(r;t)=| "W(z)cosb exp(i[k(xcose+ysin8)-wt]) (AD)
0

where W(z) is the 'scalar depth eigenfunction for
Love 'waves; k the horizontal wave number, and 6
the azimuth of ‘the wave number vector k, measured
clockwise ‘from ‘the north.

The unperturbed Rayleigh wave displacement is
of the form

> V(z)cos
u(r;t)=4.v(z)sinb exp(i[k(xcose+ysin9)—wt]) (A2)
iu(z)

where V(z):and U(z) are  'the
eigenfunction for Rayleigh waves.
The ‘associated strain tensor e(r;t) ‘is defined

scalar: .depth

by:

eij(:,t) =1/2(u ¥ (A3)

S
1,1 3,1
where ,j denotes the differentiation with:respect
to the j = th coordinate. ‘The medium is perturbed
from Tg(z) "to Tg(z)+y(z), where y(z) is small
compared to Tp(z): ‘This means that we are in the
approximation where we can still consider: quasi -
Love modes:'and quasi. ~: Rayleigh modes [Crampin,
1977 1.
From:Rayleigh's ‘principle, the first - ‘order
perturbation 8C(k) :in ‘phase velocity ‘dispersion
is [Smith and Dahlen, 1973]

L]

*
> c ¢ Mija%i%a
8C(K) = ) o1JXD 1] Xldz (A4)
w2 = *
[ puiuk dz

where ‘uj  and ' €3 ‘are ‘the displacement i and
strain for  the unperturbed half - space and the
asterisk denotes complex conjugation.

Now ~‘because " of “the symmetry of the ‘tensors
y¥(z) ‘and ‘€, we use the simplified index notation
c;.and ‘€. -for the elements Vi and £.., but we
mist take into account tht" numberd nij . of

coefficients " yijk1  for ‘each ‘cij. Therefore
equation (A4) ‘can be written'as
w *
> njsiciseE;Es
5C(k) = C { 413 .__}.dz (AS)
2 @
2w *
[ purudz
We ‘detail ~only ‘the ‘calculations for Love

waves. Equations:(Al) 'and  (A3) give the various
components of strain:
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*
TABLE Al,  Calculation of the Various.cjjei€j With
the Simplified Index Notation, for Love Waves

o %*
ns ij €555
1 11 c1102p2. k2
1 22 cpoa?p2 2
1 33 0
2 12 —c 120282 kW2
2 13 0
2 23 0
2 24 0
4 14 e 14(=ia?B) . kwW' /2
4 15 c1s( iap?) . kww /2
4 16 c16(=ap) (a?-82) .k %W?/2
4 24 CQq(-iazﬁ).kWW'/Z
4 25 cos( iap?).kuw' /2
4 26 c2¢aB(a?-p2) . k%W2/2
4 34 0
4 35 0
4 36 0
4 44 cuyal.W /4
8 45 cys(-ap) W 2/4
8 46 cug-im) (a?-p2) . kww' /2
4 55 cssp2w /4
8 56 cse(iP) (a?-B2) . kWW' /4
4 66 ceela®pd) .k W%/

@ =.cosB ;B = sinb.

EyT —i(xB.kW

€y = iaB kW
€gm=100,

3 1 1

€= /2 a W

€5 =~/ B W

ee = Yo ( a%B?).kW

where o= cos 6 and B .= s8inb,

*
In Table Al, ‘the different ‘terms nijcije'ej
of “(A5) are given. We note that when c..s.s% is

i
an imaginary complex, its contribution tojéc(ﬁ,e)
is null. When all the contributions are: summed,
the  ‘different  terms akBl present” are. . such
that k+l is even. Therefore, these terms can be
developped @ 'as ‘a ‘Fourier series 'in. 0. with only
even terms. Finally it is found ‘that:

sc. (k. 0o S [Tz (%2[1le 14 pp2e 1pthees) |
L7 2w’y 0 8
0

#i 2[1(c yuress) | + c0s20.W 2[1(cyy-css) |

2 2 (46)

= sinZG.W‘chs - cosAe-kQWZLl(Cll*C22

8
~2cyo-bcge) | + sin&e.kzwzﬁk(czs—cls)J}
2

The procedure  is.  ‘exactly. the . same - for

Rayleigh ‘waves, starting from 'the displacement
given by (A2):
If -~ we . consider: a .transversely : .isotropic

medium with vertical symmetric axis, we have

cll = ¢ =:dA c33-=:.d0
c1p = d(A = 2N) cj3 = cp3 = dF
ey =reggi=dL cge = dN
Cly = Coy = ci5 T Cos =cig = cop ™ 0

and (A6) ‘reduces to

© 2
5 (k,8) = L [ (w2an + W'7dL)dz (A7)
L 2C1Lg 9 k2

we find 'again. the expressions of ‘Takeuchi and
Saito [1972, p. 268 | for Love waves. Keeping only
the constant term of equation (A6), we can obtain
an. equivalent transversely. isotropic model from
equation (A7), by setting

dN = 1/8 ( Cy1 kiCopi=ii2cygt 4(:65)

dL: = 1/2 (cyy +icgs)

then ' we ' obtain i the  equivalent ' transversely
isotropic  model;  the three :other  equivalent

parameters A, C, F are: obtained  from '‘Rayleigh
waves and ‘are ‘given 'in the text.

If we ' call Cij the elastic coefficients of
the totalielastic tensor; we can set

N =Yg (Ci1+ Ca- 201, + 4Cgg)

L=15Ccuy + Css)

]
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