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Abstract

We have built an experimental set-up to study the interaction between one single vertical vortex of liquid gallium,
generated by a disk, and a transverse magnetic field. Magnetic Reynolds number of 0.1 has been reached. This
experiment has been conducted on a rotating table. Therefore the dominant forces are Coriolis and Lorentz forces,
as in the Earth’s core. We measured pressure profiles at the top of the vortex, differences in electrical potentials
between some points in the vortex, and the magnetic field induced by the flow. To understand the velocity flow of
the vortex, we introduced a simple two-dimensional model which predicts well these three types of measurements.
The Elsasser number (ratio of Lorentz to Coriolis forces) is the critical parameter for the dynamical aspect of the
vortex. Under the influence of the magnetic field, the vortex is slowed down but remains two-dimensional or
geostrophic, up to Elsasser number 0.2. On the other hand, the size of the vortex increases with the strength of the
magnetic field. The induced magnetic field forms a horizontal dipole perpendicular to the imposed field, and has a
significant vertical component associated with the geometry of electrical currents and insulating boundaries, and not
with the helicity.

Résumé

Nous avons étudié expérimentalement linteraction entre un vortex vertical de gallium liquide (généré par un
disque) et un champ magnétique horizontal. Des nombres de Reynolds magnétique de l'ordre de 0.1 ont pu étre
atteints. Comme cette expérience a été realisée sur une table tournante, les forces de Coriolis et de Lorentz étaient
dominantes dans I’écoulement, comme dans le noyau terrestre. Trois grandeurs ont été mesurées: la pression a la
surface du vortex, la différence de potentiel entre des points situés sur la génératrice du vortex, et le champ
magnétique induit par I'’écoulement. Pour améliorer notre compréhension du vortex, nous avons introduit un modéle
de vitesse bidimensionnel simple, qui rend trés bien compte des trois types de mesures éffectuées. Le nombre
d’Elsasser (rapport entre les forces de Lorentz et les forces de Coriolis) est le paramétre critique contrllant la
dynamique du vortex. Sous P'influence du champ magnétique, le vortex est freiné mais reste bidimensionnel ou
géostrophique, jusqu’a un nombre d’Elsasser de 0.2. En revanche, la taille du vortex augmente avec Iintensité du

* Corresponding author.

0031-9201 /95 /$09.50 © 1995 Elsevier Science B.V. All rights reserved
SSDI 0031-9201(95)03051-4



78 D. Brito et al. / Physics of the Earth and Planetary Interiors 91 (1995) 77-98

champ magnétique. Le champ magnétique induit prend la forme d’un dip6le horizontal perpendiculaire au champ
magnétique imposé. Nous montrons que cela est di a la géometrie des courants électriques et des parois isolantes,

plut6t qu’a I'hélicité de I’écoulement.

1. Introduction

The understanding and modeling of the Earth’s
dynamo, responsible for its magnetic field
(Elsasser, 1946), remains one of the most chal-
lenging problems in the Earth sciences. The ma-
jor ingredients of this phenomenon are now well
established: the engine of the dynamo lies in the
convective motions linked with the solidification
of the inner core; there is an equilibrium between
diffusion and advection of the magnetic field (the
magnetic Reynolds number, which is the ratio of
advection to diffusion, is larger than unity); the
flow is dominated by the Coriolis and Lorentz
forces, which are of the same order (the Elsasser
number, A, which is the ratio of the Lorentz
forces to the Coriolis forces, is of order unity).
The full modeling of the dynamo with these in-
gredients has not been attempted yet.

However, in recent years, following the pio-
neer work of Busse (1970), considerable progress
has been made in the understanding of convec-
tion in the core in the presence of rotation,
without a magnetic field. Under these conditions,
the Coriolis force is dominant and the flow is
geostrophic. It takes the form of columnar vor-
tices, with their axels aligned with the rotation
axis (Busse, 1970). This organization of the flow
remains in the turbulent regime, which sets in for
more active convection (Cardin and Olson, 1994).
The inference that this flow could adequately
describe actual motions in the core is suggested
by the equatorial symmetry of the flow at the
surface of the core, as deduced from the inver-
sion of the observed secular variation of the mag-
netic field (Le Moiiel et al., 1985; Hulot et al.,
1990), and also by the alignment of the dipolar
magnetic field with the rotation axis for all plan-
ets in the solar system (Busse, 1983; Sun et al.
1993; Manneville and Olson, 1995).

Although these observations suggest a strong
control of rotation on the generation of the mag-

netic field, limitations of this approach are obvi-
ous. First, the Lorentz forces cannot be ne-
glected, as they should roughly balance the Corio-
lis forces. Second, the diameter of the vortices
expected in the core in the absence of a magnetic
field is only a few tens of kilometers (Cardin and
Olson, 1995), much smaller than the ‘observed’
vortices at the surface of the core. Nevertheless,
the idea that vortices parallel to the rotation axis
are the basic element of the flow is a powerful
guide.

Within this frame, in which geostrophy is as-
sumed, several workers have investigated the ef-
fect of an imposed magnetic field. These studies
have shown that the magnetic field strongly en-
larges the vortices, and decreases the threshold
above which convection starts (Fearn, 1979;
Cardin and Olson, 1995). It has also been demon-
strated that dynamo action could be substained
by such a flow (Busse, 1975).

Of course, the limitation of these studies is
that geostrophy is assumed to hold, even in the
presence of a strong magnetic field. For very
large Elsasser numbers, geostrophy is replaced by
magnetostrophy, with the flow following the field
magnetic lines. Very few studies attempt to model
convection in the core in 3-D geometry, with both
the Coriolis and Lorentz forces present. Re-
cently, Zhang (1992) and Glatzmaier and Olson
(1993) have obtained results in this situation that
seem to indicate that the equatorial symmetry of
the flow, and its organization in vortices, would
hold for Elsasser numbers of order unity.

In any case, the regime in which the Coriolis
and Lorentz forces are comparable appears to be
very rich, and relatively unexplored. Although
several types of instabilities have been discovered
(Braginsky and Meytlis, 1991; St. Pierre, 1994;
Moffatt and Loper, 1994) we wish to concentrate
on a simple problem.

In this paper, we present laboratory experi-
ments that aim at clarifying the influence of the
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Table 1
Physical properties of liquid gallium, and other liquid metals
Gallium Mercury Sodium
Density p (kg m™3) 6.09 x 103 13.59 x 10° 0.93 x 103
Kinematic viscosity v (m?s™ 1Y) 3.1x10°7 1.14x 1077 7.75% 1077
Electrical conductivity o (ma)~! 3.68 x 106 1.06 X 10¢ 10.35 x 108
Melting point T, 0 29 -39 98
Boiling point T, °C) 2227 356 881
Coefficient of thermal expansion a (K™Y 1.0x 1074
Surface tension v (Nm™Y 0.735
Venturi Tubes (5
Gaussmeter (7) ©)

N\

Electromagnet (3)

F*L\ 1 /

Spinning Disk (2)

Cylinder (1)

Electrodes (6)
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Rotating Table (4)

Fig. 1. Sketch of the experimental set-up.
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core toroidal field upon the basic element of the
convective flow — a vortex aligned with the axis
of rotation. We model this by spinning a small
disk at the base of a vertical cylinder filled with a
liquid metal — gallium. The cylinder is submitted
to a horizontal magnetic field, and the experi-
ment is carried out on a rotating table. The
Elsasser number can be varied from zero to one,
and the magnetic Reynolds number remains less
than 0.1 (i.e. magnetic diffusion is larger than
advection). The experimental study of magneto-
hydrodynamics is rather rare. Experiments have
been performed by Nakagawa (1957, 1958), using
mercury, to check the marginal stability predic-
tions of Chandrasekar (1961), in a rather differ-
ent configuration. More recently, Gailitis (1992)
has studied an experimental dynamo formed by
circulating liquid sodium in a pair of helicoidal
tubes. We think our experiments are novel and
open new perspectives for the realization of an
experimental dynamo which would move closely
approach a geometry and regime relevant for the
Earth’s core.

In the next section, we describe the experi-
mental set-up and the various measurements we
perform. In Section 3, we present the results
obtained for a vortex without a magnetic field,
and a simple 2-D model is introduced. Section 4
reports on the influence of the magnetic field on
the vortex. Results on the dynamical, electrical,
and magnetic configurations are presented, and
discussed in connection with a simple model which
provides a coherent description of these three
configurations.

2. Experimental description and methods

2.1. Liquid gallium

In 1875, Lecog de Boisbaudran discovered
spectroscopically a new element, gallium, which
had been predicted and described by Mendeleyev
in 1871. It is a metal, extracted as a trace element
from bauxite. Gallium has a silvery appearance,
and is opaque and bright. The physical properties
of liquid gallium, mercury and sodium are listed

in Table 1. Gailium becomes liquid at 29°C, which
is an easy temperature to reach in the laboratory,
as opposed to 98°C for sodium. It is four times
more conductive and less than half as dense as
mercury. We will see that this enables us to
approach geophysically interesting regimes. The
dynamic viscosity of liquid gallium is similar to
that of water.

Unlike mercury, it has a low vapor pressure at
room temperature (Pascal, 1961), and is therefore
much less dangerous to use. The toxicity of gal-
lium is believed to be low (Pascal, 1961). Never-
theless, special care must be taken to avoid con-
tact with gallium, as well as losses, Gallium
strongly reacts with most metals (especially alu-
minum), and oxygen. In our set-up, care was
taken to avoid contact with metals and air at all
times. In the present experiment, we made use of
6 kg of ultra-pure (6 N) gallium, which was lent to
our laboratory by Rhone-Poulenc.

2.2. Set-up description

Fig. 1 is a sketch of the apparatus built for our
experiment. Liquid gallium is contained in a poly-
carbonate cylinder ((1) in Fig. 1), whose inner
dimensions are 80 mm (diameter) X 220 mm
(height). (Polycarbonate was favored over poly-
methylmethacrylate because it does not react with
gallium (Rhoéne-Poulenc, personal communica-
tion, 1993) and has greater mechanical strength.)
Wall thickness is 10 mm. A single vortex, with
vertical axis, is produced by spinning a polycar-
bonate disk (2) of 40 mm diameter, 38 mm above
the base of the cylinder. The disk is 8 mm thick,
and has crenellations of 3 mm depth, radiating
from the center. Preparatory tests with water
indicated that crenellations were needed for suf-
ficiently strong entrainment of the liquid. The
disk is attached to stainless steel axis of 11.5 mm
diameter, which passes through the bottom of the
cylinder inside a ring. (As gallium should not be
in contact with metal, the axis is covered with an
amorphous carbon deposit of 2 wm thickness, of
high mechanical strength.) This axis is driven by a
tachymetric motor (USAFED-13C22k from
Yaskawa Electric Corporation, Tokyo, Japan)
which maintains the rotation velocity constant
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within 10~% The maximum rotation velocity is
700 rev min 1.

The cylinder is symmetrically placed between
the poles, of 160 mm diameter, of an electromag-
net (3), which produces a horizontal magnetic
field whose intensity can reach 0.1 T. The current
to the magnet is delivered by a power source,
stabilized within 10~%. The temperature around
the cylinder is kept at all times above 29°C (the
melting temperature of gallium) by circulating
hot water in the coils of the magnet and hot air
around it.

All these components, weighing around 300
kg, are attached to a rotating table (4). This table
was built by the Laboratoire des Ecoulements
Géophysiques et Industriels in Grenoble, where
the experiments took place, and consists of a
duralumin plate of 1.5 m diameter, entrained by a
tachymetric motor. The table has excellent hori-
zontal stability during rotation. We could spin it
up to 45 rev min~! (75 rev min~* for a lightened
version), with a velocity control of 1073, and to 60
rev min~! (90 rev min~! for a lightened version)
with a poorer velocity control of about 4%.

2.3. Description of experimental measurements

We try to retrieve as much information as
possible on the kinematic, electrical, magnetic,

and dynamical state of our vortex. This is not an
easy task, as gallium is opaque. We perform three
types of measurements:

(1) Dynamical pressure profiles at the top of
the cylinder are obtained by measuring the height
of gallium in a set of Venturi tubes ((5) in Fig. 1).
We use 19 tubes, of 70 mm height and with an
inner diameter of 3 mm, in two close rows around
a diameter. We obtain an actual sensitivity of 30
Pa. Levels in the tubes are recorded using a
high-resolution camescope (Canon UC5Hi8, with
470000 pixels of resolution) attached to the mag-
net frame. Fig. 2 shows an image from one of the
runs.

(2) Differences in electrical potential on the
side of the cylinder are measured using five cop-
per electrodes (6). They are located along the
generatrix of the cylinder, in the plane that con-
tains B, and reach 3 mm inside the cylinder. The
resolution of the voltmeter is 1 uV.

(3) Induced magnetic field is measured with a
gaussmeter (7). The Hall effect probe is placed
just outside the cylinder, usually to measure the
horizontal component of the induced field, per-
pendicular to the imposed field. The typical accu-
racy of the measurement is 0.01 mT (0.03 mT
according to the manufacturer).

As all the components of the experiment, in-
cluding the data loggers and voltmeters, are on

Fig. 2. Picture of the Venturi tubes during a run (Q =0 rev min~

1

, @ =500 rev min~!, B=0 mT). The level in each tube is

proportional to the dynamical pressure at the top of the vortex. The rulers at the sides are used to measure the height of gallium in
each tube. (Note the presence of hydrochloric acid — alcohol above the gallium, to keep it in a reduced state.)
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the rapidly rotating table, we need a system that
controls the experiment on the table, from the
beginning to the end of a run. The system we
built relies on a PC 486, placed on the table, and
a stand-alone program, which is responsible for
three tasks:

(1) it regularly checks that the experiment is
behaving properly. An emergency stop of the disk
and an alarm are triggered if any of the following
dysfunctions is detected: (i) temperature drops
below 30°C; (ii) gallium leaks from the cylinder;
(iii) the torque on the disk drive is higher than a
given threshold.

(2) It sets the rotation velocity of the disk to
the programmed values.

(3) It triggers the data loggers, and records the

measurements from the electrodes and the gauss-
meter.
All data and programs are written on a virtual
disk in random access memory, to avoid accessing
the hard disk during rotation. Coded sounds and
lights inform the experimentalists of the progress
of the run. We control the speed of the rotating
table from the outside, as well as the intensity in
the magnet, and the movie camera.

2.4. Chemical treatment of gallium

To avoid the oxidation of gallium, the filling
and emptying of the cylinder were performed
under a nitrogen atmosphere. Even so, oxides
were visible at the top of each column of gallium
in the Venturi tubes. We therefore injected into
each tube an identical quantity of alcohol mixed

with hydrochloric acid (Fig. 2), which reacted
completely with oxides, yielding a clean surface.

3. Equations and dimensionless numbers

We consider a vortex in an incompressible,
conductive fluid, in 2 magnetic field, rotating on a
table. The temperature and all material proper-
ties are constant. We can write the equation for
conservation of mass, the third Maxwell equation,
the equation for conservation of momentum, and
the induction equation of the magnetic field:

V-U=0 (1)
V-B=0 (2)
aUu
Par + p(U- VYU + 2pU X
Inertial term  Coriolis term
=-VP+ uVU + IXB (3)
Viscous term Lorentz term
oB
— -  VX(UXB)
ot
Magnetic advection term
= AV’B . (4)

Magnetic diffusion term
where U is the fluid velocity vector in the rotating
frame, B is the total magnetic field vector B =
Biposea T Bingucea» and J is the current density
vector. P is the following scalar:

1
P=p+-2—02r2+p<b

where p is the fluid pressure, the second term is
the centrifugal force and ® is the gravity poten-

Table 2

Values of characteristic dimensionless numbers of the experiment, and in the Earth’s core

Symbol Name Definition Experiments Earth’s core
Ro Rossby v/QD 0.7-15 107%-10~3
E Ekman v/QD? 1076-10—#4 10-1B-1013
A Elsasser aB?/pQ 1073-1.5 0.1-10
R, Magnetic Reynolds UD /A = pooUD 1074-0.1 100
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tial. p is the fluid density, i the dynamic viscos-
ity, v = u /p the kinematic viscosity, {} the angu-
lar velocity vector of the table; A =1/u 40 is the
magnetic diffusivity, where o is the electrical
conductivity and u, is the magnetic permeability
of vacuum.

Eq. (3) is the classical Navier—Stokes equation
in a rotating frame, with the Lorentz term added.
We look for stationary solutions and therefore
drop the first term of Egs. (3) and (4). Nondimen-
sional equations are obtained, using the following
scales: the length scale D is the radius of the
spinning disk; the velocity scale U is the imposed
velocity at the edge of the disk; B is the intensity
of the applied magnetic field. We derive the scale
for current density, o UB, and pressure scale P,
is the hydrostatic pressure at the depth of the
disk. We write dimensionless vectors with a tilde,
and dimensionless scalars with a circumflex. Egs.
(1) and (2) retain the same form, whereas Eqgs. (3)
and (4) become

Ro(U-V)U+20x Q

P,
~ pDUQ

VP + E(V20) + A(J x B)

Re, |V x (UxB)| =v?8

where four dimensionless numbers appear: the
Rossby, Ekman, Elsasser and magnetic Reynolds
numbers. Table 2 gives typical values of these
four numbers in the Earth’s core, and in our
experiments.

4. Study of a vortex generated by a disk without
magnetic field

4.1. Pressure profiles

Fig. 3 shows pressure profiles in gallium exper-
iments, for a given velocity of the table. There are
three profiles corresponding to three velocities of
the disk. The pressure is given in height of gal-
lium in the tubes. The height is measured from a
reference state in which the disk is stopped and
the table rotates at a set speed. We observe that
the amplitude of the profile increases as the
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Radius (mm)

Fig. 3. Pressure profiles measured for a constant velocity of
the table Q. =45 rev min~!, and three velocities of the
disk wg;q = 100, 300 and 500 rev min~!. The velocity of the
vortex increases with the velocity of the disk.

speed of the disk increases. This simply means
that the velocity of the vortex measured at the
top increases with the imposed velocity at the
bottom. It should be noted that the pressure
increase is almost quadratic with respect to the
disk velocity increase.

Fig. 4 shows pressure profiles for a given veloc-
ity of the disk, and for three velocities of the
rotating table. We observe that the velocity of the
vortex increases markedly from (.. =0 rev
min~! to Q,,,;. = 30 rev min~!, and slightly from
Q0. =30 rev min~! Q. = 60 rev min~!. Un-
der the action of the Coriolis force, the velocity
of the vortex at the top actually tends towards the
velocity of the disk, as the rotation of the table
increases. This is because the effect of the viscous
coupling on the walls is reduced by the presence
of Coriolis forces.

The errors on the pressure measurements come
from three sources: reading errors of about 0.5
mm, errors caused by vibrations of the table at
high rotation rates (up to 0.5 mm), and an error
caused by dynamical fluctuations of pressure. This
source of error is the most important. It is largest
at the center of the vortex, and increases with the
amplitude of the deflection. We estimate it
reaches 2.5 mm for the deepest profiles we mea-
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Fig. 4. Pressure profiles measured for a constant velocity of
the disk wg;y = 500 rev min~!, and three velocities of the
table €, = 0, 30 and 60. With rapider rotation of the table,
the vortex becomes increasingly geostrophic, and its angular
velocity tends towards the velocity of the disk.

sure. The resulting error bars are drawn in Fig. 3
and 4.

4.2. 2-D kinematic model

The present experiment was designed to inves-
tigate the effect of a simple magnetic field geom-
etry on a simple hydrodynamic flow. The flow we
study is simply a forced vortex in a cylinder. This
is in fact already a rather complex flow (Spohn,
1991): it is turbulent and three-dimensional, and
the viscous coupling with the crenellated disk is
far from trivial. Despite all these complexities,
the advantage of this flow is that the velocity field
is clearly dominated by one component—the az-
imuthal velocity. Furthermore, we expect little
variation in the vertical direction, as a conse-
quence of the Proudman-Taylor theorem under
geostrophic or vortostrophic conditions.

To investigate the effect of a magnetic field,
and to relate our various measurements, we need
some simple kinematic model. The model we use
is described in Fig. 5: rigid rotation in the central
part of the vortex is matched with simple shear at
the wall of the cylinder. There is no variation in
the vertical direction. Velocity is deduced every-

where in the cylinder, and pressure at the top is
computed. The mathematical derivation is given
in Appendix A. There are only two parameters in
this model: Ry, the radius of the central region
of solid body rotation, and w4, its angular
velocity.

From each experimental pressure profile, we
derive these two parameters by least-squares in-
version. Fig. 6 shows two examples. We see that
the simple 2-D model provides a good fit to the
measured profiles. The retrieved angular velocity
is close to the imposed disk velocity. We will
discuss in Section 5 the uncertainty on the in-
verted parameters.

solid rotation .,

Odisk

Fig. 5. 2-D kinematic model of the vortex velocity field. The
central cylinder of radius R4 is rotating with a constant
angular velocity wg;q- The solid part is matched with simple
shear at the wall of the cylinder. Each measured profile is
inverted numerically for the two parameters of this model,
Rotia and wyiq-
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4.3. Experimental test of the 2-D kinematic model

We have seen that our simple 2-D model pro-
vides a good fit to the observed pressure profiles.
However, pressure is relatively insensitive to the
precise velocity distribution. It is difficult to ob-
tain more information on the velocity field in an
opaque liquid such as gallium. To check the valid-
ity of our model, we performed similar experi-
ments with water, the rotating table being at rest.

Fig. 7 shows the angular velocity as a function
of radius at different heights in the cylinder. This
was obtained by taking pictures, from the top, of
illuminated slices of water, of 5 mm thickness,
containing aluminum flakes. Even though the
table is not rotating, we observe that the profile is
almost independent of height, and that the veloc-
ity in the center of the vortex is close to that of
the disk. Vortostrophy was able to make the
vortex rigid in the vertical direction. We expect
the agreement to become even better under the
action of the Coriolis force, when the table is
rotating.

20 -t T T T roooa
—_—w,,, =387 pm. R, = 17.0 mm
k) _ —-= w,,=25pmR A =205 mni_g,
Qa,, =400 rpm &
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«
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£ o - AN E ]
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3
&
> -
= -10
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]
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30 L . .

-40 30 -20 -10 0 10 20 30 40

Radius (mm)
Fig. 6. Pressure profiles measured for a constant velocity of
the table @,y = 60 rev min~!, and two velocities of the disk
@gisk = 200 and 400 rev min~!. For each experimental profile,
we represent its theoretical profile deduced from the numeri-
cal inversion: each inverted profile is characterized by the two
parameters of the model, w4 and R4 The inverted
profiles stay within the error bars of the experimental profiles
almost everywhere.
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Fig. 7. Dimensionless angular velocities as a function of radius
at different heights in water. The table is not rotating and the
velocity of the disk is wgiq =400 rev min~!. H, ., is the
vertical height of the horizontal section from the bottom of
the cylinder. We observe that angular velocity does not vary
along the height of the vortex. The continuous line is the
angular velocity profile predicted by our 2-D kinematic model.
The two parameters of the model, w,;y and Ry, were
inverted from the measured pressure profile.

We also measured the pressure profile in this
experiment, and inverted for the two parameters
Wi and R4 of our 2-D kinematic model. The
continuous line in Fig. 7 is the dimensionless
angular velocity profile deduced from this model.
We note that the experimental points do not
follow exactly the theoretical shear profile. In-
deed, the velocity does not drop to zero until a
very thin boundary layer along the wall of the
cylinder. Clearly, this Stewartson boundary layer
was not part of our model. However, the overall
shape of the theoretical profile is not too differ-
ent from the observed one. For a given velocity of
the disk, we observe that the inverted velocity at
the top, w4, steadily increases as the rotation
rate of the table 1, increases from 0 to 60 rev
min~!. It tends towards the velocity of the disk,
and the solid rotation radius tends towards the
radius of the disk (20 mm). Clearly, the geostro-
phy of the flow increases with the rotation of the
table. For Q,,,,. > 60 rev min~!, we see no fur-
ther variation: the vortex is made completely rigid
along the vertical axis. It should be noted that
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Fig. 8. Pressure profiles in gallium for increasing values of the
imposed magnetic field from B =0 mT to 60 mT. The rota-
tion rates of the table and of the disk are constant: Q. = 60
rev min ! and @4, = 400 rev min~!. (Note the strong slow-
ing-down imposed by the magnetic field.)

this is true only when the disk rotates in the same
sense as the table: contra-rotating vortices are
completely destroyed.

5. Vortex of gallium in a transverse magnetic field

5.1. Slowing-down of the vortex and increase in
diameter

In a conductor in motion in a magnetic field,
the electromotive field U X B displaces electric
charges: it creates induced electrical currents,
called Foucault currents. Owing to these cur-
rents, the conductor is submitted to Lorentz forces
J X B, which are opposed to the motion of the
conductor and act as a brake; this phenomenon is
commonly used to slow down trucks.

Fig. 8 shows different pressure profiles ob-
tained with the Venturi tubes, for a given rota-
tion rate of the table, a given disk velocity, and
for increasing values of the imposed magnetic
field. As expected, the first effect of the magnetic
field is to decrease severely the rotation of the
vortex. We note that this magnetic brake is very
efficient: for B = 30 mT and Q,,,;, = 60 rev min ™!
(Elsasser number A = 0.09), the pressure at the
surface is less than half that without a magnetic
field. When B =60 mT (A = 0.35), the central

angular velocity (rpm)

ko T

0 R
0 75

15 225 30 375 45 60 75
Magnetic field (mT)

Fig. 9. 3-D representation of the evolution of w4 vs. the imposed magnetic field (x-axis) and the rotation rate of the table
(y-axis), for wg;q = 400 rev min "', Along a straight line parallel to the y-axis, we see the effect of the vortex being made rigid
owing to geostrophy, which yields higher velocities at the top of the vortex. Along a straight line paraliel to the x-axis we observe
the slowing-down of the flow owing to the magnetic field. (Note that the horizontal scales are not quite linear.)
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depression is only a few millimeters deep: the
motion at the top of the vortex is very slow.

As the Lorentz force acts only upon the flow
components that are not parallel to the magnetic
field, one might expect the axisymmetry of the
vortex to be broken by the magnetic field. This
does not seem to be the case. Indeed, we per-
formed a few experiments with a free surface and
observed that the vortex depression remained
axisymmetric as long as it was observable. We
therefore use the same 2-D axisymmetric model
to fit the observed pressure profiles.

Fig. 9 is a 3D representation of the inverted
solid body angular velocities vs. Q. and B,
from all the pressure profiles we have measured
with @y = 400 rev min~’. The evolution of w4
along the lines of constant B clearly shows the
effect of the Coriolis force: the inverted solid
body angular velocity increases when the rotation
speed of the table increases. When the magnetic
field is zero, it tends towards the rotation rate of
the disk (400 rev min~!). Looking now at the
evolution of g, along the lines of constant

87

Q le; WE see the strong slowing-down imposed
by the magnetic field. It should also be noted
that, when the table is at rest, the pressure pro-
files are not deep enough to be inverted for a
magnetic field larger than 37.5 mT, whereas for
twice this value the profile for Q. =90 rev
min~! yields a sufficiently deep profile. Our re-
sults confirm and quantify the effects of the Cori-
olis force and the Lorentz force on the vortex
velocity. We will propose a combined view of
these two effects later in this section.

Let us now examine the inverted solid body
rotation radius, R4, for the same runs, as shown
in Fig. 10. When the magnetic field is zero (right-
most columns), we observe a slight increase of
R,q as the rotation rate of the table increases: it
tends towards the radius of the disk (20 mm)
because of the vortex being made rigid under the
action of the Coriolis force. More unexpected is
the slight increase of R ;4 with increasing values
of the imposed magnetic field (to the left), when
the table is rotating (Q,,p,. > 60 rev min~").

As the increase is rather subtle, we want to

Solid radius (mm)

60 45 375 30 225

15

Magnetic field (mT)

75 0

Fig. 10. 3-D representation of the evolution of R4 vs. the imposed magnetic field and the velocity of the table, for 4 = 400 rev
min~!. We observe that the solid radius of the vortex increases with the magnetic field, when the table is rotating. (Note that the
axis for the magnetic field is reversed as compared with the previous figure.)
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assess whether it is really required by the data.
For a given pressure profile, we define the misfit
function y(wq, Reojia)s 29

- . . 2
X2 - Nmbi— 19 Hexp(l) - {_Imodel(l) (5)
i=1 o(i)
where i, varying from one to 19, indexes the
Venturi tubes, H,, (i) is the measured height in
tube i, H, 4 (i) is the height for the same tube
predicted by our 2-D kinematic model for given
g and R4, and o (i) is the error bar for tube
i. Bearing in mind that the 2-D model is a simpli-
fied model, we need to include an ‘error on the
model’ in o (i):

0-(1) = a-exp(i) + Umodel(i)

where o, is the experimental error, discussed in
Section 4. We assume that the relative error on
the model o,,4.1/Hax 1S independent of the
maximum depth H_, of the profile, and of i. We
estimate that this relative error is about 40%. We
can now contour the variation of the misfit func-
tion above its minimum in the (®g4, Ryoig)
plane, for each experimental profile. Fig. 11 shows

the results for Q. =45 rev min~', and wyy =
500 rev min~!. The slight trade-off between w4
and R ;,; should be noted. We observe that both
the strong decrease of w4 as B increases, and
the corresponding slight increase of R4 (here
from 15 to 30 mm) are required by the data.
Going back to the angular velocity results, we
note that in plots such as Fig. 9, there is a
coherent and systematic increase of @4 as 2.
increases, and decrease as B increases. It is then
reasonable to assume that the value of w4/ ® g4
results from a balance between the Lorentz and
Coriolis forces. Fig. 12 is a plot of all inverted
normalized solid angular velocities w;y/®qi VS-
the Elsasser number A = B2 /p(Q, which is pre-
cisely the ratio of the Lorentz force to the Corio-
lis force. The plot contains all available data
points for Q. = 45-90 rev min ™', w gy = 200~
600 rev min~!, and B =0-75 mT. We observe
that almost all data points fall on a single curve,
confirming that the Elsasser number is the rele-
vant parameter. Whereas the right parameter to
quantify the magnetic break on the flow is the
Elsasser number, the increase of the solid radius
of the vortex is well characterized by the applied

30
B=60
1 27§
E
1 24 8
®
B=37 °
. 4 21 3
"]
B=22 3
B=0 4 18 T
N g
£
B=45 \ 15
B=30
B=75 B=15
1 1 1 1 2
0 100 200 400 500
inverted angular velocity (rpm)

Fig. 11. Contour lines of the misfit function x? of the pressure profiles, in the (w4, Rooa) Plane. The contours are 0.3, 0.35 and
0.4. Qb =45 Tev min~ 1, @4y = 500 rev min~!, and the magnetic field varies from B =0 to 75 mT. (Note the slight trade-off

between wg,;q and Ry, and the increase of R ;4 with B.)
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magnetic field on the vortex. Fig. 13 represents
the evolution of the solid radius with the imposed
magnetic field for wy = 500 and 600 rev min~ 1.
The increase of the solid radius is of the same
order as that observed for gy =400 rev min~!
in Fig. 10. We see that for strong imposed mag-
netic fields, the radius of solid body rotation
greatly exceeds the radius of the disk.

In conclusion in this section, we can say that
the first effect of the imposed magnetic field is to
slow down the fluid rotation, this slowing-down
being controlled by the balance between the
Lorentz and Coriolis forces. The second effect is
to increase the size of the vortex, to drive more
fluid to a body rotation in the core of the vortex.

5.2. Electrical potential and height of the vortex

To understand the geometry and strength of
the Foucault currents in the vortex, and to relate
our measurements of electrical potentials to the
flow in the vortex, we use a numerical model
which describes the electrical currents in a
geostrophic vortex: the vortex rotates with a sta-
tionary 2-D velocity field, as defined previously

1.5 T T T
Q. (rpmh w, (rpm}
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O 60 600
S 75 600
E A 9 600
E) + 45 500
3 * 60 500
3 ¢ 75 500 i
- 1.0 ‘A 9 500
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8 ; 60 400
3 75 400
> im 9 400
3 iT1 45 300
S ‘) e0 300
® i X 75 300
o 0.5 @ 0 300 1
1:-’ . %X 45 200
8 % . o 60 200
@ s 75 200
S \% & o090 20
5 v %
$ 0O
0.0 i 1 1
0.0 0.2 0.4 0.6 0.8
Elsasser number

Fig. 12. Normalized solid body angular velocities vs. Elsasser
number. All values obtained from experimental profiles with
the table rotating at 45, 60, 75, and 90 rev min~! are repre-
sented in this graph. The normalized vortex velocity only
depends upon the ratio of the Lorentz forces to the Coriolis
forces.
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Fig. 13. Solid radius vs. the applied magnetic field B. The
increase of the solid radius is the same order regardless of
velocity of the disk; it depends only on the applied magnetic
field.

(Appendix A), and a constant horizontal mag-
netic field is applied to it. Mathematical deriva-
tions of this model are given in Appendix B.

In Fig. 14, we see the representation, in the
vertical section of the cylinder that contains B, of
the circulation of the electrical current

J=0(UXB~-Vg) (6)

deduced from the numerical simulation. J is the
vector of electrical current density, U is the fluid
velocity vector, B is the imposed magnetic field
and ¢ is the electrical potential.

Surface accumulation of electrical charges at
the top and bottom of the vortex (an effect of
Lorentz forces), creates a strong electrical field E
around these two boundaries. The intensity of
this electrical field E decreases rapidly from the
top or the bottom to the central part of the
cylinder, where the electromotive component of
the electrical current U X B is strongly dominant
over Vo. As U X B is along the z-axis, J is then
mainly vertical in this area.

The electrical current in the vortex consists in
a vertical loop with upward currents on one side
and downward currents on the other side. This
loop of current is the same all around the cylin-
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oy

Fig. 14. Numerical model of Foucault electrical currents in
the cylinder. View of the vertical section of the cylinder that
contains the imposed magnetic field B. J is represented by
arrows. The solid lines are equipotentials. Colored surfaces
are the regions of highest electrical potentials ¢, positive in
black and negative in grey. Foucault electrical currents consist
of a loop of current with upward currents on the left and
downward current on the right. Surface accumulation of elec-
trical charges at both end of the vortex are responsible for
high electrical potentials in these areas. The horizontal bars
on the left give the positions of the five electrodes in the
experiment.

der in vertical planes containing a cylinder diam-
eter, but in term of intensity, J is maximum in
the vertical plane that contains B, and decreases
until J = 0 in the orthogonal plane, where B and
U are parallel.

Because the cylinder is bounded by two hori-
zontal insulating plates, the electrical currents
must curl at both ends of the vortex. As there is
no variation of the electromotive term U X B
along the z-axis, it must be balanced by the
potential gradient. Thus, at both ends, the gradi-
ent of electrical potential is strong.

In Fig. 14, we also see the positions of the five
electrodes used in the experiment. They are
placed along the height of the cylinder, in the
vertical plane that contains B, where the intensity

of J is maximum in our model. It should be
noted that, despite the geometrical complexities
we discussed, the electrical potential at any given
point is predicted to vary proportionally to the
electromotive field U X B.

In Fig. 15, we plot the potential differences
measured on the four pairs of electrodes vs. the
intensity of the actual electromotive field U * B.
This is obtained by taking U = R 4 wq. Where
wg 1S inverted from the pressure profiles; it
thus takes into account the strong slowing-down
imposed by the magnetic field. (It should be
noted that we choose not to include the slight
variation in R,y here, and use Ry, =20 mm
instead, to preserve a simple linear law for the
predicted potentials.)

We observe that the measurements from the
four electrode pairs roughly line up along four
straight lines with different slopes. These straight
lines are the predictions of our simple model,
when we compute the electrical potentials at the
actual positions of our electrodes. V, and V,
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Electromotive field U*B (V/im)
Fig. 15. Differences of potential measured between five cop-
per electrodes that extend into the cylinder. Measurements
obtained for Q=60 rev min~!, 200 < wy, <600 rev
min~! and the imposed magnetic field B varying from 7.5 to
37.5 mT. The numerical predictions of these differences of
potential (continuous lines) are linear with the electromotive
field U X B. Experimental data points are coherent with the
model until B =37.5 mT, which proves that the vortex is in a
geostrophic state.
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Fig. 16. Differences of potential V|, V,, V3, V, and V7 vs. the
imposed magnetic field. Q,,;, =0 rev min~!, wy, = 300 and
the magnetic field varies from 7.5 to 90 mT. For B > 15 mT,
V4, Vs, V, and ¥, rev min~! drop one after the other: we
leave the geostrophic state. The loop of current does not
extend to the top of the cylinder as in a geostrophic vortex;
the loop curls lower in the cylinder because of volume accu-
mulation of electrical charges inside the vortex.

yield the smallest signals because they sample the
central region of the cylinder, where electrical
potentials are small. ¥, and V, are larger, be-
cause they sample the regions of high electrical
potentials, near the bottom and top of the cylin-
der.

The measurements shown in Fig. 15 were ob-
tained for Q ;. = 60 rev min "}, wyy = 200, 300,
400, 500 and 600 rev min~!, and B varying from
7.5 to 37.5 mT. It is remarkable that, in this range
of parameters, all our measurements are well
accounted for by our simple model, once the
geometry is well represented, if the proper effec-
tive velocity is used. This observation implies that
in this regime the vortex retains its axisymmetric
geometry, imposed by geostrophy.

For higher values of the imposed magnetic
field, the rigidity of the vortex is broken, and the
signals on the electrodes are no longer propor-
tional to the electromotive field deduced from
the inverted velocity. This seems to happen for
values of the Elsasser number higher than about

)

Fig. 17. Map of the induced magnetic field in the horizontal plane at mid-height of a geostrophic vortex. We distinguish two
components of the induced magnetic field: one induced by the current going upward, and the other by the current going downward.
The induced magnetic field is a dipole whose axis is orthogonal to the applied magnetic field. The dark gray surface represents the
walls of the cylinder and the light gray circle is the region of solid body rotation. The maximum induced magnetic field is in the
center of the vortex. The point G just outside the cylinder marks the position of the gaussmeter probe in the experiment.
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0.2 (transition at B =45 mT for . =60 rev
min~', and B = 30 mT for Q,,,. = 30 rev min~').

Fig. 16 illustrates how the electrical signals
record the loss of rigidity as the magnetic field
increases. The previously described four potential
pairs, and the potential difference between two
transverse electrodes, are plotted against the im-
posed magnetic field, for Q,,,. =0 and wgy =
300 rev min~'. For B up to about 20 mT, the
potentials behave gently: we are in the linear,
geostrophic, regime. Some saturation level is
reached, because the magnetic field slows the
vortex down, reducing the U * B product. When
the magnetic field is increased further, we note
that, one after the other, electrode pairs V,, V5,
V,, and V, severely crop to negative (resistive)
values. This shows that, as the magnetic field
increases, the loop of current curls lower and
lower in the cylinder, because motions are killed
closer and closer to the spinning disk. The trans-
verse electrode pair, which is sensitive to currents
induced by vertical motions in the cylinder, then
yields the largest signal. The same scenario is
observed for larger intensities of the transition
magnetic field when the table is rotating. It should
be noted that in the linear, geostrophic, regime
the signal on the transverse electrodes is always
very small, consistent with vertical velocities (pos-
sibly owing to Ekman pumping) being at least one
order of magnitude lower than the azimuthal
velocities.

5.3. Induced magnetic field

According to Ampere’s equation, VX B = uyJ,
the electrical current J generated in the vortex
induces a magnetic field. Assuming a geostrophic
vortex with a large loop of current as described in
Section 5.2 and shown in Fig. 14, we calculate the
magnetic field induced in the horizontal plane at
mid-height of the cylinder. In that region of the
cylinder, we can safely neglect the Vo term, and
retain only the electromotive component U X B
in J. This component being vertical, the magnetic
field it induces is horizontal. The mathematical
derivation of the model is given in Appendix C.
Fig. 17 is a map of the induced magnetic field
deduced from our calculation. It has a dipolar
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Fig. 18. Normalized induced magnetic field vs. the magnetic
Reynolds number. Measurements obtained for Q.. = 45 rev

min~!, 200 < wyy <600 rev min~!, and the imposed mag-

netic field B varying from 7.5 to 75 mT. The straight line is
the prediction of our model.

geometry, with an axis orthogonal to the applied
field. We clearly see the two components of the
dipole: one, on the left side, is the magnetic field
induced by the part of the loop of current going
downward, and the other one, on the right, is
induced by J going upward. The maximum inten-
sity of the induced field is in the center of the
vortex, perpendicular to the applied magnetic
field. We observe that the intensity of the in-
duced magnetic field decreases sharply outside
the cylinder. Unfortunately, with the gaussmeter,
we had to measure B 4,c.q OUtside the vortex; we
approach with the probe as close as we can to the
wall of the cylinder.

Fig. 18 represents the experimental induced
magnetic field over the applied magnetic field vs.
the magnetic Reynolds number, Re,, = po0UL;
we take U = R 4, @yoiq ANd L = R, Where Ry
is the radius of the disk and w,, the angular
velocity deduced from the inversions of the pres-
sure profiles. We took the measurements along
the axis of the dipole, just outside the cylinder.
Again, we find a remarkable agreement between
the observations and the predictions of our sim-
ple ‘geostrophic’ model, once we take the effec-
tive velocity deduced from the pressure profile as
the velocity scale. The induced magnetic field is
much less sensitive to the loss of rigidity recorded
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Fig. 19. Horizontal profile of the vertical induced magnetic

field above the lid of the cylinder. The measurements were

obtained for B =30 mT, wyg =600 rev min~!, the table

being at rest. The vertical dashed lines give the drift of the

background field observed over the time of each measure-

ment. The continuous line is the prediction from our simple
model.

by the electrodes: B as high as 60 mT still yields
the expected induced field. According to our
model, the maximum intensity of the induced
magnetic field, in the core of the vortex, is about
seven times larger than that measured outside the
cylinder, and represented in Fig. 17.

Fig. 19 shows the vertical induced magnetic
field we measure above the top of the cylinder,
along a radius perpendicular to the imposed mag-
netic field. It is compared with the prediction of
our simple model. Here the vertical component
of the induced magnetic field was computed by
integration of the Biot and Savart law, using the
current distribution over the entire volume of the
cylinder. We observe that the measured maxi-
mum intensity, which is about half the horizontal
induced field discussed previously, occurred out-
side the cylinder, in contrast with the model
prediction. Nevertheless, the model produces the
right amplitude. This is somewhat surprising be-
cause Ekman pumping is often considered to be
the source of the axial induced magnetic field,
and Ekman pumping is not included in our model.
We conclude that the observed axial magnetic

field results from the horizontal electrical current
beneath the insulating lid, with no evidence of
contribution from vertical fluid motions.

6. Conclusion

Our experimental study of the effect of a hori-
zontal magnetic field on a vortex with vertical axis
yields four important results:

(1) the dynamical regime is controlled by the
balance between the Coriolis and Lorentz forces:
the normalized angular velocity at the top of the
vortex only depends on the value of the Elsasser
number, and not on the Ekman or Rossby num-
ber.

(2) The radius of the solid body rotation core
of the vortex increases with the applied magnetic
field. In our experiments, this increase is modest
(at most a factor of two), because the vortex is
strongly constrained by the cylinder. It is reminis-
cent of the large increase of vortex diameter
observed in numerical experiments on magneto-
convection (Fearn, 1979; Glatzmaier and Olson,
1993; Cardin and Olson, 1995). Within the frame
of our simple kinematic model, we could not
derive an adequate explanation of this phe-
nomenon. It should be noted that a related prob-
lem was treated by Parker (1966) and Gubbins
and Roberts (1987); they looked at the effect of a
magnetic field on a rapidly rotating solid conduct-
ing cylinder, and found that the magnetic field is
pushed out from the cylinder. Although their
calculation assumes a fixed diameter, it gives the
intuition that a natural vortex would contract, so
as to minimize the field expulsion (P.H. Roberts,
personal communication, 1992). This is the oppo-
site to what we observe in our experiments. How-
ever, their calculation is valid for Re,, of order
one, whereas Re , is always less than 0.1 in our
experiments,

(3) We observe that geostrophy is preserved
for Elsasser numbers up to 0.2. This is clearly
demonstrated by the linearity of the electrical
signals with the electromotive term. For higher
Elsasser numbers the same signals, which are
very sensitive to any geometric change, indicate a
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gradient of the azimuthal velocity with depth,
with smaller velocities at the top of the vortex,
and the appearance of growing vertical velocities.
However, the good agreement between the ob-
served induced magnetic field (which yields a
more global view) and the predictions of our
simple model suggests that the vortex remains
almost two-dimensional, with a strong influence
of the rotation axis, up to Elsasser number of
order one. Therefore, it might be appropriate to
assume geostrophy, or at least some rigidity along
the rotation axis, even in the dynamo regime.

(4) We measure a significant axial (vertical)
induced magnetic field at the top of the vortex,
which is in fair agreement with the predictions of
our simple model. It is often assumed that the
helicity of the flow in a vortex (which results from
the combination of the strong azimuthal veloci-
ties with vertical velocity owing to Ekman pump-
ing) is responsible for the conversion of toroidal
to axial field (Busse, 1975; Gubbins and Roberts,
1987). Here the mechanism is different: in our
model, it entirely results from the presence of an
insulating lid on top of the vortex, which forces
the electrical currents to form a horizontal jet
linking the two vertical branches of the current
distribution. No vertical velocity is needed. It
would be interesting to see if this mechanism
plays a role in the geodynamo.

Another important outcome of our experimen-
tal study is a better understanding of the poten-
tial and difficulties of magnetohydrodynamics ex-
periments using liquid gallium. We found that
gallium was a very good working fluid. Special
care needs to be taken to avoid oxidation and
contact with metals, but it is much more suited to
laboratory operation than mercury or sodium,
and provides excellent electromagnetic proper-
ties.

In our study, information on the velocity field
is essential: we need to know the effective veloci-
ties in the vortex, so as to estimate the actual
dynamical balance. The pressure measurements
at the surface did provide an accurate, through
integrated, control. The electrodes provide a very
sensitive probe of the flow, but through a com-
plex mechanism—the slight imbalance between
the electromotive and resistive electrical field.

Their use requires a good model of the geometri-
cal effect. The measurement of the induced mag-
netic field yields a more global picture of the
interaction of the flow with the magnetic field. In
our set-up, the measured signals were not very
large as compared with the observed drift.

Overall, our experiments lead us to believe
that the experimental realization of a realistic
self-induced dynamo is not out of reach. How-
ever, its understanding will require a method that
can provide an adequate knowledge of the veloc-
ity field inside the conductive liquid.
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Appendix A: Mathematical derivation of a 2-D
kinematic model in a vortex

We consider a vortex in an incompressible
fluid. We suppose that the temperature is con-
stant in the flow. We want to derive a stationary
and axisymmetric solution velocity model. We
write the two classical Navier—Stokes equations
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in a fixed frame with the cylindrical coordinates
(7, 8, z) (in these equations, the rotation of the
table and consequently the Coriolis force do not
appear; actually, we look for a 2-D solution be-
cause we are in a geostrophic flow, when the
large influence of the Coriolis force is implicitly
taken into account in the Navier-Stokes equa-
tions (A1) and (A2))

V-U=0 (A1)
p(U-V)U=pg—Vp+uViU (A2)

p is the fluid density, U the fluid velocity vector
in a fixed frame, g the gravity vector, p the fluid
pressure and u the dynamic viscosity of the fluid.

We assume that the core of the vortex is in
rigid rotation, characterized by

U(r) =rogiqges for 0 <r <Ry 4 (A3)
with 0 <Ry i5 < Rigingers Roylinger D€INg the radius
of the cylinder. The boundary condition on the
wall is

U=0 for r=R (A4)

cylinder
We suppose that there is no radial or axial mo-
tion: hence, U, = U, =0 everywhere. The mass
equation and the z-component of the momentum
equations are automatically satisfied.

We are left with two equations to solve for U,:

—=p— (A5)

?U, 13U, U, A6
+—-— ==
arr r o r? (A6)

The right-hand term in Eq. (AS) is the centrifugal
force. It is equilibrated by the pressure gradient.
We actually have to solve a ‘Couette’ flow
(A6), with the angular velocity w =0 for r=
R jtinder @0d @ = w4 for r=R ;4. Writing the
angular velocity w(r) = Uy (r)/r, the solution is

2
CR cylinder

r2

w(r)y=~C+

for R ;a<r<R (A7)

cylinder

where

2
C-= Dsoiia Rsolia
T R2 2

R — R

cylinder

o(r)=w for 0<r<R

(A8)

By integrating Eq. (A5), we compute the pressure
at the surface. Expressed as height of liquid H(r)
in the Venturi tubes, we obtain

solid solid

? 2 2 4 1 ———1
H(r) = —2; r _Rsolid _Rcylinder r_Z- - Rgolid
Ry
+4R inder log( s:ld )]
szgolid
7e for Ryiiq <7 < Reyiinger
(A9)
2,2
H(r)= ) for 0 <r <R 4 (A10)
4

where H(r) is measured with respect to the posi-
tion when w = 0.

According to this 2-D model, the solid body
rotation radius is the radius of the parabolic part
of the pressure profile. It should also be noted
that in this model, density and viscosity do not
appear explicitly. This means that whatever in-
compressible fluid we use, the shape of the pres-
sure profile should be the same. In fact, we found
a small difference for the same experimental con-
ditions between the pressure profiles of water
and gallium. We explained this by greater capil-
larity tensions in tubes with water.

Appendix B: Model of electrical potential in a
geostrophic vortex

A vortex of gallium is generated in a cylinder
of radius R ;nge,> Of height H 4., Of volume V'
and boundaries 8. The vortex is submitted to a
constant magnetic field B, orthogonal to the rota-
tion axis of the vortex. To describe the electrical
currents induced in the vortex by the interaction
of the velocity field U with the magnetic field B,
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we write the second Maxwell equation, the Ohm
equation, and the equation for conservation of
charges, in the stationary case:

oB
VXE=—-—=0 (BD)
ot
J=0(UXB+E) (B2)
dpc
V. Jj= — %=
J P 0 (B3)

where E is the electrical field, J is the density
vector of electrical current, o is the electrical
conductivity, U is the velocity vector, B is the
magnetic field and p. is the density of electrical
charges.

Boundary conditions are

J-n=0o0n (B4)

where n is the normal vector to the electrically
insulating walls of the cylinder. This condition
expresses that electrical currents must curl inside
the cylinder. The velocity field U is taken from
Appendix A.

Introducing the electrical potential ¢, as Vo =
E, we obtain the following system of equations,
written in a cylindrical frame where the origin of
the z-axis is at mid-height of the cylinder:

Ap=dV-(UXB)=0inV (BS)
e
_('; =0 for r = Rcylinder (B6)

d¢
P (UXB)-e,= —Uy(r)B cos 0
z

fOI' z= iHcylinder/z (B7)
where @ is the angle between the imposed mag-

netic field B and e,. Writing ¢ with separable
variables,

¢ =0(0)R(r)Z(z) (B8)

the Laplace equation (Eq. (BS)) separates into

(d*0/d8?*) + m*’® =0 (B9)

1d{ dR 5 m?

7E(r_67)+ k _r_Z)R=O (B10)
’z

-— —k*Z=0 (B11)

dz?

Boundary conditions impose on ¢ a symmetry in
cos 9; we deduce m =1. The equation in R(r)
becomes

il k? ! R=0 B12
_— —— + — =

r dr (r dr ( rz) (B12)
The solution of the z-equation is

Z(z) =ekr+e** (B13)

whose solutions are the classical Bessel functions
Ji(kr) and N,(kr), where only J,(kr) is finite at
the origin. We deduce the general form of the
function ¢:

p=2 [ak,-Jl(kir) exp(k;z)
,

+BiJ1(—k;r) exp( —kiz)] cos 0 (B14)

Using the analytical expression of the derivative
of J(k,r),

d k;

Thlkiry = S Uokir) =0o(ki)] - (B1S)

to write boundary conditions, we deduce from
(B6) and (B7) that @, = — B, so that

¢ = Lay, cos 0J,(k;r)[exp(k;z) — exp(—k;z)]
ki

(B16)
where k; and a, are solutions of
JO(kiRcylindcr) =J2(kiRcylinder) (B17)
Y (e kidi( k)]
X em(kiﬁcﬂslmi) + exp(—k,t[%)}
=-U(r)B (B18)

We write a numerical program which in a first
step finds the N solutions k; of Eq. (B17). In a
second step, k, solutions are inserted in Eq.
(B18); then, we have to solve the matrix system

Cija;=D, 1<i<Nand1<j<N
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where
H_.
cylinder
C,-]-= ki Cxp(ki—z—)
H linder
+k; CXP(‘ki_cyzLd‘)]Jl(kirj)
D;= -BU(r;)

with r; varying from zero to Ry ge;

We use the method of least mean squares to
invert the matrix C, and obtain the ag, coeffi-
cients. We thus derive the electrical potential
o(r, 8, z) and J(r, 6, z), the current density vec-
tor everywhere in the cylinder.

Appendix C: Model of induced magnetic field at
mid-height of the cylinder

According to Appendix B, the current density
vector can be written J=0(U X B + E). In Sec-
tion 5.2, we have observed that, in the middle
plane of the cylinder, the electrical field E is
negligible. To calculate the magnetic field in-
duced at mid-height of the cylinder, we make the
assumption that E = 0. Using the 2-D kinematic
model described in Appendix A, we note that the
vector J=0o(U X B) has only one component
along the z-axis, whose amplitude depends upon
the radius r and the angle @ in a cylindrical
frame. J points upwards or downwards, and is
zero in the plane where U and B are parallel. To
achieve analytically our calculation, we consider
that the lines of density current J are infinite
along the z-axis.

According to the Biot and Savart law, the
magnetic field induced by one infinite wire with a
current I, oriented along the z-axis at a point
M(r, 8) has the expression

wol
By (r,0) = Soey
where R = d(M, M’) is the distance between the
point M and the wire.
In our case, we have infinite lines of density
current, or JdS§ =1I. Using this last equality and
Eq. (C1), dividing the horizontal middle plane of

(C1)

the cylinder into small surfaces, we can compute
the magnetic field induced anywhere, making the
sum of the magnetic field induced by each sur-
face covered by a density current J. Thus, we
define a square surface S of side 4R g, CEN-
tered on the cylinder, and we divide this surface
into square surfaces AS. We use in that case the
cartesian frame (e,, e,, e,). The expression of
the magnetic field induced at a point M(X, Y) of
the surface S (inside or outside the cylinder) is

poJ(x, y)AS

BM(X’ Y)= Z STR

x,y&€ Scylinder

Y-y X—x
“R e, + R e, (C2)
where R=d[M(X, Y), M'(x, y)] is the distance
between the point where the magnetic field is
computed and M’, the point of the cylinder of
coordinates (x, y).
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