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SUMMARY

INTRODUCTION

The lowermost 200-300 km of the Earth’s mantle, known as the D” layer, is an
extremely complex and heterogeneous region where transfer processes between the core
and the mantle take place. Diffracted S waves propagate over large distances and are
very sensitive to the velocity structure of this region. Strong variations of ampli-
tudes and waveforms are observed on recordings from networks of broad-band seismic
stations. We perform forward modelling of diffracted S waves in laterally heterogeneous
structures in order to analyse whether or not these observations can be related to lateral
inhomogeneities in D”.

We combine the diffraction due to the core and the scattering due to small-scale
volumetric heterogeneities (10-100 km) by coupling single scattering (Born approximation)
with the Langer approximation, which describes Sgir wave propagation. The influence
on the direct as well as on the scattered wavefields of the CMB as well as of possible
tunnelling in the core or in D” is fully accounted for. The SH and the S¥ components
of the diffracted waves are analysed, as well as their coupling.

The modelling is applied in heterogeneous models with different geometries: isolated
heterogeneities, vertical cylinders, horizontal inhomogeneities and random media.
Amplitudes of scattered waves are weak and only velocity perturbations of the order of
10 per cent over a volume of 240 x 240 x 300 km? produce visible effects on seismograms.
The two polarizations of Sgir have different radial sensitivities, the SH components
being more sensitive to heterogeneities closer to the CMB. However, we do not observe
significant time-shifts between the two components similar to those produced by aniso-
tropy. The long-period Sy have a poor lateral resolution and average the velocity
perturbations in their Fresnel zone. Random small-scale heterogeneities with + 10 per
cent velocity contrast in the layer therefore have little effect on Sy, in contrast to
their effect on PKIKP.
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or PKKP waves have been interpreted as scattering by
small-scale heterogeneities located in the D” region (Bataille

The core-mantle boundary (CMB) is a major discontinuity
in the Earth with strong contrasts in density, viscosity and
chemical composition. The core appears very homogeneous
to seismic waves (Souriau & Poupinet 1991), in contrast
with the lowermost 200 or 300 km of the mantle, known as
the D" region, where strong lateral heterogeneities are present
at small (~10 km) to large (~ 1000 km) scales [for reviews
on D”, see Loper & Lay (1995), Weber et al. (1996) and Lay
et al. (1998)]. In particular, precursors of short-period PKI/KP

* Corresponding author.

© 1999 RAS

et al. 1990; Haddon & Cleary 1974; Husebye et al. 1976)
as well as the coda of short-period diffracted P waves (Bataille
& Lund 1996; Tono & Yomogida 1996, 1997). In the case
of precursors, the source of scattering is inferred to be
either volumetric inhomogeneities with P-velocity fluctuations
of several per cent and scale lengths of 10-100 km, or core—
mantle topography bounded by 500 m fluctuations (Doornbos
1976, 1978). A more recent analysis seems to indicate that
small and weak volumetric heterogeneities (~ 8 km, 1 per cent
velocity perturbation) may exist throughout the mantle
(Hedlin et al. 1997).
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As they propagate a long distance along the CMB, diffracted
waves, mainly Pggr and SHgyr, have been used to study
the velocity structure in the D” layer (Doornbos & Mondt
1979a; Mula 1981). Large-scale lateral heterogeneities have
been found (Hock et al 1997, Souriau & Poupinet 1994;
Sylvander et al. 1997; Wysession & Okal 1988) with 4 per cent
maximum velocity perturbations and strong variations of the
Poisson coefficient, favouring chemical anomalies (Wysession
et al. 1992). A promising procedure for investigating both
radial profiles and lateral variations of lower mantle shear
velocity is to model simultaneously SH-SKS differential
traveltimes, amplitude ratios of S¥'/SKS and S4i;r wave shapes
(Ritsema et al. 1997). In the Pacific region, SVgr signals
exhibit considerable waveform and amplitude variability.
Significant small-scale (100-500 km) shear velocity hetero-
geneity (0.5-1 per cent) is required to explain scatter in the
differential times and amplitude ratios. Moreover, observations
of time delays between SHgir and S Vg have revived the idea
of the possible presence of anisotropy in the D” layer (Garnero
& Lay 1997; Kendall & Silver 1996; Maupin 1994; Ritsema
et al. 1998; Vinnik et al. 1989, 1995, 1998).

In this paper, our scope is to study the effects of lateral
heterogenity in D” on the characteristics of the diffracted
S waves; in particular, how their waveforms are distorted and
their polarizations possibly modified. Following Doornbos &
Mondt (1979a) and to avoid confusion in terminology, we will
use the word ‘scattering’ to indicate wave interaction with
relatively small-scale irregularities. The word ‘diffraction” will
be used here in connection with the interaction of the wave-
field with a smooth boundary, in this case the CMB. The
combination of scattering by small-scale inhomogeneities and
diffraction by the core is not easy to study. The diffraction
will be modelled using the full wave theory (also called the
Langer approximation) developed by Richards (1973, 1976).
This approximation is an extension of the high-frequency
WKBIJ theory. It is accurate in the turning-point region of
the ray, which is situated near the CMB interface, and has
been used to study SmKS waves (Choy 1977), PKnIKP waves
(Cormier & Richards 1977) and diffracted waves (Doornbos
1981; Doornbos & Mondt 1979a,b; Maupin 1994; Mondt
1977). The main difference with the WKBJ approximation is the
frequency dependence of transmission-reflection coefficients.
These coefficients incorporate the effects of curvature of
the discontinuity and the tunnelling phenomenon at grazing
incidence (Richards 1976). In tunnelling, rays that turn just
above or below a boundary can interact with the boundary at
finite frequency. For rays bottoming just above a boundary,
transmitted real rays can be excited below the boundary
(Cormier & Richards 1988). Moreover, the Langer approxi-
mation is valid if a unique turning point exists for each wave
type in a layer. This condition implies that the velocity gradient
must satisfy the relation dv/dz < 0 or dv/dr < v/r (Doornbos
& Mondt 1979a). A satisfactory comparison between the
full wave theory and the reflectivity method (Fuchs 1968;
Fuchs & Miiller 1971) has been made by Choy et al. (1980).
The scattering is described within the Born approximation. The
simplicity of this theory and its implementation have guided
our choice: it can be considered as a first step before taking into
account more complete theories. In the Born approximation,
the incident wave interacts only once with each heterogeneity
(first-order scattering), and multiple interactions between
heterogeneities are assumed to be negligible. Details about the

validity of the Born approximation can be found in Hudson
& Heritage (1981). In this study we find that the scattered
fields remain small compared to the direct ones. This shows
a posteriori that the Born approximation should give us
reasonably accurate results in the first instance.

In the first part of this paper, we combine the full wave
theory with the Born approximation in order to develop an
adequate theory to model the scattering of diffracted waves.
In the second part, we analyse the characteristics of Sgir
waves in some simple geophysically relevant situations such as
a vertical plume, a localized low-velocity zone and small
inhomogeneities distributed in a random way in the D” layer.

2 THEORY

2.1 Scattering in the Born approximation

Our aim is to model the effects of a point heterogeneity on
diffracted S waves (Fig.1). The propagation of Sgir waves
is treated with the Langer approximation and we only con-
sider single scattering (Born approximation). We focus on
the coupling between the two polarizations of S waves by
volumetric heterogeneities. Indeed, scattered P waves have a
shorter traveltime than Syir waves. These scattered P waves
cannot interfere with the primary Sger wave.

The general equation of motion in a spherical earth can be
written as

ptii=fi+0y;, ey
where u is the displacement vector, & the stress tensor and f the

source force vector. For an isotropic medium, the stress and
strain tensors are related by

0= /1(3,']8}{/( + 2[16,:/ . (2)
where
1 ﬁu,- 6u,—
=== — 3
4732 (599' * 59@) ®

is the strain tensor. The effect of lateral heterogeneity is
treated in a linearized way by using the Born approximation
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Figure 1. Coordinate systems used in this study. In (F, £, y), r
corresponds to the radius, x to north and y to east.
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for the scattered wave. Suppose that the structural parameters
in the medium can be written in the following way:

u(r)=u(r, 0, ¢)=p(r)+Au(r, 0, ¢).,
A=A, 0, §)=22r)+ AXr, 0, ¢), )
p(X)=p(r, 0, ¢)=p°(r)+Ap(r, 0, ¢).

The parameters x°, 2% and p° define a laterally homogeneous
background medium. All calculations are performed in the
frequency domain. Combining eqs (1), (2) and (4), the equation
of motion of the laterally heterogeneous system can be written
as

Ljuj=f;, with Lj=—08;pw® —0;20;— 0;ud; — 6;0ud  (5)

(Snieder 1986a). The operator can be developed as L=L°+AL
and the displacement field u=u® + Au. If these expressions are
inserted in eq. (5), the terms of zeroth order and first order in
perturbation lead to the relations

LO® =f, (6)
L'Au=—ALu’. 7

Egs (6) and (7) can both be solved with the Green’s function
G of the background medium. This leads to the following
expressions for the direct wave:

" =u’ = Gf, 8)
and for the scattered wave:

¥ = Au= — GALu®" = — GALGT . 9)
The previous equations are an abbreviated notation for

W (r, )= Gy Fy = j AV,Gy(E, ts. ) (55, ©). (10)

u (r, w)=— J dVy J dVsGiy(x, rp) ALy (rn) Gy, x5) f1(rs, @),

(11

where Vs is the source volume and V} the volume of the
inhomogeneity. The operator representing the heterogeneity is

AL (rn) = — 33 Ap(rn)or” — 0 Ad(rn)}

— Op Au(ry) 3} — 80 Ap(ry) ;- (12)
The differentiations 0" are all with respect to the ry, coordinates
of the heterogeneity. Note that the differentiations apply both
to the Green’s function on the right of AL and to the lateral
heterogeneities AA(r,) and Ap(ry). The differentiation over
these last quantities can be removed by partial integration (e.g.

Snieder 1986a). For example, the A/(ry) term can be rewritten
as follows:

J AVaGy (., tn) AL G, 1)1
—— | Gy Gl 1
+ J S Gy, TIAKE[ Gy, )L (13)
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The partial integration yields a surface integral, which is zero
for buried scatterers as in our case (Snieder 1986a) [for a more
general justification, see Snieder (1986b) or Tarantola (1987)].
We suppose that the heterogeneity is localized in a region V%
with characteristic lengths small compared to the wavelength
(Rayleigh scattering). In this case, we can consider the Green’s
function to be constant over the volume V4. Doing the same
partial integration for the Au(ry) terms, we finally obtain

U (r, @) =[Apo?* Vi Gy(x, 1) Gji(tn, Ts)
— ALV Gy(r, 1)) (0 Gy, 15)
— ApVi(pGyi(r, T)) (0 Gira(rh, ¥5))

— ApVi(Bp Gy(r, 1)) (3 Gin(rn, T fi(xs, @), (14)

which we can write in a more compact form with an operator
AM,

N (r, w) = Gy(r, r)AM i (rs) G (T, 1s) fi(rs, ), (15)
or, in a matricial form,
u*(r, w) = G(r, 1) AM(ry,) G(ry, r)f(rs, ), (16)

where the derivatives in the operator AM act only on Green’s
functions. This is a completely general expression for the
scattered field in the Rayleigh—Born approximation (Snieder
1986a). We now have to introduce in this expression a Green’s
function that is appropriate for representing the diffracted
S waves.

2.2 Green’s function for diffracted S waves in a
laterally homogeneous medium

In the following, we calculate the Green’s functions needed in
eq. (16). Diffracted waves cannot be modelled by ray theory.
Within D”, the Sgiir waves are close to their turning point. At
the frequencies we are interested in, the most appropriate
method to model them is the Langer approximation, which is
an extension of the WKBJ approximation for waves close to
their turning point (Richards 1973, 1976). The Sg waves
are the poles of the reflection coefficients at the CMB. We
need, therefore, to account for the interaction of the direct and
scattered wavefield with the CMB. This will be achieved
by inserting the boundary conditions on D” in the Green’s
functions using a reflectivity-like scheme (Kennett 1983).
Although it is used here primarily to account for the CMB, we
note that this procedure models properly the whole propagation
process within D”, even for complicated models of D”. In a
model with a discontinuity at the top of the D” layer, for
example, it would handle the interaction of the wavefield with
that discontinuity as well as multiple reflections within D”. In
the lower mantle above D”, the wavefield is assumed to be a
simple downgoing incident wave and two upgoing waves, the
direct and scattered waves. The WKBJ approximation will be
used to describe the wavefield in this part of the model (Fig. 2).
We assume that the inhomogeneity is situated exclusively in the
D" layer.

We will first recall some elements concerning the Langer
approximation. We will then combine them with the boundary
conditions and source terms to express the Green’s functions.
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Figure 2. Use of the Langer approximation in the D” layer and of
the WKBJ approximation in the rest of the mantle to calculate the
wavefield.

2.2.1 The Langer approximation

In spherical coordinates, displacement, radial stresses and
source terms may be expanded in terms of spherical harmonics
(Chapman & Orcutt 1985). In the high-frequency approxi-
mation (equivalent to large /, small m and the receiver away
from the poles), the spherical harmonic vectors align with the
unit vectors of the coordinate system and the expansion may be
reduced to

( ' )=ZZ B} Y/'(0, 6). (17)

T/w 7

Keeping only the terms that represent the waves moving away
from the source, the asymptotic form for Y} is

Y/"(0, ¢)=()" Yi(0) exp (im¢) , (13)
with
20+1
Yi(0) =)=, — 0 (cos 0) (19)
/[
and
exp {i(l—i— %)H—i ﬂ
(2)
cos )= . 20
Qi (cosf) V2nlsin 0 20
In the case of a point force at the pole,
i, 0.0)=F 2 tim 50-0,5(0). e

the expansion of the source terms becomes, in the same
conventions as in eq. (17),
F;’I’IT — (H/m Ilm j;”)

o(r—rs) .
U2 lim B (RY(0,,0) iS]5(0,,0) ~T/¥(0,.0)).

(22)

where R}’, 8" and T} are the spherical harmonic vectors. The
expansion has non-zero values only for m=0, +1 and —1:

or—rs) [21+1

H) =
! r? 4n

F,

or—rs) 21+1 1

"= 2 an §(+1F0—F@), m=+1, (23)
m_é(rfrs) 21+1 1 . _
Ji'= 2 ?E(FO'FIFQ), m=+1.

Combining eqs (1), (2) and (3), we express the equation of
motion for a perfectly elastic, isotropic and spherically sym-
metric medium. The spherical harmonics decomposition is
such that this equation reduces to an equation in the radial
coordinate only:

m

dB 0
y ! =wAB}" + . (24)
r —F'/o

A is a 6 x 6 matrix related to the properties of the medium,
independent of the angular frequency w and of the index m
(given in Chapter 9.5 of Aki & Richards 1980a). Since A is
independent of m, the solutions of the differential equation (24)
are independent of m, except for the forcing terms. Using
eq. (18), eq. (17) can be transformed into

u
( / ) => b Yi(0). (29)
T/ Ji
with

b= ()"Bf exp(im¢). (26)

m

Inserting this expression into eq. (24) and using the expression
(23) for the expansion of the source term, one can show that b,
satisfies the differential equation

0

0

0
db 1 2/+1
L= oAb + — \/—+ o(r—rs).
dr _F. wr 4n

—Fycos p—Fysin ¢

Fysin¢g—F;cos ¢

27N
In the epicentral direction ¢ =0, this equation reduces to
0 20+1
@ =wAb;+ I+ or—rs). (28)
dr _ F/wr2 4r

In the following, (/+1/2) will be replaced by k = wp, where
k is the horizontal wavenumber and p the horizontal ray
parameter, and the index / on b will be omitted. A solution of
eq. (28) can be obtained by transforming the displacement—
stress vector b to the amplitudes a of down- and upgoing
elementary waves, which leads, in the absence of a source, to

b=DAa. (29)
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The columns of the D matrix are formed with the eigen-
vectors of the A matrix and correspond to displacement—stress
vectors of elementary down- and upgoing P, SV and SH waves
(or a combination of down- and upgoing waves below the
turning point). A is a diagonal matrix whose elements are
vertical wave functions. As far as possible, we have used the
same conventions and normalizations as Cormier & Richards
(1988) for the notation in these matrices. In the Langer
approximation, P and S waves travel independently except at
layer boundaries, leading to constant amplitudes in each layer.

The goal of this study is to analyse the effect of lateral
heterogeneities on the waveforms of S-diffracted waves. In the
framework of the Born approximation, multiple scattering
such as SPS scattering cannot be studied. Scattered waves
involving one conversion from S to P or from P to S have
traveltimes quite different from those of the pure S phases,
and will not interfere with the direct S wave. We can there-
fore restrict our analysis to SS scattering. In the models
we are using, the S-diffracted waves depend on the P-wave
velocity only through the P-wave velocity dependence of the
reflection coefficients at the CMB. Except when calculating
this reflection coefficient, we can therefore reduce the dimen-
sions of the amplitude vectors a and of the D and A matrices,
working only with their elements related to the S waves.
Not doing so would introduce undesirable numerical noise
in the calculations. In situations where P waves would be of
some importance, for example in the presence of an ultra-
low-velocity zone, or in order to study SPyKS waves, the
derivation can be performed with the full a, D and A matrices.
In models with discontinuities at the top of or inside D”, the full
D and A matrices can easily be introduced in the calculation of
the propagators at the level of the discontinuities, in order to
account for the P-wave velocity dependence of the reflection
and transmission coefficients.

We also define two matrices A~' and D~! that are not
exactly the inverses of A and D, but are such that A~'D ! is
the inverse of DA. In the following, we only need the part of the
matrices related to S waves:

o —iw*r? o

A= AT = (30)
, ’ 3 . g
a 2psﬁs o
G o
where p, and f; are the density and the S velocity at the source.
In the Langer approximation, the vertical wave functions are
expressed in terms of Airy functions:

’ :(&)”Zﬁf_z<z)WQU4
g p B or\x

with

Ai(fe—zm/%) e+i7z/3 :|

Ai(—e“’““() efin/3

(3D

12
L _p 2} . (32)

3 "
C=§w‘f; T=J xdr; XZ{F—’,—Z

Tob

Below the turning point of the wave, the descending wave ¢ is
replaced by a stationary wave ¢ =¢ + 6 (Cormier & Richards
1977) in order to take into account multiple reflections
(Doornbos 1981). At the level of the turning point, the wave
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function tends to a non-zero limit (Langer 1949). The generalized
vertical slownesses are defined as

1 dé 1 do
f=— —; N=———". 33
=ws @ " iwe dr (33)
In the WKBIJ approximation, the Airy functions reduce to
exponentials:

5 1/2 p3/2 —iot o+in/4
Tl (o) L1 fere 34)
| T B 12 ior —in/a |
G P wr y etiot o in/
The generalized vertical slownesses become, above the
turning point, n ~f~y, and below the turning point,
i~ —f~—i(p*/rr =1/

The D matrix, built in a convention that is convenient for
calculating reflection and transmission coefficients, with the

first two columns for downgoing SV' and SH! waves and
the last two for upgoing waves SV and SH', can be written

Pp/r 0 Pplr 0 7
B 0 — B 0
0 1 0 1
D= , (35
—2ipfby 0 2ipfbn 0
—ipPa 0 —ipPa 0
L0 —ipf 0 —ipfi]
2ipBbin  ipPa 0 —pplr =Pz 0O
0 0 ipPi 0 0o -1
D '= ,
2ippby  —ipPa 0 ppir  —pBn 0
0 0 ipfH 0 0 1
(36)

where a=1—28%(p?/r*) and b= *(p/r).
Following the formalism developed by Gilbert & Backus, the
propagator P between radii r; and r, can be defined by

b(r2) = P(r2, r)b(r1) = D(r)A()A " (r)D ' (rb(r1) . (37)

In the same way and using eq.(29), we can define the
propagator S to link the wave amplitudes between r; and r, by

a(r2)=S(r2, r)a(r1)=A""(r)D ' (r)D(r)A(r)a(r1) . (38)

2.2.2 The Green’s function

We are now going to use these propagators together with
the boundary conditions and source terms to express the
Green’s function. Eq.(16) involves two Green’s functions,
one for the direct wave, and one for the scattered wave. The
boundary conditions at the top of D" are different for these two
functions (see Fig.3). On the other hand, they have the same
lower boundary condition. Since the diffracted S waves are
associated with the poles of the reflection coefficient at the
CMB (Chapman & Phinney 1972; Cormier & Richards 1988),
the lower boundary condition for both Green’s functions reads

acmB L\,
, = acMmB » (39)
AcmB Rems
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Figure 3. Detail of the boundary conditions used at the top of the D”
layer and in the core for the incident and scattered waves.

where a contains the amplitudes of the SH and SV waves
propagating downwards and upwards in the bottom part of D”,
Rcwms is a diagonal matrix containing the reflection coefficients
for the S7 and SH waves at the CMB and I, is the 2 x 2 identity
matrix.

2.2.3  Green’s function for the incident wavefield

For the direct wave, the source is located above D", implying
that there is both an incident wavefield on the top of D” and a
wavefield propagating upwards back into the lower mantle.
The amplitudes ay above D” are related to those acyp in D” by
the propagator S (eq. 38):

am I,
, =S(rp, rp) acms - (40)
ay Rcwms

Recall that, in the Langer approximation, the wave amplitudes
are constant in each layer. rp is the radius of the top of D”
and the +/— signs indicate that the elements are evaluated
right above or right below the top of D”. In the slowness range
appropriate for this study, the elements evaluated at r can
be calculated using the Langer approximation, and those
evaluated at rff can be calculated using the WKBJ approxi-
mation (Fig.2). Decomposing the matrix S into four
submatrices corresponding to the downgoing and upgoing
directions of propagation,

Siaa Sau
S= s 41)
Sud suu

eg. (40) can be used to express the total wavefield as a function
of the incident waves only. We have

acmp =(Sua+SauRcump) 'am (42)
and

dym =(Sud +SwRcmp)acms » (43)
and therefore

idv =Rpram, (44)
with

Rp' = (Sud+SusRems)(Saa +SauRems) ™' - (45)

Rp- is a diagonal matrix built up of the generalized reflection
coefficients for SV and SH waves at the top of D" in the laterally
homogeneous model. It takes into account the reflection at the
CMB as well as the whole propagation process within the D”
layer, including possible multiple reflections. The amplitudes
of the waves above D” can therefore be written as a function of
the incident waves only:

(B, 46
éM B RD” aM. ( )

These incident waves are generated by a source assumed to
be located far above D”. This source is equivalent to a dis-
continuity in the displacement—stress vector Ab at a radius rs.

Up to a factor /(2/+1)/4rn (1/wr?) from eq. (24), we have

Ab—_o 47
=1 | )

This discontinuity corresponds to a discontinuity in the wave
vector (Kennett 1983):

as

Aa=

—Al(r)Dl(r)[ 0 } (48)
- S S —F .

L és
Assuming a simple downwards propagation, from the source
level to the top of D”, we can then relate the amplitudes of the
waves incident on D” to the source terms:

apy=a,=T4F, (49)
with
0
Ta=(I O)Afl(rs)Dfl(rs)(l > (50)
3

where I3 is the 3 x 3 identity matrix. In this expression, Ty is
calculated using the WKBJ approximation. For clarity, we
keep the vector F as the source term in this expression. In order
to obtain the Green’s functions, the vector F must ultimately be
replaced by the 3 x 3 identity matrix.

Using eq.(46) and propagating the wavefield from the
top of D” to the depth r, of the heterogeneity, we obtain
the displacement associated with the wavefield incident on the
heterogeneity,

I
u(rn) = (I 0)u1< ? )TdF, 1)
R
with
U '=D)Am)S (5. p) . (52)

Combining the spherical harmonics components, one obtains
the Green’s functions:

1 < 2[+1
G 0= 53 Y0 (53)

Using k=/+1/2 and eq. (19), this can be transformed into the
wavenumber integration:

1
Gn. B = 5 | KOk cos &y k. (54
N

where Ay _s is the epicentral distance between the source and
the heterogeneity (Fig. 2).
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2.2.4 Green’s function for the scattered wavefield

The scattered wavefield has its source at the location
of the heterogeneity, in the D” layer. Up to a factor

VQI+1)/4n(1/wr?), we have a discontinuity in the
displacement—stress vector:

0 55
el (55)

Ab=

where, as for the incident wavefield, we must ultimately replace
F by the 3 x 3 identity matrix to obtain the Green’s functions.
Using propagators to relate the boundary condition (39) at
the CMB, the displacement—stress discontinuity at the source
level, and the fact that there is no scattered wave propagating
downwards above D” (Fig. 3), we obtain the relation

(o) () o)
) =U +S ACMB , (56)
am —F Rcms

where U is the inverse matrix defined in eq. (52). Decomposing
U and S into submatrices, the system (56) can be decomposed
into two subsystems:

0=U2(—F)+(Sda+SauRcmB)acms (57)

which gives the amplitudes at the CMB as a function of the
source term,

acmp =(Saa +SauRcmp) 'UpaF, (58)

which can be used in the second subsystem to obtain the
amplitudes of the scattered waves at the top of D” as a function
of the source term only:

dn = U (—F) 4+ (Sud + SuuRcems)(Saa + SauRems) ~'UioF,
(59)

where we recognise the generalized reflection coefficient Rp-
defined in eq. (45). The amplitude of the scattered wavefield
above D” therefore has the form

0
v =(Rpr —I2)U<F>. (60)

In the lower mantle, we can propagate this amplitude to any
depth using a WKBJ propagator. The displacement at the
receiver depth is equal to

u(ro) =Tudn, (61)
where
0
Tu.=(s O)D(ro)A(ro)(I ) (62)
2

The integration in wavenumber completes the calculation of
the Green’s function:

1

2
2nowr;,

G(ro, Ar_p)= J ku(rg) 0@ (k cos Ar_p)dk (63)

where A;_y, is the epicentral distance between the heterogeneity
and the receiver.
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2.3 Total scattered wavefield

Inserting the expressions for the Green’s functions for the
incident and scattered waves into eq.(16), we obtain the
expression for the diffracted S wave scattered by a heterogeneity
in D"

1

seat = W J kscatTu(kscat)(RD”(kscat) - IZ)U(kscal)
0

[ ) 02K <05 Ar_ ) AM J Kinc(ly 0)
I;

})
xU~ ! (kinc) Td(kinc) Q(z)(kinc’ Cos Ah—s)dkinc s

RD”(kinc)
(64)

where we have made explicit the dependence on k of the
different elements. k;,. is the wavenumber of the incident field
and kg, 1S the wavenumber of the scattered wavefield. An
integral over w is necessary to calculate the displacement in
the time domain. The integrals over kine, kscat and @ can be
evaluated in any order. In practice, we have performed the
integrals over w last.

This expression is a combination of different elements with
different functions. In order to emphasize these functions, we
can reorganize eq. (64) in different ways. The propagator U can
be separated into propagators

U=SW,, with Wy=A""()D " '(r). (65)

Except for the factor (1/ wrﬁ), W, contains all the elements that
depend on the depth of the heterogeneity. S is the propagator
used in eq. (45) to calculate the generalized reflection coefficients
Rp-. The scattered field can be rewritten as follows:

scat
u —

1
- H Kueatkine Tulksea) Ry (ksga) - —12)S(ksear)
I,
X C(kscah kinc)sil(kinc) ( )Td(kinc)dkscatdkinc 5
RD”(kinc)

(66)

where C is the coupling matrix at the level of the heterogeneity,

0 0
C(kseat, Kinc) = Q(z)(kscata cos A _p)Wh(kscat) ( )
AM 0

X Wi (kine) 0P (Kine, €08 A ). (67)

Recall that the differentiations in the coupling operator AM
are all with respect to the position of the heterogeneity. With
this formulation, all the elements that depend on the location
of the heterogeneity are grouped in the coupling matrix C. This
matrix expresses the coupling between different wave types
and between different wavenumbers due to the presence of the
inhomogeneity. It is built up of coupling coefficients between
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different wave types:
C(kscat» kinc)
= Q(Z)(kscata coSA;_p)

SVLSVi, SVLSH, SVLSV) SVLSH,

SHLSV} SH!SH: SH!SV! SH.SH!

| svisv svisal svisvl svisi)
SHI.SV}, SHISH) SHILSV! SH!SH]

x 0D (kine, cos Ap_s), (68)

where the element SV].S Vit, for example, corresponds to the
coupling between a downgoing incident field polarized in SV,
denoted S Vlﬁ, and an upgoing scattered field with the same
polarization, denoted S¥V].. We will analyse this matrix in
detail in the next section. We here note that the matrix contains
elements for both downgoing and upgoing incident fields, as
well as downgoing and upgoing scattered fields. This expresses,
for example, the fact that the incident wavefield may reach the
heterogenity from above, or from below after reflection on
the CMB.

The terms T4 and T, express the propagation in the lower
mantle from the source to the top of D”, and from the top of D”
to the receiver. They are simple terms that are not of special
interest in our problem. We can isolate them from the elements
that relate to the propagation and scattering within D” and
rewrite eq. (64) as

1
uscat = m JJ kscalkincTu(kscat)QD”Td(kinc)dkscatdkinc 5
=W Isl‘h
(69)
where
QD” = (RD”(kscat) - IZ)S(kscat)
I
x Clkseats kinc)S ™" (Kinc) . (70)
Rp(Kine)

Using eqs (49) and (61), one can see that Qp- expresses
the relation between the wavefield entering D” from the
lower mantle and the wavefield leaving D", scattered by the
heterogeneity:

am (kscat) =D (Kscats kinc)ﬁM (Kinc) » (71)
with
QSVJCS v Q ViSH,
Qp(kscats kinc) = . (72)
SH. SV}, QSHICSH}n

Qp is a matrix of generalized reflection coefficients at the top
of the D" layer. It models the whole process that occurs below
the top of D”; that is, coupling due to the inhomogeneity,
reflection at the CMB, propagation and possible tunnelling
in D”. We note that this reflection coefficient matrix is not
diagonal. Like the coupling matrix C, it expresses the fact
that the heterogeneity produces coupling between different
wavenumbers and between SH and SV waves. However, in

contrast to the coupling matrix C, the reflection coefficients are
calculated only for downgoing incident wavefields and upgoing
scattered wavefields.

2.4 Analysis of the coupling matrix C

In the following, we detail the calculation of an element of C
defined by eq.(67). We then specify the general form of the
other terms, which are given in Appendix A, and analyse the
properties of the coupling matrix. Let us consider the element
SVI.SV}. Using eqs (30), (35) and (36) for A, A~', Dand D',
we obtain

272
— iy

Copigpt = 2 0Pk, cos (0, — 0n)]ose(Bpsc/rn —Bitse 0)
> 2puBy

Bpin/rn

XAM | iy | 6inQPkin, cos (B —05)].  (73)

0

Recall that, in the matrix A, 6 and & correspond respectively
to the down- and upgoing radial wave functions. On the
other hand, in the matrix A™! the correspondence is inverted
(see eq.30): that is why &5 appears in eq.(73) for the
upgoing scattered wave. We have chosen to work in a frame
of reference independent of the great-circle paths between
source—heterogeneity and heterogeneity—receiver in order to
check that only the angle ¥ =¢, — ¢, (see Fig.1) appears in
the coupling matrix (Snieder 1986a). This frame of reference
is denoted (#, £, y), where the direction x corresponds to
north, the direction y to east and the angles ¢; and ¢, to the
azimuthal angles. In this new frame of reference, eq.(73)
becomes

0242
— Ty

Copt gt = Q(Z)[kSCs Cos (9; - Gh)]o\—sc
51, T

X (ﬁpsc/rh - ﬁflsc Cos ¢2 _ﬁhsc sin @2)
Bpin/rn
< AM | Bijiy cos ¢1 | 61 QVlkin, cos (Bh—0)]. (74)
Bitin sin ¢y

This expression involves the derivatives of the Green’s
function with respect to r,, 0, and ¢;,. Since the Langer
approximation is a high-frequency approximation, we only
need to keep the higher terms in w. We can thus neglect, in the
derivatives with respect to r,, the terms other than those in

dé/dry and dé/dry. Those can be calculated with the help of the
radial slownesses 77 and 7 (eq. 33):

PO ioiotr). 220 — _iwio(ry). s)
d}"h d}"h

The derivatives with respect to 6y at highest order in w are
d .

aor. @ kin. cos (0 — 0] = iexpin @ [kin, cos (0h— 0]
d

o @ kse, cos (0, = 0] = — ieopse 0 [kse, c0s (0, = On)]

(76)
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The derivatives with respect to ¢; or ¢, have no w factor and
can thus be neglected, as in the case of the coupling of surface
waves by an inhomogeneity (Snieder 1986a; Snieder & Nolet
1987).

In the frame of reference (7, £, y) (Fig.1) we need the
derivatives with respect to x and y:

G AL
= = _rh51n¢d(9'

. cos 0" d_y (77)

To be concise, we use the following notations: R; =SVifl
and Ry=SV]. We factorize out of the expression of the
coupling coefficient (eq.73) the terms (—iw?r2/2p,f3)0% x
[kse> €08 (0, — On)]6se and &in O\ [kin, cos (0 —05)]. As can be
seen in eqs (67) and (73), only part of the matrices D and D!
intervenes in the calculation of coupling elements. However,
for the sake of clarity, we will use D and D! in the following.
The coupling by itself can be written as a sum of four terms.

(1) Termin Ap:
prleglkaRl
=Apa VilD g Dir, + Dy \Dir, + D,y Dyr,]
= Ap” Val(Bpse/ m)(Bpin/ ) + (— Bilse)(Bitin) 0 (62— d1)].
(78)
(2) Termin —AA:
(— AW Vi[0! Dy (@) Di,]
=(—ADVA[! Dy +iDy \ + Dy )]
< [0!Dg, + L Dyg, +iDyp,]
= (= ADVal(Bpse/ o) —ioisc)
+ (= Bitse)(— iwpsc/ 1)(cos® ¢+ sin® ¢))]
X [(Bpin/ r)(— i) + (Bt )(ipin/ ra)(cOS” 1 + sin® ¢1)]
~0. (79)

This result is in agreement with the fact that a perturbation in
AJ does not couple the S polarizations (Wu & Aki 1985).

(3) First termin —Ap:
(=AW V3 D 1[0) Di,]
_(_ hy—1Ah hny—1 Ah hny—1 Ah
=(— A Vi[! D ol Dyr, + 0} D\ Dyg, + 81Dy | 0Dy,
X "D ! Dy, + "Dy 0" Dyr, + 3Dy | 3" Dy,

RyxYx y

X "D O Dyr, + 4D O Dyg, + 0Dy 0Dy,
= (=AW Vil(Bpse/ )(— ioise)(Bpin/ 1) — iwnin)
+ (= Bise)(— ionise)(Bpin/ rn)(iwpin/ 1)
+ (Bpse/ ru)(—ipse/ 1) (Bilin)(— iwifin)] €08 (¢2 — 1)

+(—iwpse/ 1m)(ipin/ 1n)(— Bitse)(Bilin) €08* (¢2 — ¢1)] . (80)
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(4) Second term in — Ap:
(— AW VA} DR 0L Dy ]
= (=M Vald! D0 D, + 0/ D 0! Dur, + 0/ Dy, 0/ Dy,

h y—1Ah ~hy—1 Ah ~hy—1 Ah
X (9XDR2,6XD,Rl + OxDsza Dy, + OXDRzya

X X

DyR]
X OEDp 0Dy, + 4D\ LD g, + DR\ OLDy g, ]
=(— A Vul(Bpse/ r)(— iwijse)(Bpin/ ra)(— icotfin)
+[(— Bitse)(— inse)(Briin)(— iwifin)
+(Bpse/)(— iwpse/m)(Bpin/ m)(iwpin/1h)] cOS (2 — P1)
+(—iopse/rn)ipin/ rm)(— Bitse) Bitin) c08” (2 — d1)] . (81)

(5) Summary (we set ¥ =¢s—¢1):

22
— 1Ty

Copt gyt =
S Dy

0Plksc, cos (0, — 0n)osc Vi

X [Apr*(Bpse/ rn)(Bpin /1)

= 3Au(Bpse/ rn)(— ionse)(Bpin/ ra)(— iwijin)

+ cos P[Apo*(— Bitee) Bitin)

= Apl(— Bitse)(— iwitse) + (Bpse/ rn)(— iwpse/ )]

X [(Bilin)(— i) + (Bpin/ o) (iopin /)] ]

— cos 2% Ap(—iwpse/ ra)(ipin/ ra)(— Pilse)(Biin)]

x Gin QP [kin, cos (On— 05)]. (82)

This expression is very similar to that obtained by Snieder
(1986a) for surface waves.

2.4.1 General form of the coefficients of the coupling matrix

Completing this with the other elements of the coupling matrix
presented in Appendix A, we can write the coupling coefficients
between the different wave types in a general and compact form
by not specifying the directions of wave propagation. For
example, 1, may correspond to either 7, or iy, and similarly
for n;,, 0sc and ajy.

(1) Case SV SVin:
—iwzrﬁ
2p4Bs

x [Apn (kse, kin) —3Apna (kic, Nses Kin, Nin)

Csy,.svi = 0P[kse, cos (0, — Op)]os Vi

+ cos \P(Apn3(nsc: nin)_AHn4(ksc’ MNscs kin, nin))
— €08 2WAuns(Kee, ses Kins Min)loin O

X [kin, cos (Op — 05)]. (83)
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(2) Case SV SHj,:
—iw?rd
2Ph/))i

X [ sin lIJ(Apné(}/lsc) - Aﬂn7(ksc’ Mscs nin))

0Pkse, cos (0, — 0n)]os Vi

Csvsm, =

— sin 2lPA,un8(kSC> Nses kin)]ain Q(2)[kin: cos (0h - 08)] .

(84)
(3) Case SHy SVin:
— icuzr}z1 )
CSHSCSV;,, =73 0"lkge, cos (0, —0p)]ose Vi
200y

X [(— sin ‘P)(Apng(1in) — Aprnio(ses Kins Min))

—(— sin 2¥) Ay (kse, Kins 1i)]0in O

X [kin, cos (O0n—05)]. (85)

(4) Case SHy.SHj,:
—iw’r}

—— 0 OOk, cos (0, —0n)]os Vi
2ph/3}3, Q [ sc ( h)] sc¥h

x[cos W(Apnir — Apniz(fge, Min))

Csn,.sm, =

— 05 2P Apnia(kse, kin)loin 0P lkin, €05 (0n—05)].
(86)

ny to nyy are defined in Appendix A.

2.4.2  Analysis of the coupling matrix

(1) As for plane waves, the interaction of the wavefield with
an inhomogeneity, characterized by a perturbation in Ap or
Ap, introduces a coupling between wavenumbers and wave
types (SV and SH). A factor w? is present in all terms, imply-
ing that the scattered wave spectrum equals the incident wave
spectrum multiplied by w? in the case of Rayleigh diffusion
(Aki & Richards 1980b).

(2) A heterogeneity in A4 has no influence on S waves.
This result is well known since the secondary force which
corresponds to this type of perturbation is an explosion (Wu &
Aki 1985).

(3) The polarization vectors for SV and SH depend on the
azimuthal angles ¢; and ¢, separately, while the coupling
matrix depends only on the scattering angle ¥ =¢;—¢;
(Snieder 1986a). In ray theory, it is usual to define the scatter-
ing angle as the angle between the incident and scattered rays.
In the Langer approximation, the incidence angle i with respect
to the vertical is taken into account in the horizontal ray
parameter p and in the radial slownesses 7. Consequently,
the angle W characterizes the angular difference between the
vertical plane containing the incident ray and the vertical plane
containing the scattered ray (Fig. 1).

(4) There is no conversion between SV and SH waves in
the forward (¥ =0) and backward (¥ =mn) directions. More
generally, the coupling between wavetypes varies in sin ¥ and
sin 2¥, whereas coupling between waves of the same type
varies in cos ¥ and cos 2W¥. This is a well-known property of
S waves (Wu & Aki 1985) and surface waves (Snieder 1986a).

3 RESULTS

In this section, we analyse the characteristics of scattered
Sqirr Waves for some simple models such as a vertical plume,
a localized low-velocity zone and small inhomogeneities
distributed in a random way in the D” layer.

3.1 Computational aspects

When developing the software for the synthesis of the wave-
forms presented in the next sections, we have greatly benefited
from the program package of Cormier & Richards (1988) for
the spectral synthesis of body waves in a radially symmetric
medium. To include the scattering effects, we have effectively
programmed the matrix Qpr(kscat, kinc) defined by eq. (70).
Depending on the values of kg, and kine, Qpr(kscats kinc) 18
calculated with two different bases of vertical wave functions.
Following Kennett & Illingworth, we choose the basis with the
stationary wave (g, ¢) if the ray turns above the heterogeneity,
otherwise we choose the basis with the propagating waves
(6, 6) (see Section 2.2). This choice is very important to stabilize
the numerical results. Eq.(69) for the scattered wavefield
involves a double integration over wavenumbers kjn and kgcas.
We use the same domains for kj,. and k.. The integration
domains are deformed in the complex plane around the poles
of the diffracted waves. Along the real axis, the slowness
runs from 458.4 s rad ! to 509.9 s rad~! in most cases, and to
521.4 s rad~! for model 1 (see below) and heterogeneities
located at a radius of larger than 3535 km. Integration domains
away from the real axis depend on the model, the heterogeneity
depth and the frequency. See to Emery (1997) for further
details. Numerical problems related to growing exponentials
and large arguments wt of the Airy functions (eqs 31 and 32)
increase with frequency. We must therefore limit the calcu-
lation of the scattered wavefield to periods greater than 4 s.
Characteristic periods of diffracted S waves, between 8 and
20 s, are well within our frequency domain.

Calculations are performed in purely elastic models. The
effect of causal attenuation is added to the waveforms using
the integral along their ray path of a frequency-independent
quality factor. They are convolved with the response of an
IRIS broad-band instrument (station HRV). Source depth is
540 km and various source types will be used in the following
(see Table 1). We use two different background velocity models.
The first (model 1, see Fig.4) is a modification of PREM
(Dziewonski & Anderson 1981), with a 300 km thick D” layer
(instead of 150 km in PREM). Model 2 is characterized by a
negative gradient (—0.00088 s~!), which is a realistic model
for a path that samples D” under the Pacific (Garnero et al.
1988; Ritsema et al. 1997).

Heterogeneities have been parametrized by percentages of
relative velocity and density perturbations. We have considered
velocity perturbation rather than shear modulus perturbations
in order to facilitate comparisons with tomographic models.
A systematic study for various scatterer positions and both
background velocity models has shown that scattered wave
amplitudes for a unit velocity perturbation are larger by at
least a factor of 10 than scattered wave amplitudes for a
unit density perturbation (Emery 1997). Consequently, in the
following we will only take into account velocity perturbations
(and Ap/p =0 per cent).
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Table 1. Various sources used in our calculation to obtain different SV and SH amplitudes on the

great-circle path between source and receiver.

Amplitudes on great-circle path Source
date az baz

SV ~SH 860526 52°  267,7°

Moment MRR MTT MFF MRT MRF MTF

tensor —0,10 1,36 —1,26 —5,08 099 1,60

zero SV strike dip rake az
maximum SH 0° 90° 0° 90°
maximum SV strike dip rake az
zero SH 0° 90° 90° 90°

The theory developed in the previous sections is based on
point heterogeneities. In practice, we found by analysing how
the phase of the scattered wavefield varies with the position of
the heterogeneity that elementary bricks that have a 2° hori-
zontal dimension (that is, about 120 km at the CMB level) and
10 km thickness can be considered as point heterogeneities for
diffracted S waves. For larger heterogeneities we divided the
volume into elementary bricks, calculated the scattered fields
for the different bricks, and added them together.

In the following, we conduct a study of the evolution of
the amplitude ratio between the scattered wave and the direct
wave with epicentral distance. The background velocity model
is model 1. For each epicentral distance, the inhomogeneity is
located at the centre of the great-circle path between the source
and the receiver, just above the CMB for distances larger than
100°, and at the depth corresponding to the turning point for

4000.0 T T

3800.0 1
13 PREM
2
8

model 2
3600.0 b
model 1
3400.0 . L .
6.90 7.00 7.10 7.20 7.30
S velocity (km/s)

Figure 4. Velocity models used in the calculations. The thickness of
D” is 300 km; lower mantle velocities are unchanged from PREM.
Model 1 has no velocity gradient, model 2 a negative velocity gradient
of —0.00088 s~ 1.

© 1999 RAS, GJI 139, 325-344

other distances. The wave amplitudes are measured on seismo-
grams convolved with a broad-band instrument response and
low-pass filtered. In the Born approximation, the amplitude of
the scattered field for a single heterogeneity is a linear com-
bination of its volume and its strength. For Fig. 5, we choose
elementary brick heterogeneities (V=120 x 120 x 10 km?)
and AS/f= —10 per cent. We observe that the amplitude of
the scattered wave is very weak, less than 1 per cent of the
amplitude of the direct wave. Amplitudes of the same order
of magnitude have been found by Ji & Nataf (1998a) for
P waves. The two polarizations appear to behave differently:
SHicat/ SHirect 18 greater than SVcat/SViireer When the waves
are diffracted (A>100°).

1.00
@ SHscat/SHdirect
V¥ SVscat/SVdirect
0.75 J
g [ J [ ] [ ]
k3]
L e °
2 0.50 °
=
[
&
<
v
0.25 i 1
v
[ ]
v v
v v v v
0.00 ! ‘
85.0 95.0 105.0 115.0 125.0

Epicentral distance (degrees)

Figure 5. Amplitude ratio between the scattered wave and the direct
wave for different epicentral distances. The volume of the heterogeneity
is 7, =120 x 120 x 10 km? and its strength AB/fi= —10 per cent. The
source is 860526 (Table 1). We note a greater ratio for SHycat/ SH girect
than for SVcat/ SVirect-
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We note that the SV and SH wavefields show somewhat
different sensitivities to the depth of the heterogeneity. We find
that the SH wavefields are more sensitive to heterogeneities
closer to the CMB, in accordance with the results of Doornbos
& Mondt (1979a). In the model with a gradient, the scattered
SH waves have their largest amplitudes when the hetero-
geneities are situated in a 100 km thick zone above the CMB,
whereas the SV scattered waves reach maximum amplitudes
for heterogeneities situated at the top of that zone. In the model
without a gradient, the situation is similar but with a 200 km
thick zone. By putting the heterogeneity somewhat further
away from the CMB, we would have obtained amplitudes ratios
10 times larger for the SV components at 110° of epicentral
distance and 15 times larger at 120° in Fig. 5.

3.2 Heterogeneity along the great-circle path

We first concentrate our attention on heterogeneous areas
situated along the great-circle path between the source and
the receiver. We consider two different heterogeneous models:
an inhomogeneous area that is 2° wide and extends 10°
along the great-circle path with Af/f= —10 per cent; in the
second model, the inhomogeneous area extends over 20° and
Ap/ = —5 per cent. In both cases, the heterogeneous area is
30 km thick (Fig.6). We note that the two models have the
same volume times strength of heterogeneity. By comparing
the scattering produced in the two models, we want to check
whether or not the diffracted waves can resolve the difference
between the two models.

The results are presented in Fig. 7 for background model 1
and Fig.8 for background model 2. Although the source is
chosen such that the amplitudes of SH and SV waves at the
source level are nearly equal, we note in Fig.7 the strong
attenuation of the scattered SV compared to the scattered
S Hgiee at both epicentral distances (110° and 120°). When a low-
velocity zone is added at the base of the mantle, the diffraction
phenomena is strengthened (in Fig. 8 we note stronger ampli-
tudes and late arrival times for scattered waves) compared
to the case with no negative velocity gradient (Fig.7). With a
positive velocity gradient in the D” region, the SVgir wave
would have disappeared at these epicentral distances.

dist=110

D"' heterogeneities dist=120

70

longitude

10km | I

120 km

Figure 6. Two cases considered: (a) — 10 per cent velocity perturbation
along 10°; (b) —5 per cent velocity perturbation along 20°.

NO NEGATIVE VELOCITY GRADIENT
scattered wavefield

transverse component
110° 120°

longitudinal component
ppbeta=-10% on 10°

N — I I
/\/\
ppbeta=-5% on 20°
0 50 100
SECONDS

Figure 7. Scattered waves for the models depicted in Fig. 6 (case a
shown as thin lines and b as thick lines). The background velocity
model has no gradient in the D” layer (model 1). The source is event
860526 (Table 1); origin time #y = 1470 s for A=110° and #yp =1560 s for
A=120°. The two models produce very similar scattered waves at both
epicentral distances (difference in amplitude at most 10 per cent).

The two models presented in Fig. 6 produce nearly the same
scattered wavefield. For both distances, we can see a maximum
amplitude difference of 5 per cent for SHg;er and 10 per cent for
SVaier between the two cases. For A=120°, the geometrical
diffracted line along the CMB is at distances from the source
of between 50° and 70° (see Fig. 6), that is, in the region where
the heterogeneity is located. As the phase variation of the
scattered field is small in the volume of the heterogeneity,
the amplitude of the scattered wavefield is a rather linear
combination of the volume and strength of the heterogeneity. It
is therefore not surprising that both models result in similar
scattered wavefields at A=120°. It is more surprising for
A=110°, because the geometrical diffracted zone spreads only
over 10° (Fig. 6), that is, only half of the heterogeneous zone in
the second model. This illustrates that the Fresnel zone spreads
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NEGATIVE VELOCITY GRADIENT
scattered wavefield

transverse component
110° 120°
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Figure 8. Same as Fig.7 but with the background model 2 with a
negative velocity gradient in D”. Again, the two cases (a and b) shown
in Fig. 6 yield almost the same scattered waves, which are stronger and
slower than those in Fig. 7.

far beyond this geometrical zone. This shows that a diffracted
S wave averages nearly linearly perturbations in its Fresnel zone,
which can be considerably larger than the geometric diffraction
line. The resolution of isolated inhomogeneities located near
the great-circle path seems difficult with this wave type.

The next conclusion we can draw from this example is
that a very localized (120 km wide) thin ultra-low-velocity zone
(—10 per cent) does not modify the amplitude of the direct
diffracted S wave. Such a thin ultra-low P-wave velocity layer
has been proposed in order to explain the characteristics of
SPgirs KS (Garnero & Helmberger 1995, 1996; Helmberger
et al. 1996) or PKP precursors (Vidale & Hedlin 1998; Wen &
Helmberger 1998). In this last study, structures with horizontal
and vertical length scales of 100-300 and 60-80 km, respectively,
and P-wave velocity variations of at least 7 per cent were found.
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It seems that diffracted S waves will be useful in analysing
whether these P-wave velocity anomalies have an S-wave
counterpart only if the thickness of the ultra-low-velocity zone
is significantly greater than 30 km.

3.3 Variation perpendicular to the great-circle path

In this part, we analyse the variation of the scattered wave
amplitude when the heterogeneity is situated out of the great-
circle path between the source and the receiver. The inhomo-
geneity is situated 25 km above the CMB, in a plane crossing
the great-circle path at 60° from the source. The distance
between the heterogeneity and the great circle varies from 0° to
50° (Fig.9). Azimuthal variations at the source level are not
taken into account in order to keep an identical amplitude
for SVi,. and SH;, in the different cases and to facilitate
comparisons. As expected, we note conversions between S V;er
and SHgyr when the heterogeneity is not along the great-
circle path. In order to analyse better the different waves, the
seismograms are shown in the coordinate system related to
the heterogeneity—receiver great-circle path. The amplitudes of
scattered waves are measured on seismograms convolved with
a broad-band instrument response and low-pass filtered. The
SHinc—SHcr amplitude is always greater by more than a factor
of 10 than SVi,c—SHycat. The mechanism producing a scattered
SH wave from an incident SV wave is not very efficient. On the
other hand, SVipe—SVicat and SHine—SVscar amplitudes are
comparable. Since direct SV waves are smaller than direct
SHgir waves, scattering and coupling are more likely to be
observable on the SV component. In the following, we will
analyse which situation is the most favourable for obtaining
large scattered ST waves.

We will only consider the case of a unit perturbation of
velocity (and Ap/p=0 per cent). The behaviour for A=110°
and 120° is similar. We present here the results at the second
distance only. In Fig. 10 it is seen that SVj,c—S Vit amplitudes
decrease gradually when the heterogeneity moves away from
the source-receiver great circle (similar behaviour is observed
for SHipc—SHgcat). On the other hand, conversion amplitudes
increase and reach a maximum for a distance of 30°. In a model
with no velocity gradient, the most efficient mechanism to get a
scattered SV wave is the conversion SHj,.—SVcat (at latitudes
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Figure 9. Geometry to study the variation in the perpendicular
direction: the inhomogeneities are situated from 0° to 50° away from
the great-circle path between the source and the receiver.
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Figure 10. Amplitude variation of a scattered S7” wave as a function of
the latitude of the heterogeneity for A=120°. A/ f=1 per cent; longitude
of inhomogeneity =60°; radius=3505 km; ¥}, =120x 120 x 10 km?.
At source level SVipe~SHine. SHinc—SVseat 1 often greater than
SVine—SVsear for the background velocity model 1 (open symbols),
while the opposite is true for the background velocity model 2
(filled symbols).

larger than 20°). On the other hand, in a model with a negative
velocity gradient (filled symbols), the most efficient mechanism
remains SVine—SVicat.

In summary, SVine—SVscar and SHipe—SViear have com-
parable amplitudes and their respective contributions to the
total scattered SV wavefield will depend on azimuthal variations
at the source level and on the precise geometry of the hetero-
geneous model. For example, if the inhomogeneity is distri-
buted on both sides of the great-circle path, the conversion
terms SHi,c—S Vicar from both sides of the model will tend to
cancel each other (for symmetry reasons), whereas the terms
SVine—S Visear Will strengthen.

3.4 Vertical heterogeneity

We analyse whether diffracted S waves can be used to detect
very localized vertical inhomogeneities such as mantle plumes.
Following the approach for P waves developed by Ji & Nataf
(1998a,b), we adopt an extremely simplified plume model by
considering a vertical cylinder with constant radius (even
though it is probable that mantle plumes widen near the CMB if
their source is situated at this level). The cylinder is discretized
every 10 km (Fig.11) and the contributions to the scattered
field of the different elements summed together. Moreover,
we carry out the calculation only in the D” layer of 300 km
thickness.

............... dist=110

dist=120
heterogeneities

70
longitude

R
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N I S
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- source receivers _
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Figure 11. Simplified model of a mantle plume represented by a
vertical cylinder. The results presented in Figs 12 and 13 are for a
cylinder shifted away from the great-circle path between the source and
the receiver. The cylinder is located at 60° longitude, 15° latitude. It has
a total height of 300 km and a variable radius R.

If the plume is situated along the great-circle path, we
observe no variation in the waveforms or arrival times. The
only consequence of the presence of the plume is an increase
in amplitude due to focusing. For Af/f=—10 per cent, the
amplitude increases by about 15 per cent.

If the cylinder is shifted with respect to the great-circle path
between the source and the receiver (Figs 12 and 13), con-
versions between the two polarizations of diffracted S waves
occur and are included in the seismograms. The seismograms
are presented in the coordinate system related to the source—
station great-circle path. In order to analyse better the con-
versions, we have taken into account two kinds of sources,
the first with no SH amplitude on the great-circle path and the
second with no SV amplitude (Table 1). No scattered signal is
visible for a cylinder of 60 km radius and a velocity pertur-
bation of —10 per cent. It is necessary to increase the radius to
120 km to see an effect on the seismograms. Recall that the
global strength of the heterogeneity depends linearly on AS/f8
and on the square of the cylinder radius. Several combinations
of (AB/f, R) give the same global strength. We note a com-
plication of the final part of the direct waveforms because
scattered waves are late compared to the direct wave. SHicat
has a relatively important amplitude in the case with no SH at
the source. However, SVgir waves are usually small and difficult
to observe at A=120° on real seismograms. SHy,; detection
will be pratically impossible. Thus, the most favourable case
for detecting scattered waves is that with no S¥ at the source.

Convection models of mantle plumes designed to explain
hotspot volcanism are characterized by pipes with diameters
between 100 and 300 km and temperatures excess of 200-600 K.
This excess temperature would correspond to a decrease in
S velocity between — 1 and —2 per cent (Wysession et al. 1992).
This thermal anomaly would not have any visible effect on
seismograms. A chemical anomaly may produce stronger
velocity contrasts. Variations for P and S velocity near the CMB
as strong as — 10 per cent have been proposed recently (Bréger
et al. 1998; Garnero & Helmberger 1995, 1996; Revenaugh &
Meyer 1997; Sylvander et al. 1997). 10 per cent perturbation
over a sufficiently large volume (cylinder of 120 km radius) can
modify the amplitudes of diffracted S waves when the cylinder
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Figure 12. Scattering by a shifted cylinder characterized by its
radius and A/ perturbation. Synthetic seismograms for longitudinal
and transverse components, calculated in a background model with
no velocity gradient in D”, convolved with an HRV response and low-
pass filtered (origin time 7p=1480 s for A=110° and #=1559 s for
A=120°). Two kinds of source are used: with no SV or no SH on
the great-circle path (Table 1). Note the complication of the direct
waveforms (especially S¥Vyir) and the appearance of converted waves.

is on the great-circle path between the source and the receiver
and modify the waveforms if the cylinder is shifted away. The
last case is the most favourable for detecting mantle plumes.
As we have shown in the previous part, amplitudes decrease
quickly if the heterogeneities are moved further than 30° away
from the great-circle path. Consequently, the most favourable
conditions for detecting very localized vertical heterogeneities
seem to be no SV amplitude at the source, a variation of S
velocity of the order of —10 per cent and a cylindrical volume
(240 km diameter, 300 km thickness) that is shifted with
respect to the great-circle path between 10° and 30°.

3.5 Random medium

Finally, we analyse the effects on diffracted S waves of
randomly distributed small-scale heterogeneities in D”. In
order to limit multiple interactions between inhomogeneities,
we place them in a random way in three planes separated by
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Figure 13. Scattering by a shifted cylinder, background model with a
negative velocity gradient. The negative gradient reinforces the direct
waves, and the scattered waves look smaller. As SVy is difficult to
observe on real seismograms, the most favourable case to observe
scattered waves is the one with no SV at the source.

100 km (plane radii are 3485, 3585 and 3685 km). The latitudes
are between —20° and 20° and the longitudes between 50° and
70°. The minimum distance separating heterogeneities in a
plane is 180 km. Each plane contains about 60 inhomogeneities,
each with a volume of 60 x 60 x 10 km?3. The velocity contrast
is also determined in a random way and is between — 10 and 10
per cent. The moment tensor used corresponds to event 860526
(Table 1); the azimuthal variation at the source level is taken
into consideration. The seismograms are presented in the source—
station coordinate system. We use the model with a negative
velocity gradient in D” as a background model and consider
the epicentral distance A=110°. The results are presented in
Fig. 14.

The transverse component is more sensitive to the hetero-
geneities close to the CMB (r=3485 km), whereas the
sensitivity of the longitudinal component is maximal 100 km
above the CMB. These effects can be explained by the com-
bination of the low-velocity zone, which acts as a waveguide,
and the different particle vibrations for SHg;er and SVyee near
the CMB. Moreover, scattered wave amplitudes are too small
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Figure 14. Scattered wavefield obtained for heterogeneities distri-
buted in a random way in three planes of radii 3485, 3585 and 3685 km.
Epicentral distance A=110°, background model with a negative
velocity gradient in D”, origin time #)=1470 s. The transverse com-
ponent is more sensitive to inhomogeneities close to the CMB. The
amplitude of the scattered field is too small to deform the direct
waveform.

(by a factor of 100) to modify direct wave amplitudes. Spheres
distributed in the D” layer with 35 km radius and velocity
contrasts of the order of 10 per cent for P waves can explain
short-period (1 Hz) PKIKP precursors (Cormier 1995). These
waves are extremely favourable for detecting small-scale
inhomogeneities near the CMB. On the other hand, such
anomalies have negligible effects on Syir waves, which have
longer periods (main periods between 10 and 20 s).

4 CONCLUSIONS

In this paper, we have developed a technique to model the
propagation of diffracted waves in laterally heterogeneous
structures, combining the effects of core diffraction (with

the Langer approximation) and scattering by small-scale
volumetric inhomogeneities (with the Born approximation).
The treatment presented here includes the conversion between
the two polarizations of diffracted S waves and the coupling
between incident and scattered wavenumbers. The method
could be extended to an irregular interface or to include the
conversions between S and P waves. It can take into account
very localized heterogeneities (Rayleigh scattering) or wider
ones by performing a summation on scattering points (Mie
scattering). We can describe correctly the effects of hetero-
geneities located in a broad region characterized by a 300 km
thickness above the CMB and 50° width on both sides of the
great-circle path between the source and the receiver. Several
geophysically interesting geometries have been studied: iso-
lated inhomogeneities, a vertical cylinder, a very localized
low-velocity zone, and a random medium. The main advantage
of this method is the separation between the direct and the
scattered wavefields, as opposed to a method based on finite
differences, for example.

Strong variations in amplitudes and waveforms of diffracted
S-waves are observed on recordings from networks of broad-
band seismic stations (Emery 1997; Ritsema et al. 1997). We
have shown that this cannot be explained by weak pertur-
bations of velocity and density, which have a negligible effect
on seismograms. It is necessary to reach strong contrasts
(of the order of 10 per cent) in sufficiently large volumes to
reach observable waveform distortion.

Lateral heterogeneities with such strong contrasts, but
in P-wave velocity, have been proposed recently by several
independent studies. Based on short-period PKIKP, Cormier
(1995) concluded that random heterogeneities of the order
of +10 per cent with dimensions of the order of 70 km are
present at the base of the mantle. As mentioned earlier, this
kind of model does not produce observable effects on diffracted
S waves, which lack the resolution to detect small-dimension
random variations. Heterogeneities of the same order of
magnitude, but with larger lateral dimensions, can explain
the traveltimes of short-period diffracted P waves (Sylvander
et al. 1997) or long-period waveform distortions (Garnero &
Helmberger 1996; Mori & Helmberger 1995). In these models,
the low velocity is confined to a relatively thin layer at the base
of the D” layer. It is improbable that +10 per cent velocity
contrasts can be related to temperature variations alone, and
one must invoke chemical anomalies or partial melting. To
identify and characterize S-wave velocity heterogeneity near
the CMB might help to discriminate between different models.
As shown here, it seems that the diffracted S waves do not have
the resolution to detect a 30 km thick layer with an ultra-
low S-wave velocity. In order to cause observable effects on
diffracted S waves, the heterogeneities must have relatively
large lateral and vertical dimensions.

We found that the most favourable geometry for detect-
ing large anomalies is if they are situated 15°-20° away from
the source-station great-circle path. In such situations, the
scattered wave arrives in the coda of the direct wave, with a
significant coupling between the SH and SV components. This
could be used to plan experiments to detect the base of mantle
plumes with array deployment and stacking techniques. We
note that the scattered S wave may originate equally from
the incident SH and the incident SV waves, and that a scalar
treatment (without coupling) would be insufficient. The differ-
ence in sensitivity of SVgagr and SHyir to the depth of the
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heterogeneity could also be exploited: the first samples a
thickness of the order of 200 km above the CMB, whereas the
second samples a thickness of less than 100 km.

We did not observe any situation where the effect of
heterogeneities is similar to the effect of anisotropy, that is,
time-delays or coupling between the direct SH and SV com-
ponents. Since we model the scattered waves only for periods
greater than 4 s, thus having a limited resolution on onset
times, and since the waveforms of the different components are
quite different, we did not try to measure time delays between
different components. However, we did not observe strong
delays caused by lateral heterogeneities (for example, the time
delay caused by the strong plume model located on the great-
circle path is less than 1 s), and they were of the same order
of magnitude for the two components. The dominant effect of
significant lateral heterogeneity located in the Fresnel zone
of the diffracted wave is to modify its amplitude, but the effect
on the two components is similar. Of course, our analysis may
have some limits due to the Born approximation. We cannot
exclude, in some particular geometries, a delay similar to that
usually attributed to anisotropy being observed, but we believe
that systematic delays observed over a large data set cannot be
explained easily by the presence of lateral heterogeneities.

Conversion between the SH and SV components occurs only
when the heterogeneity is significantly out of the source—station
epicentral plane. In such cases, the scattered waves arrive in the
coda of the direct waves, which are not directly affected by
the conversion. Therefore, it also seems that coupling of the
SH and SV direct diffracted waves is more likely to be related
to anisotropy than to lateral heterogeneities.

Despite the difficulty of observing SVg;¢r on seismograms for
large epicentral distances, a joint study of the two polarizations
contains a considerable amount of information on the velocity
structure of the D” layer, including velocity gradient and
anisotropy or depth of lateral inhomogeneities. The separation
of these effects is difficult. Abnormal Sg;sr waves can be caused
by larger volumetric inhomogeneities, low-velocity zones
spread out near the CMB or anisotropy.
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APPENDIX A: COUPLING MATRIX

In this Appendix, we detail the elements of the coupling matrix
for a point heterogeneity (eqs 67 and 68). The analysis of
this matrix has shown that only perturbations in Ap and Ap
affect the S waves. We recall the general form of each term
(eqgs 83, 84, 85 and 86) and then take into account the various
propagation directions.

Al Case SV SV,

All General expression

272
— iy

D[k cos (0, — 0n)]ose Vi
2phﬁ]31 Q [sc ( h)] scVh

Csy,sv, =
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+ cos W(Apn3 (s, Min) — Apna(kse, Nes Kins 1in))

— cos 2¥WAuns(ke, Ny, kin, 1i,)]01 O

X [kin cos (0, — 05)]. (A1)
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Al.2 SVISV}
Osc = Osc,

Gin = Oin,

m = (Bpse/ r)(Bpin/ 1),

12 =(Bpsc/ru)(— iwise)(Bpin/ rn)(— ioiin) ,

13 = (= Bitse)(Bitin)

1y =[(— Prise)(—ionse) + (Bpse/ ) — iwpse/ )]
X [(Bnin)(— ioiin) + (Bpin / o) (ipin/ rn)]

ns =(—iwpsc/r)(iopin/ rn)(— Biisc)(Bhlin) -

AL3 Svisv]

Osc =Osc,

Gin = Gin,

n = (Bpse/rn)(Bpin/ v »

1y = (Ppse/ ra)(— ionse)(Bpin/ r)(ioiy) »

n3 = (= Bitse)(— Prgn) »

1y =[(— Pitse)(— inse) + (Bpse/ m)(—iwpse/mh)]
X [(— Brtin) (i) + (Bpin/ rn)(icopin/ )],

ns = (—iwpsc/ ) ({opin/ 1)(— Bise)(— Bilin) -

Al4 SVLSV

Osc =0sc,

Gin = Gin,

n = (— Bpse/ o) (Bpin/1n) »

1y = (= Bpsc/ rn) (o )(Bpin/ rn)(— iwifin) ,

13 = (— Bitge)(Bitin)

ng =[(— Bilse)(i0ise) + (= fpse/ rn)(—iwpse/rn)]
X [(B1in)(— ioin) + (Bpin / o) (iopin/ 1n)]

ns = (—iopsc/ rm)(iopin /)= B )(Pilin) -

1
A15 SI/SLCSI/in

Osc =0sc,

Gin = Gin,

= (— Bpsc/ra)(Bpin/ 1) »

12 = (= Bpsc/ r)(ions)(Bpin/ r)(iony) »

13 = (= Bitge)(— Pisn) »

14 =[(— i) (o) +(— fpse/ rn)(— iwpse /)]
X [(= Pilin)(i0135) + (Bpin / o) (ipin/ rn)] 5

ns = (—iopsc/ rm)(iepin/rn)(— Bt )(— Pilin) -
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(A2)
(A3)
(A4)

(A5)
(A6)

(A7)
(A8)
(A9)

(A10)
(All)

(A12)
(A13)
(Al4)

(A15)
(A16)

(A17)
(A18)
(A19)

(A20)
(A21)
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A2 Case SV SH;,

A2.1 General expression
—iw*r}

k. cos (0, —0 |14
2phﬁi O lkse ( W]ose Vh

CsvsH, =

x [ sin W(Apng(nse) — Aung(kse, Nge» Min))
— sin 2WAung (ks Nges kin)loin O

X [kin cos (0, — 05)] . (A22)

A2.2 SVISH!

e = Oses

Gin = Gin,

ne =’ (—Pire)(1), (A23)
17 =[(— Pilse)(—iwise) + (Fpse/ ru)(— iopse/rn)|(— iwrin)(1)

(A24)
ng =(—iwps/ rm)(i@pin/rm)(— Pijse)(1) - (A25)
A2.3 SVISH]

Osc = Oscs

Gin = Gin,

ne =’ (—Pire)(1), (A26)
ny =[(—= Bitse)(—iwnse) + (Bpse/ rn)(—iwpse [ rn)l(iwi;y)(1)

(A27)
ng =(—iwps/rm)iopin/m)(— Pise)(1) - (A28)
A2.4 SVLSH},

Ose = Gser

Gin=Oin,

ne =’ (— Piie)(1), (A29)
17 =[(— Bilse)(i0ise) + (= fpse/ rn)(— iwpse/rn)(— ioiin)(1) ,

(A30)
ns = (—iopse/ ) iopin/ )~ B (1) (A31)
A2.5 SVLSH]

Ose = Gser
Gin=Gin,
ne =’ (= Piie)(1), (A32)
17 =[(= Pits)iise) + (= Bpsc/ r)(—iopse /)] (iwi,)(1) . (A33)
ng = (—iwpse/rm)(iopin/ra)(— Bil)(1). (A34)
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A3 Case SH. .SV,
A3.1 General expression
—iw*r}
2008y
X [( — sin lI1)(Apn9(ylm) - A/-Lnl()(r’scy ki, rlin))

- ( — sin 2\P)A,“nl 1 (ksc, kin, "Iin)]o'in Q(z)

CsH,.svin = Q(z)[ksc cos (0, —Oh)losc Vn

X [kin cos (0 —05)] .

A3.2 SH..SV}

Osc =0,

Gin = Gin,

ny=*(1)(Bitin) »

o = (1)(—icise)[(Bpin/ rn)(iopin/ 1) + (Bilin)(— iifin)] »
niy =(—iopsc/rn)(iopin/rn)(1)(Bilin) -

433 SHISV]

Osc = Oscs

Gin = Gin,

ny =’ (1)(— Piign)

o =(D(—iwise)[(Bpin/ 1n)(iwpin/ 1) + (= Bl )ioiiy)]
niy =(—iopse/ ra)(iwpin/r)(D(— Bily) -

A3.4 SHLSV!

Osc =05,

Gin = Gin,

ny=*(—1)(Bifin) .

n1o = (— D )(Bpin/ r)(iwpin/ra) + (Bilin)(— ioiin)]
niy =(—iopsc/ra)(iwpin/r)(— D(Bin) -

A3.5 SHLSV]

Osc = Osc,

Gin=Gin,

ny =’ (—1)(—Pin)

nio =(— D) )(Bpin/ r)(iopin/ r) + (— Pilin)ioiin)]
n = (—iopse/ rn)(icopin/rn)(— D(— Bilin) -

(A35)

(A36)
(A37)
(A38)

(A39)
(A40)
(A41)

(A42)
(A43)
(A44)

(A45)
(A46)
(A47)

A4 Case SH,.SH;,

A4.1 General expression
— i’}

Csh,.sn, =
2p,B;

x [cos W(Apnia — Apniz(fge, Min))

0P[kse c0s (0, — 0n)]ose Vi

— c08 2WApunya(kse,kin)loin Q(z)[kin cos (0 —05)].

A4.2 SHI.SH!,

Osc = O

Gin=Gin,

n12=w2(1)(1),
mi3=(—ions)(D)(—ionin)(1),
ni4=(—iwpsc/ rm)(iopi/r)(1)(1).

A4.3 SHI.SH]

Osc = Oscs

Gin=Gin,

niz =w2(1)(1) s

13 = (—ions)(D(Ewi;,)(1)
ni4=(—iwpsc/ m)(iopi /r)(1)(1).

A4.4 SH.SH!

Osc =05,

Gin=Oin,

na=w*(—1)(1),

i3 = (ioi)(— D(—iwnin)(1),

g =(—iwpsc/ry)(ioppm/m)(—1)(1).

A4.5 SHLSH]

Osc = s

Gin=0in,

ni =602(— D),

ni3 = (ions)(— D(iwn;,)(1)

ni4 =(_ iwpsc/rh)(iwpin/rh)(_ 1)(1) .

(A48)

(A49)
(A50)
(AS1)

(AS52)
(A53)
(A54)

(AS5)
(A56)
(AS7)

(A58)
(A59)
(A60)
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