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In this work, the accuracy of various models used in large-eddy simulations (LES) of incompressible

magnetohydrodynamic (MHD) turbulence is evaluated. Particular attention is devoted to the capabilities

of models to reproduce the transfers between resolved grid- and subgrid-scales. The exact global balance

of MHD turbulent flows is first evaluated from direct numerical simulation (DNS) database. This balance

is controlled by the transfers between scales and between kinetic and magnetic energies. Two cases of

forced homogeneous isotropic MHD turbulent flows are considered, with and without injecting large

scale helicity. The strong helical case leads to domination of the magnetic energy due to an inverse cas-

cade [A. Brandenburg, Astrophys. J. 550(2), 824 (2001); N. E. Haugen et al., Phys. Rev. E 70(1), 016308

(2004)]. The energy transfers predicted by various models are then compared with the transfer extracted

from DNS results. This allows to discriminate models classically used for LES of MHD turbulence. In

the non-helical case, the Smagorinsky-like model [M. L. Theobald et al., Phys. Plasmas 1, 3016 (1994)]

and a mixed model are able to perform stable LES, but the helical case is a more demanding test and all

the models lead to unstable simulations. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4964782]

I. INTRODUCTION

For many geophysical and astrophysical applications,

magnetohydrodynamics (MHD) flows must be taken into con-

sideration. For example, MHD is crucial to the study of solar

activities, where understanding the formation of magnetic

regions in the upper turbulent convective boundary layer of

the Sun is particularly important for local helioseismology and

helioseismic data analysis. Another example is related to the

study of the Earth’s large-scale magnetic field, which may be

generated by turbulence in the Earth’s core. However, in these

applications, the Reynolds number leads to turbulent flows

with a very wide range of motion and magnetic scales. This

range is too large for direct numerical simulation (DNS), with

an explicit description of all scales. However, with the devel-

opment of computational power, it can be expected that realis-

tic simulations can be performed by using large-eddy

simulations (LES). The LES technique proposes to explicitly

solve only the large scales of the MHD flow and to model the

impact of the smallest scales on the large scales. Since the

large scales are determined from the grid mesh, they are

referred as “grid scales” (GS), whereas the small unresolved

scales are referred as the “subgrid scales” (SGS). SGS models

are then used to close the LES governing equations.

Several works have been devoted to the development of

SGS models for hydrodynamic4–6 and magnetohydrody-

namic3,7,8 flows. Due to the scale separation implied by LES,

an accurate approach is to develop the models in Fourier

space.5,7 However, this kind of model can only be used for

simulations performed in this space, through spectral solvers.

Therefore, this approach cannot easily deal with the complex

geometry, and LES models expressed in physical space have

been proposed,3,9–11 as they are easier to implement in classic

finite volume or finite difference solvers. In this work, only

SGS models expressed in physical space are considered.

The evaluation of SGS model performance is mainly per-

formed by comparison with DNS, with experiment or with

observation. Thus, for LES of MHD turbulence, various mod-

els have been evaluated by comparison with observations of

the Sun12 or observations of the Earth’s magnetic field.13 DNS

comparisons have also been performed in incompressible8,14,15

and compressible16 decaying and forced turbulence, or for geo-

dynamo configurations.11,17 In this work, DNS with higher res-

olutions is used to evaluate the SGS models with larger hydro-

dynamic and magnetic Reynolds numbers, in comparison with

previous studies.8,15,16 Moreover, forced homogeneous isotro-

pic turbulence is considered with two different forcing schemes

without and with helicity injection. Both cases lead to the pro-

duction of magnetic energy due to the dynamo effect, but the

second forcing scheme leads to the presence of an inverse cas-

cade of magnetic energy. This flow configuration has never

been used for the evaluation of models used in LES.

The evaluation of SGS models is mainly focused on

their capabilities to reproduce GS/SGS energy transfers.

After the DNS database is presented (Section II), exact equa-

tions of the GS/SGS kinetic and magnetic energies will be

derived (Section III). This allows the definition of the global

energy balance of the flow and the identification of the GS/

SGS transfer terms for both kinetic and magnetic energies.

From the DNS database, it is shown that the energy balance

and the GS/SGS transfer terms are strongly dependent on the

flow configurations. Finally, several sets of models proposed

for LES of MHD turbulent flows will be evaluated by com-

parison with DNS database results (Section IV).
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II. DNS DATABASE

A. Governing equations and numerical tools

To analyze the energy transfers and to evaluate LES

modeling strategies, a DNS database is used. The simula-

tions are performed by solving the set of equations governing

the MHD turbulent flow on the entire range of scales. This

set of equations is composed by the transport equations of

the flow velocity, ~u, and the magnetic field, ~b, expressed for

convenience in Alfven-speed units. In the incompressible

case, this set of equations writes, using Einstein’s notation,

@tui þ uj@jui ¼ �@iPþ bj@jbi þ �@jjui þ fi; (1)

@tbi þ uj@jbi ¼ bj@jui þ g@jjbi; and (2)

@iui ¼ @ibi ¼ 0: (3)

In these equations, P is the total pressure (including the

magnetic pressure), P ¼ pþ bibi=2 (with p the thermody-

namic pressure), and ~f is an external forcing. The fluid den-

sity is assumed to be constant, equal to unity. The properties

of the flow are defined by the molecular viscosity, �, and the

magnetic diffusivity, g. In this work, the set of Equations

(1)–(3) is solved in a computational domain of length 2p
with periodic boundary conditions in three directions, by

using a pseudo-spectral code with the second-order explicit

Runge-Kutta time advancement for both transport equations.

The viscous and diffusive terms are treated exactly, and a

classic 2/3 rule is used for de-aliasing the non-linear terms.18

This code has been validated in various turbulent configura-

tions, including turbulent mixing and MHD turbulent

flows.19–21

B. Flow configuration

In this study, the DNS database consists of forced homo-

geneous isotropic turbulence cases. In these cases, the mag-

netic field and the velocity field are first initialized as white

noise, with an initial magnetic energy much smaller than the

kinetic energy. The kinetic energy is then maintained by

using a forcing term in Eq. (1). The magnetic energy grows

due to dynamo effect,1,2 without external forcing in the mag-

netic field in Eq. (2). This leads to a statistical stationary

state, and the analyses are performed when the flow is statis-

tically steady.

Two simulations are performed to reproduce different

MHD turbulent flow behaviors. The simulations differ by the

forcing scheme used to inject kinetic energy within the flow.

The forcing scheme proposed by Alvelius22 is used first.

This forcing allows the generation of homogeneous isotropic

turbulence, without any injection of helicity within the flow.

The second type of forcing is a modification of the first one,

allowing the introduction of a large part of kinetic helicity in

the flow. In this work, the first forcing scheme is referred to

as non-helical forcing, whereas the second forcing scheme is

referred to as helical forcing. Both forcing schemes are local

in spectral space and are centered around the wave number,

kf ¼ p=l, with l, the forcing scale: kf is roughly equal to 2

and 4 for the non-helical and helical cases, respectively.

Both simulations are performed for a magnetic Prandtl num-

ber (the viscosity to magnetic diffusivity ratio, Pm ¼ �=g)

equal to one, and both simulations are performed by using

5123 grid points. This allows to perform simulations with a

Reynolds number based on the Taylor micro-scales, Rk,

equal to 75 and 55 for the non-helical and helical cases,

respectively. The choice Pm equals to unity is probably the

best one in terms of optimization of the computer resources

for a dynamo simulation. Indeed, for a given value of Rk, if

Pm is too small then the dynamo disappears, whereas if Pm is

larger than unity, then the magnetic spectra extend to smaller

scales needing more computer resources.

Figure 1 shows the time evolution of the mean kinetic

energy, ek ¼ 1=2huiuii, and of the mean magnetic energy,

em ¼ 1=2hbibii, with the brackets indicating a volume aver-

aging. As expected, in both cases, a first stage consists of a

growth of the magnetic energy and a slight decrease in the

kinetic energy, until a saturated regime leads to a statistically

stationary state in case (a) and a magnetic energy still

slightly increasing in case (b). The growth of the magnetic

energy and the decrease in the kinetic energy are due to the

dynamo effect, which implies a transfer from the (forced)

kinetic energy to the (unforced) magnetic energy. Both cases

differ then at the saturated regime. Indeed, for the non-

helical forcing case, a large part of the total energy is still

composed by the kinetic energy, whereas for the helical forc-

ing case, the magnetic energy becomes higher than the

FIG. 1. Time evolution of mean

kinetic energy, ekðtÞ, and mean mag-

netic energy, emðtÞ, for both non-

helical forcing (a) and helical forcing

(b) cases.
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kinetic energy. In Figure 2, the kinetic and magnetic energy

spectra are plotted in the saturated regime. In both cases, a

quasi equipartition between kinetic and magnetic energies

occurs at the small scales (large wave numbers). However,

differences appear at large scales. In the helical case, the

magnetic energy spectrum has significant growth at smallest

wave numbers, due to an inverse cascade.1 Conversely, the

non-helical case is dominated by the kinetic energy at the

largest scales, without inverse cascade.2 These conclusions

are consistent with the instantaneous visualization of the

magnetic field at the saturated regime shown in Figure 3. In

the helical case, the generation of the magnetic field at large

scales leads to a non-isotropic magnetic field with a preferen-

tial direction, whereas in the non-helical case, the magnetic

field is isotropic.

III. LES FORMALISM AND GS/SGS ENERGY
TRANSFERS

A. LES governing equations

As already stated, the goal of this work is to better

understand the performance of previously proposed SGS

models to perform LES of MHD turbulent flow. The LES

technique proposes to explicitly solve the flow only for

scales larger than a given scale D and to model the interac-

tions between these large resolved scales (GS) and the small

scales (SGS). This scale separation is performed by a filter-

ing operation

�f ð~xÞ ¼
ð

f ð~yÞGDð~x �~yÞd~y; (4)

where �f is the filtered quantity corresponding to a flow field

f, and GD is the filter kernel associated with the filter size D.

These equations, which have to be solved in LES, are

obtained by applying the filtering operation at Eqs. (1)–(3),

leading to the LES governing equations

@t�ui þ �uj@j�ui ¼ �@i
�P þ �bj@j

�bi þ �@jj�ui � @jðsu
ij � sb

ijÞ þ �f i;

(5)

@t
�bi þ �uj@j

�bi ¼ �bj@j�ui þ g@jj
�bi � @js

ub
ij ; and (6)

@i�ui ¼ @ibi ¼ 0; (7)

where �ui and �bi are, respectively, the component of the fil-

tered velocity and magnetic fields in the ith direction and �P
is the filtered total pressure, �P ¼ �p þ bibi=2. Due to the

non-linear terms, the filtering operation leads to the follow-

ing SGS tensors:

su
ij ¼ uiuj � �ui�uj; (8)

sb
ij ¼ bibj � �bi

�bj; and (9)

sub
ij ¼ biuj � �bi�uj � ðuibj � �ui

�bjÞ: (10)

The first tensor, su
ij, is related to the advection term, whereas

the second tensor, sb
ij, is related to the Lorentz force term in the

Navier-Stokes equation. These tensors are often referred to as

the SGS Reynolds and Maxwell stress tensors, respectively.

The last tensor, sub
ij , derives from the filtering of the induction

term in the magnetic field transport equation. When LES are

performed, these SGS tensors are not explicitly known. They

FIG. 2. Kinetic, EkðkÞ, and magnetic,

EmðkÞ, energy spectra for both non-

helical forcing (a) and helical forcing

(b) cases.

FIG. 3. Visualization of the x compo-

nent of the magnetic field for the non-

helical (a) and helical (b) cases.
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have to be estimated by SGS models, assuming relationships

with resolved quantities. Various works have addressed the

modeling of these three SGS tensors for LES of MHD

flows.8,14,17 The goal of this work is to better analyze the GS/

SGS energy transfers and to better measure the capabilities of

SGS models to reproduce these transfers. Note that in the case

of hydrodynamic (no MHD) turbulence, only the first tensor,

su
ij, has to be modeled to close the LES equations.

B. GS and SGS energy transport equations

A first step to better understand the interaction between

grid scales (GS) and subgrid scales (SGS) consists of writing

out the transport equations for the GS and SGS energies, as

previously done in hydrodynamic turbulence.23 In MHD tur-

bulent flows, both kinetic and magnetic energies must be

considered. The exact exchanges between GS/SGS energies

and between kinetic and magnetic energies will appear.

Thus, the transport equations for the GS kinetic energy,

E�u ¼ 1=2�ui�ui, for the SGS kinetic energy, E~u ¼ 1=2su
ii, for

the GS magnetic energy, E�b ¼ 1=2�bi
�bi, and for the SGS

magnetic energy, E~b ¼ 1=2sb
ii, are given by

@tE�u ¼ þT�u
~u þ T�u

�b � ��u þ D�u þ F�u ; (11)

@tE~u ¼ �T�u
~u þ T~u

~b
� �~u þ D~u þ F~u ; (12)

@tE�b ¼ þT
�b
~b
� T�u

�b � ��b þ D�b ; (13)

@tE~b ¼ �T
�b
~b
� T~u

~b
� �~b þ D~b : (14)

The left-hand-side of these equations represents the time

variation of energy. For each equation, the energy time varia-

tion is in equilibrium with various terms representing various

effects: external energy injection (noted F), diffusion (noted

D), dissipation (noted �), and transfer (noted T). The external

energy injection is the kinetic energy fluxes injected by the

external forcing. F�u ¼ 1=2�f i�ui and F~u ¼ 1=2ðfiui � �f i�uiÞ are

the external energy injection for the GS and SGS kinetic

energies, respectively. The diffusion effects are redistribu-

tions of energy. The diffusions terms are, respectively,

D�u ¼ @jð��ujE�u � �P�ui þ �@jE�u � �uis
u
ij þ �uis

b
ijÞ;

D~u ¼ @j

�
��ujE~u � ðuiP � �ui

�PÞ þ �@jE~u þ �uis
u
ij

� �uis
b
ij �

1

2
ðuiuiuj � uiui �ujÞ

�
;

D�b ¼ @jð��ujE�b þ �bj
�bi�ui þ g@jE�b � �bis

ub
ij Þ;

and

D~b ¼ @j ��ujE~b þ bjbiui � �bj
�bi�ui

� �
þ g@jE~b þ �bis

ub
ij

�
� 1

2
bibiuj � bibi �uj

� ��
:

Note that these terms can be grouped in a divergence form,

meaning that the volume averaging of all these diffusion terms

will be equal to zero in our flow configuration (with periodic

boundary conditions in three directions), showing that these

terms do not participate to the global energy balance. Diffusion

effects consist only in a spatial re-distribution of energy.

Conversely, the dissipation effect is an energy loss. Dissipation

effects correspond to the transformation of energy in heat due

to the molecular viscosity for the kinetic energy and the molec-

ular magnetic diffusivity for the magnetic energy. In Eqs.

(11)–(14), the dissipations terms can be written as

��u ¼ �ð@j�uiÞ2;

�~u ¼ � ð@juiÞ2 � ð@j �uiÞ2
� �

;

��b ¼ gð@j
�biÞ2;

and

�~b ¼ g ð@jbiÞ2 � ð@j
�biÞ2

� �
:

The last effects are the energy transfer effects. There are two

types of energy transfers. The first type is the transfer

between kinetic and magnetic energies. Then, these transfer

terms appear with opposite sign in the transport equations of

GS kinetic and magnetic energies

T�u
�b ¼ �ui@jð�bj

�biÞ;

and in the transport equation of the SGS kinetic and mag-

netic energies

T~u
~b
¼ ui@jðbjbiÞ � �ui@jð�bj

�biÞ:

It is this kind of transfers which leads to dynamo phenome-

non. Finally, the second type of transfers is between grid-scale

(GS) and subgrid-scale (SGS) energy. The transfer of GS and

SGS magnetic energies is due to the induction term

T
�b
~b
¼ �Jijs

ub
ij ;

with �Jij ¼ 1=2ð@j
�bi � @i

�bjÞ, the GS magnetic rotation tensor.

This term appears then with the opposite sign in the transport

equations of GS and SGS magnetic energies. The transfer

term of GS and SGS kinetic energies appears with the oppo-

site sign in the transport equations of GS and SGS kinetic

energies, and it is written as

T�u
~u ¼ �S

u
ijs

u
ij � �S

u
ijs

b
ij ¼ TA

�u
~u þ TL

�u
~u ;

with �S
u
ij ¼ 1=2ð@j�ui þ @i�ujÞ, the GS deformation tensor. This

shows that the transfer of kinetic energy between grid and

subgrid scales is due to both effects: the advection term,

TA
�u
~u ¼ �S

u
ijs

u
ij, as in hydrodynamic (no MHD) turbulence, but

also the Lorentz force term, TL
�u
~u ¼ ��S

u
ijs

b
ij, specific to MHD

turbulence. These GS/SGS transfer terms can act as either a

“sink” term for the GS energy, meaning the transfer from GS

to SGS (forward scatter), or as a source term, meaning an

inverse transfer (backward scatter).

C. GS/SGS energy transfers from filtered DNS

Based on the transport equations of GS and SGS ener-

gies, Eqs. (11)–(14), the mean energy balances can be
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studied. The mean balance is obtained by a volume averag-

ing, noted with brackets, h:i, of the energy transport equa-

tions. As already explained, due to the averaging operator,

all the diffusion terms (written as divergence terms) will

be zero. Moreover, the study is performed in a saturated

regime; the flow is then statistically stationary, and the aver-

aged time-variation terms are negligible. Only a few terms

control the energy balance. The global energy balance can

be written as

þhT�u
~u i þ hT�u

�b i � h��ui þ hF�ui ¼ 0; (15)

�hT�u
~u i þ hT~u

~b
i � h�~ui þ hF~ui ¼ 0; (16)

þhT �b
~b
i � hT�u

�b i � h��bi ¼ 0; (17)

�hT �b
~b
i � hT~u

~b
i � h�~bi ¼ 0: (18)

The global energy balance can then be summarized by the

scheme shown in Figure 4. The balance is given by energy

injection, molecular dissipation of each energy, and transfers

between energies. In LES, only GS energies are explicitly

solved, and the SGS stress tensors (su
ij; sb

ij, and sub
ij ) have to

be modeled. Because the GS/SGS transfer terms, T�u
~u and T

�b
~b
,

involve the SGS stress tensors, an inaccurate modeling of

these tensors will yield an incorrect representation of the

energy balance. To better understand the transfers occurring

in MHD flows, the energy balances are computed from the

DNS database. Note that all the results are shown as a func-

tion of the filter size to vary the separation between grid-

scales (GS) and subgrid-scales (SGS) quantities.

Figure 5 shows first the SGS kinetic energy balance for

both cases of the DNS database. The SGS kinetic energy bal-

ance is shown as a function of the filter width. For a large

part, the filter width is smaller than the forcing scale, and

then, the SGS kinetic energy injection hF~ui is zero. In this

case, the balance is between the molecular dissipation h�~ui,
the SGS transfer between kinetic and magnetic energies,

hT~u
~b
i, and the GS/SGS transfer terms, hTA

�u
~ui and hTL

�u
~ui. Note

that only the molecular dissipation is a net loss of energy. In

this figure, negative value means that the term acts as a

“sink” term with a loss of the considered energy (here, the

SGS kinetic energy), whereas a positive value means that the

term acts as a “source” term with a gain of energy. For both

cases, for small filter sizes, the SGS part of the energy is neg-

ligible because no transfer occurs from GS to SGS. When

the filter size increases, the transferred part of the GS kinetic

energy towards the SGS kinetic energy, terms hTA
�u
~ui and

hTL
�u
~ui, increases. The positive value of �hTA

�u
~ui and �hTL

�u
~ui

corresponds to a global direct transfer from GS to SGS (for-

ward scatter). Then, the SGS kinetic energy is not negligible.

The balance is between the “source” term due to the GS/SGS

transfers and the “sink” term due to the molecular dissipation

and the transfer hT~u
~b
i. Indeed, the term hT~u

~b
i is negative,

showing that the transfer is mainly from the SGS kinetic to

SGS magnetic energies. Finally, if the filter width is smaller

than the forcing scale (i.e., where the SGS kinetic energy

injection is zero), the global equilibrium for the SGS kinetic

energy is

hTA
�u
~ui þ hTL

�u
~ui ¼ hT~u

~b
i � h�~ui: (19)

Even if the previous observations are true for both cases,

some differences can be evoked, in particular, for terms hTA
�u
~ui

and hTL
�u
~ui, which are terms that depend on su

ij and sb
ij, the SGS

tensors modeled to perform LES. It is interesting to note that

FIG. 4. Mean energy balance in the context of LES of MHD turbulent flows.

Due to the scale separation at the filter size D, energy is split in GS and SGS

part, noted E�u and E~u for the kinetic energy, and noted E�b and E~b for the

magnetic energy, respectively. The SGS part (in grey on the scheme) is the

part which is not explicitly resolved in LES.

FIG. 5. Averaged budget of the SGS

kinetic energy given by Eq. (16) with

hT�u
~u i ¼ hTL

�u
~u i þ hTA

�u
~u i, for the non-

helical (a) and helical (b) cases as a

function of D=Dx, with D the filter size

and Dx the DNS grid resolution.
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the transfer due to the advection term hTA
�u
~ui and the transfer

due to the Lorentz force term hTL
�u
~ui have similar amplitude in

the non-helical case, whereas the GS/SGS transfers are mainly

dominated by the Lorentz force in the helical case. For model-

ing purposes, this leads to a need for an appropriate set of

models that are able to reproduce the relative amplitude of

both advection and Lorentz force terms. Finally, a last remark

can be done by a comparison with the hydrodynamic (without

magnetic field) case. Indeed, in this case, only the transfer due

to the advection exists as a “source” term and only the molec-

ular dissipation act as a “sink” term. The global equilibrium is

then only given by hTA
�u
~ui ¼ �h�~ui. This assumption is the

starting point of various SGS model for hydrodynamic LES.

But in MHD LES, such simple assumption cannot be accurate.

Indeed, results clearly show that the global equilibrium (19)

cannot be split in more simple equilibrium as hTA
�u
~ui ¼ �h�~ui,

for example.

Figure 6 shows the mean SGS magnetic energy balance

for both cases. The SGS magnetic energy is maintained by

both transfer from the SGS kinetic energy (term hT~u
~b
i) and

the GS/SGS transfer of magnetic energy (term hT �b
~b
i). Then,

also for magnetic energy, the GS/SGS transfer is positive,

corresponding to a direct cascade of magnetic energy from

large to small scales. Note that, in the helical case, a change

from positive to negative in the GS/SGS transfer term

appears for scales larger than the forcing scale (D=Dx > 70)

due to the inverse cascade existing at larger scale than the

forcing scale.24 Nevertheless, these scales will be in the

range of the large resolved scales in LES context. Thus, even

in this case, the SGS models need to reproduce mainly direct

transfers of magnetic energy, for both helical and non-helical

flows. Note that the modeling of inverse transfers (from SGS

to GS) can be a delicate task, because this implies the injec-

tion of energy at the resolved scales, which can lead to

numerical instabilities. The two transfer terms act as

“source” term, and only the molecular dissipation (term

h�~biÞ acts as “sink” term. The global equilibrium for the SGS

magnetic energy can then be written as

hT~u
~b
i þ hT �b

~b
i ¼ �h�~bi: (20)

Note that also in this case, the global equilibrium is more

complex than the classic assumption “production equal

dissipation,” because two distinct phenomena act as produc-

tion term. Moreover, the equilibria (19) and (20) are coupled

(and at the GS level also). This means that if one of these

equilibria is modified by the modeling of the GS/SGS trans-

fers, all the other equilibria can be strongly modified. The

LES modeling for the MHD flow is particularly challenging

for this reason.

Deeper analyses of the GS/SGS transfers can be per-

formed through the probability density function (PDF).

Figures 7 and 8 show the PDF of terms �TA
�u
~u ;�TL

�u
~u , and

�T
�b
~b

for D=Dx ¼ 8, for both cases. Even if the fluxes are

mainly from the GS to the SGS as seen with the average

value, the local inverse transfers (backscatter) exist, as

shown by the negative tail of the PDF. Both tails (negative

for the backward scatter and positive for the forward scatter)

are large, meaning that GS/SGS transfers are very intermit-

tent phenomena, with very strong fluctuations. For the non-

helical case, the GS/SGS transfers of kinetic energy shown

by the PDF are similar for �TA
�u
~u and �TL

�u
~u . Conversely, in

the helical case, the Lorentz force term dominates the advec-

tion term for both forward and backward scatters. For the

GS/SGS magnetic energy transfer, Figures 7 and 8 show that

in the helical case the positive tail decreases more slowly

than in the non-helical case, whereas the negative tails

remain similar in both cases. This means that the fluctuations

of the magnetic GS/SGS transfers are much stronger in the

presence of helicity, i.e., in the presence of a large-scale

magnetic field.

IV. EFFECT OF SGS MODELS

The DNS database is now used to better understand

the capabilities of various SGS models to accurately

predict the GS/SGS transfers occurring in LES of MHD

turbulent flows. The performance of the SGS models is

measured based on both a priori and a posteriori tests.

First, a priori tests emulate LES quantities by filtering

DNS quantities and directly compare the GS/SGS transfers

predicted by models with exact transfers. In this work, a

spectral cut-off is used as the LES filter. A posteriori tests

perform LES computations and compare filtered DNS and

LES results.

FIG. 6. Averaged budget of the SGS

magnetic energy given by Eq. (18), for

the non-helical (a) and helical (b) cases

as function of D=Dx.
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A. Models definition

1. Smagorinsky-like model (Smag)

This model is based on the definition of eddy diffusivity

and viscosity, to model the part of the GS energy transferred

to the SGS energy by analogy with the molecular dissipation

phenomenon. A classic definition of the eddy viscosity

model in hydrodynamic flow was first introduced by

Smagorinsky.4 The MHD extension of this model was then

proposed by Theobald et al.,3 leading to the following set of

expressions for the modeled closure terms:

su
ij � sb

ij ¼ C�D
2j�Suj�Su

ij and (21)

sub
ij ¼ CkD

2j~�j jJij ; (22)

with j�Suj ¼ ð2�S
u
ij

�S
u
ijÞ

1=2; ~j ¼ ~r � ~b the electric current density,

and j~�j j ¼ ð~�j:~�jÞ1=2
. C� and Ck are coefficients to be determined.

Based on a self-similarity assumption between the filter size and

a larger scale, a numerical procedure can be proposed to com-

pute the coefficients dynamically during the simulations.25,26

This dynamic procedure has been applied for the MHD flow by

Agullo et al.14 Note that in the modeling of su
ij � sb

ij, only quanti-

ties based on the velocity field are involved. This can appear as a

weakness of the model for MHD turbulent flows where the mag-

netic energy dominates. This issue could be partially compen-

sated by the dynamic procedure, since the magnetic field is

taken into account in the computation of the coefficients. In this

work, the Smagorinsky-like (Smag) model is evaluated using

the dynamic procedure for C� and Ck.

2. Cross-helicity model (Cross)

The cross-helicity (Cross) model was introduced by

M€uller and Carati,8 and it is also based on eddy diffusivity

and viscosity assumptions. The eddy viscosity and diffusiv-

ity are defined with quantities based on cross-helicity. Since

the local dissipation of cross-helicity can be written as the

sum of �Cv � j�Su
: �S

bj
1
2 and �Cb � j�jk:�xkj1=2

, the expressions

of the model were given as follows:

su
ij � sb

ij ¼ �C�D
2j�Su

: �S
bj1=2 �S

u
ij; (23)

sub
ij ¼ �CkD

2sgnð�jk �xkÞj�jk �xkj1=2 �Jij (24)

with �S
b
ij being the magnetic strain rate tensor and ~x ¼ ~r �~u

is the vorticity. Note that the term sgnð�jk �xkÞ was added in

the model of sub
ij in order to reproduce backward transfers of

both magnetic helicity and magnetic energy.

3. Gradient model (Grad)

The gradient model was originally introduced by

Leonard9 for hydrodynamic turbulence. Thereafter, this

model was applied to MHD flows by M€uller and Carati8 and

was also used for geodynamo studies.11,13,27 This model is a

FIG. 7. Probability density function

(PDF) of GS/SGS transfers for kinetic

(a) and magnetic (b) energies at

D=Dx ¼ 8, for the non-helical case.

FIG. 8. Probability density function

(PDF) of GS/SGS transfers for kinetic

(a) and magnetic (b) energies at

D=Dx ¼ 8, for the helical case.
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structural model based on the Taylor series expansion of the

filtering operation. Applying the Taylor series expansion to

the SGS tensors and keeping only the first terms, the gradient

(Grad) model can be written as

su
ij ¼

D2

12

@�ui

@k

@�uj

@k
; (25)

sb
ij ¼

D2

12

@ �bi

@k

@ �bj

@k
; (26)

sub
ij ¼

D2

12

@ �bi

@k

@�uj

@k
� @

�bj

@k

@�ui

@k

� �
: (27)

A static model coefficient, C¼ 1/12, is used in this work, but

this coefficient could be replaced by three coefficients com-

puted using a dynamic procedure.11,27

4. Mixed gradient and Smagorinsky-like model (Mixed)

The gradient model was found to be unstable for LES of

hydrodynamic turbulence and for LES of scalar-turbulent

mixing.6,28 Indeed, this model leads to an underestimation of

the global GS/SGS transfers. Therefore, eddy diffusivity and

viscosity can be added to the gradient model in order to

increase the intensity of direct transfers. This mixed gradient

and Smagorinsky-like (mixed) model was originally intro-

duced in hydrodynamic10 and was extended to incompress-

ible MHD flows by M€uller and Carati.8 The models can be

written using the following expressions:15

su
ij � sb

ij ¼ �C�D
2j�Suj�Su

ij þ
D2

12

@ui

@k

@uj

@k

� �
� D2

12

@bi

@k

@bj

@k

 !
;

(28)

sub
ij ¼ �CkD

2j~�j jJij þ
D2

12

@bi

@k

@uj

@k
� @bj

@k

@ui

@k

 !
; (29)

where the coefficients are computed dynamically.8

B. Models performance in the non-helical case

1. A priori test

The SGS models are first evaluated through an a priori
test performed on the non-helical case. Figure 9 shows the

mean GS/SGS transfer predicted by each model for the

kinetic (left) and magnetic (right) energy, as a function of

the filter size. The mean exact GS/SGS transfers extracted

from the filtered DNS are also shown for comparison. Note

that the Grad model tends to underpredict the magnitude of

the GS/SGS transfers as the filter size increases, for both

kinetic and magnetic energies, which can lead to unstable

simulations. This is a well-known behavior of this model

when it is used for LES of hydrodynamic flows9 or for LES

of turbulent mixing.28 Conversely, Smag and Mixed models

overpredict the transfers. This should lead to stable simula-

tions, but it could modify the energy balance. Finally, Cross

model predicts a GS/SGS transfer of kinetic energy similar

to Smag model, but it predicts no magnetic GS/SGS transfer.

Note that M€uller and Carati8 have already shown this prop-

erty, explaining that in LES performed with this SGS model,

the lack of GS/SGS magnetic energy transfer is expected to

be compensated by the transfer between GS kinetic and GS

magnetic energies caused by the Lorentz force, term T�u
�b
.

However, this will lead to a modification of the energy bal-

ance in LES computation, in comparison with DNS, and

could lead to another flow dynamic.

Figure 10 shows PDF of GS/SGS transfers predicted by

SGS models for kinetic (left) and magnetic (right) energies,

for D=Dx ¼ 8. The PDF of exact transfers is also shown for

comparison. As expected, for the kinetic energy GS/SGS

transfer, Smag and Cross models appear as purely dissipative

models, without prediction of backscatter. Mixed and Grad

models predict backscatter, but the positive tails given by

these models have rapid drops in comparison with the exact

GS/SGS transfer, showing a strong underprediction of this

phenomenon. All models also predict a more rapid drop of

the negative tail in comparison with the exact GS/SGS trans-

fer. This means that the models are not able to accurately

predict the intermittent behavior of the forward scatter and

the amplitude of the stronger events. Mixed model is the

closest model to the filtered DNS, whereas the Cross model

leads to the prediction of forward scatter event with the

smallest amplitude. For the magnetic energy GS/SGS trans-

fer, Smag model also appears as a dissipative model, as

expected. Other models are able to predict backscatter, but

with a strong underprediction in comparison with DNS. The

Cross model predicts a very small amplitude of transfers

FIG. 9. Averaged GS/SGS transfers

predicted by models as a function of

the filter size, for both kinetic (left)

and magnetic (right) energies, in the

non-helical case. The exact transfers

are also shown for comparison.
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(forward or backward), leading to globally no mean transfer.

The Grad model predicts higher amplitude for both forward

and backward transfers in comparison with the Cross model,

but the model prediction remains notably weaker than the

DNS results. Conversely, forward scatter is strongly over

estimated by Smag and Mixed models with a negative tails

higher than the DNS result, showing that models predict a

more intermittent forward scatter phenomenon with a stron-

ger amplitude. Note that similar behaviors have been found

for other filter sizes (as long as the filter size is smaller than

the forcing scale).

2. A posteriori test

To complete the analysis of SGS models performance, a
posteriori tests are performed, and then, LES are performed

for each set of SGS models on a mesh composed of 643 grid

points. The initial condition is generated from DNS results at

the saturated regime by using a spectral interpolation, which is

equivalent to a spectral cut-off filtering. The LES results can

thus be compared with filtered DNS results from the database.

Figure 11 shows the time evolution of the resolved

kinetic and magnetic energies obtained from LES using vari-

ous models. LES performed with Cross and Grad models

lead to unstable simulations, with a significant growth of the

resolved kinetic and magnetic energies. This behavior is well

known with the Grad model for hydrodynamic6 and MHD

configurations.8 This is due to local underpredictions of

direct transfers, and to the production of backward transfers,

for both kinetic and magnetic energies, as seen from a priori
tests. These lead to an accumulation of energy at the smallest

resolved scales as shown by Figure 12, which compares the

kinetic and magnetic energy spectra of LES computations

with DNS results. The energy accumulation characterizes the

unstable behavior of the Grad model with the generation of

non-physical fluctuations at these scales. The Cross model

leads to an increase in the resolved magnetic energy from

the beginning of the computation. This is because the Cross

model does not provide any GS/SGS transfers for the mag-

netic energy, as seen with a priori tests. This leads to non-

physical fluctuations of magnetic energy at the intermediate

resolved scales (Fig. 12). Since the modeled GS/SGS transfer

of the resolved kinetic energy depends on the magnetic strain

rate tensor, a decay of the resolved kinetic energy is pre-

dicted initially, due to an overprediction of the direct GS/

SGS transfer. However, non-physical fluctuations of the

magnetic energy ultimately imply a disturbance of the

resolved kinetic energy, and lead to an unstable simulation.

Note that stable LES using the Cross model have been per-

formed by M€uller and Carati8 in configurations without the

dynamo effect. In this case, there is no source term of the

magnetic energy, and the simulations are less sensitive to the

absence of GS/SGS transfer for the magnetic energy.

Conversely, Smag and Mixed models lead to stable simula-

tions. The resolved kinetic and magnetic energies predicted

by LES using these models are close to the value of the fil-

tered DNS (which is the initial value, t¼ 0). Figure 12 com-

pares the kinetic and magnetic energy spectra for both

models, with the DNS results. The LES spectra are in good

agreement with the DNS result. However, an underprediction

of the magnetic energy spectra at the smallest resolved scales

is observed. This probably corresponds to the over dissipa-

tion of the magnetic energy GS/SGS transfer observed in a
priori tests for these models.

FIG. 10. Probability density function

(PDF) of GS/SGS transfers for kinetic

(left) and magnetic (right) energies at

D=Dx ¼ 8, for the non-helical case.

Comparison between SGS models and

exact transfers.

FIG. 11. Time evolution of resolved kinetic (higher value) and magnetic

(lower value) energies in the non-helical case, for LES performed with

Smag, Cross, Grad, and Mixed models.
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C. Models performance in the helical case

1. A priori test

The second flow configuration is now considered. This

case is dominated mainly by magnetic energy, with inverse

cascade at large scales and significant amount of helicity. It

is therefore expected to be more demanding for SGS models.

Because only Mixed and Smag models are stable in the non-

helical case, only these both models are considered in this

part.

These models are first evaluated through a priori tests.

The global GS/SGS transfers for both kinetic and magnetic

energies predicted by the models are evaluated for several

filter sizes and are compared with filtered DNS results

(referred as “exact” on figures), as shown in Figure 13. As

for the non-helical case, a large over prediction of the magni-

tude of the transfers is found for both models, with the stron-

gest over prediction still being found for the Mixed model.

PDF of GS/SGS transfers predicted by SGS models for

the kinetic (left) and magnetic (right) energies are shown in

Figure 14, with a comparison with filtered DNS results. As

already shown, due to the domination of the magnetic

energy, the exact kinetic energy GS/SGS transfer due to the

Lorentz force and the exact magnetic energy GS/SGS trans-

fer are more intermittent, and have stronger fluctuations than

in the non-helical case. SGS models are not able to predict

these behavior modifications, and the PDF of transfers pre-

dicted by Smag and Mixed models in the helical case is very

similar to the PDF observed in the non-helical case. For the

kinetic energy GS/SGS transfer, this implies that models are

not able to predict the strongest forward scatter events,

whereas the Mixed model result was close to the DNS result

for the non-helical case. Since models overpredict the mag-

nitude of the mean transfer, this means that the models

predict forward scatter with less intermittency, and with a

smaller level of fluctuations. The same trend is found for

the direct magnetic energy GS/SGS transfers predicted by

the Smag model, conversely to the non-helical case, where

this model predicts a higher level of fluctuations in compari-

son with DNS data. The Mixed model appears in better

FIG. 12. Kinetic, EkðkÞ (left), and magnetic, EmðkÞ (right), energy spectra in the non-helical case. Comparison between DNS results and LES performed with

Smag, Cross, Grad, and Mixed models. For stable simulations (DNS and LES using Smag and Mixed models), mean spectra are shown, whereas for unstable

LES (using Cross and Grad models), instantaneous spectra are shown just before simulations divergence.

FIG. 13. Averaged GS/SGS transfers

predicted by models as a function of

the filter size, for both kinetic (left)

and magnetic (right) energies, in the

helical case. The exact transfers (from

filtered DNS) are also shown for

comparison.
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agreement than the Smag model for the direct transfers, but

it still underpredicts the backward scatter phenomenon.

2. A posteriori test

To complete the analysis of the SGS models’ perfor-

mance, a posteriori tests are now performed, similarly to the

non-helical case. LES are still performed on a mesh com-

posed by 643 grid points, starting from an initial condition

extracted from the DNS results at the saturated regime.

In these tests, the behavior of both models is found to be

similar; therefore, only the Smag model is discussed here.

Figure 15 shows the time evolution of both resolved kinetic

and magnetic energies for LES performed using the Smag

model. This model (and Mixed model, not shown) leads to

unstable simulation, with a rapid growth of both types of

energy. As for the non-helical case, an accumulation of

energy at the smallest resolved scales has been observed. To

better understand this behavior, the power spectral density

(PSD) of the GS/SGS kinetic and magnetic energy transfer is

considered for both Smag model and DNS results. For a

given quantity T in physical space, the PSD is defined as,

PSDðkÞ ¼
Ð
j~k j¼kjT̂ j

2d~k; with T̂ the Fourier transform of T, ~k
a wave vector, and k the considered wave number. These

quantities allow to reveal the scale repartition of the trans-

fers. Figure 16 shows the PSD of the exact and modeled,

kinetic, and magnetic energy GS/SGS transfers for helical

and non-helical cases. The model leads to an over-prediction

of transfer at larger scales and an under-prediction at smaller

resolved scales, in comparison with DNS results for all the

cases. Moreover, the DNS results show an intensification of

both kinetic and magnetic transfers for the helical case in

comparison with the non-helical case, at the smallest scales.

The model used for the kinetic transfer is able to reproduce

this. The model predicts then more intense transfer for the

helical case. However, for the magnetic transfer, the PSD of

the modeled term is less intense at these scales in the helical

case than in the non-helical case. This leads to a stronger

underdissipation at the smallest scales in the helical case, in

comparison with the non-helical case. The energy is there-

fore accumulating at the smallest resolved scales, leading to

an unstable simulation.

V. CONCLUSION

In this work, the grid-scale (GS) to subgrid-scale (SGS)

energy transfers predicted by various SGS models are stud-

ied in the context of LES of MHD turbulent flows. The study

is based on a database composed of DNS of two different

flow configurations that differ mainly by the forcing scheme

used to maintain the kinetic energy. In both cases, the mag-

netic energy is also maintained due to the dynamo effect,

leading to statistically stationary saturated regimes. In the

FIG. 14. Probability density function (PDF) of GS/SGS transfers for kinetic (left) and magnetic (right) energies at D=Dx ¼ 8, for the helical case. Comparison

between SGS models and exact transfers (from filtered DNS).

FIG. 15. Time evolution of resolved kinetic, ekðtÞ, and magnetic, emðtÞ ener-

gies in the helical case, for LES performed with the Smag model.
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second case, the forcing scheme allows the introduction of a

large part of helicity in the flow leading to an inverse cascade

of the magnetic energy at the largest scales.1 The first case

corresponds to a non-helical flow, where only a direct cas-

cade of the magnetic energy occurs. Using scales separation,

the exact equations of the GS/SGS kinetic and magnetic

energies are derived. This allows the definition of the global

energies balance of the flow and identification of the GS/

SGS transfer terms for both kinetic and magnetic energies.

From the DNS database, it is shown that the energy balance

and the GS/SGS transfer terms are strongly dependent on the

flow configurations. The capabilities to reproduce these GS/

SGS transfers are then tested for various sets of SGS models.

For the non-helical case, the gradient and the cross-helicity

models are found to lead to unstable simulations, mainly

because of an inappropriate reproduction of the magnetic

energy GS/SGS transfer. For this flow configuration, the

Smagorinsky-like and the mixed-gradient models allow sta-

ble LES, but with an overprediction of the GS/SGS transfers.

For the helical case, which is mainly dominated by magnetic

energy, these two models, the Smagorinsky-like and the

mixed-gradient models, are not able to perform stable LES.

This is mainly due to an important under prediction of the

magnetic energy GS/SGS transfer at the smallest resolved

scales. This analysis suggests that modeling effort has to be

devoted mainly to improving the modeling of the SGS term

of the induction equation, in order to improve the prediction

of the GS/SGS transfers of magnetic energy. Finally, note

that, in future work, other SGS models could be evaluated

based on this analysis, as the scale-similarity model,29 for

example.
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