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From diffuse to localised damage through elastic interaction
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Abstract. Local damage processes that have been reported for
ductile and brittle macroscopic behaviours are shown here to
provide a possible link between these two contrasting behav-
iours. Using a local progressive damage law within a linear
tensorial elastic interaction model, we reproduce experimen-
tally observed macroscopic non-linear behaviours that con-
tinuously range from ductility with diffuse damage to brittle-

ness with localised damage. The model exhibits power law .

distributions of damage events in space and size domains. The
diffuse-localised and induced ductile-brittle transition appear
to be controlled by the internal friction angle which influences
the local interaction geometry.

Introduction

The mechanical response of rock materials to loading in-
volves damage processes including fracturing which involves
acoustic wave emission (AE) [Lockner, 1993]. For brittle
materials, the failure occurs due to cooperative interaction of
microruptures, i.e. damage localisation, that is experimentally
observed by AE source location [e.g. Lockner et al., 1991].
Ductile behaviour, associated with diffuse damage [Hirata et
al., 1987], can be obtained for the same materials, by chang-
ing the loading conditions (e.g. increasing confining pres-
sure). It suggests a continuous transition from diffuse to lo-
calised damage. In all cases, the AE event distributions, in
size and space domain, are reported to exhibit power law be-
haviour [Hirata et al., 1987; Lockner, 1993] arguing for long
range correlations. Using local progressive damage and elastic
interaction, previous attempts succeeded in modelling either
macroscopic plasticity (scalar model, Zapperi et al. [1997]) or
macroscopic brittleness (tensorial model, Tang [1997]).

In the presented model, using a local scalar damage for-
mulation associated with a tensorial elastic interaction model,
we succeed in switching continuously from macroscopic
plasticity, with diffuse damage, to macroscopic brittleness,
with localised damage.

Description of the progressive damage model

Damage is usually modelled as the change of material
elastic properties induced by defects. From an observational
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point of view, AE is used as a relevant tool to monitor the
crack nucleation and growth, i.e. damage increase, in space,
size, and time domains [Cox and Meredith, 1993; Hirata et
al., 1987; Lockner, 1993]. In the case of rocks, damage has
been proposed to be related to crack density [Kemeny and
Cook, 1986]. In order to quantitatively describe damage in-
crease, we use a scalar relationship between the elastic
modulus of a reference material and the damaged material, £
and £ respectively, assuming an isotropic damage.

E=(1-D)E 6

where D is the damage. Such a relation works when the stud-
ied volume is large compared with the defect size. According
to Kemeny and Cook [1986] the Poisson’s ratio v should be
corrected for the damage. Tests have shown that this feature
has no effect on our modelling results. Consequently we use
constant Poisson ratio for all the simulations.

The elastic simulated material, defined by E and the Pois-
son ratio v, is discretized using a finite element method to
calculate the stress state in each element due to the loading of
the model. Following Zapperi et al. [1997], we assume that
each element corresponds to a mesoscopic scale, i.e. the de-
fect size is small compared with the element size. As we focus
on geomaterials, we choose the tensorial Mohr-Coulomb cri-
terion (F) as a damage threshold.

F=(C+otang)-71 ?2)

where 7is the shear stress, o the normal stress, C the cohesion
and ¢, the internal friction angle. Mohr assumed that the plane
which fulfils the criterion is the potential fracture plane. Here
we use this criterion as an isotropic damage threshold.

To simulate material heterogeneity we classically use an
initial element cohesion C that is randomly drawn from a uni-
form distribution [Herrmann and Roux, 1990; Zapperi et al.,
1997]). The other parameters (£, v, @) are initially constant
for all the elements. The same results are obtained using a
frozen cohesion and an initially random elastic modulus. For
each element, each time the stress exceeds the criterion (2),
the damage increases locally using relation (1), i.e. E is de-
creased by a factor (1-D), D being constant [Zapperi et al.,
1997]. Moreover a new cohesion is redrawn from the initial
distribution to simulate the material heterogeneous strength
during the damage increase.

To reduce computation delays the simulation is performed
on a 2D plane strain FEM model, using three node isoscele
triangular mesh. The same mesh is used along the simulation.
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The precision is about 10™ and the residue about 10", The
loading consists of progressively increasing the vertical dis-
placement of the upper boundary, the lower being kept fixed,
as is generally done during laboratory tests. A confining pres-
sure is applied on lateral boundaries to simulate triaxial stress
conditions.

When an element reaches its damage threshold, it is dam-
aged as described previously. Because of the elastic interac-
tion, the stress redistribution around a damaged element can
induce an avalanche of damage. For the same loading step, we
compute the stress state until every element is below the dam-
age threshold. The total number of damage events during a
single loading step is the avalanche size.

To quantitatively estimate the damage clustering, i.e. lo-
calisation, we calculate the correlation dimension (D2) of the
damaged elements using the box-counting method [e.g. Cowie
et al., 1995].

Results

Our tensorial model combines ingredients of models that
either reproduce macroscopic ductility [Zapperi et al., 1997]
or brittleness [Tang, 1997], one remaining parameter being
free, i.e. ¢ the internal friction angle. As ¢ characterises the
confining pressure sensitivity, we performed simulations with
various confining pressures [Amitrano, 1999].
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Figure 1. Simulated macroscopic behaviour for ¢=0° (A-B-
C) and ¢=45° (D-E-F). The other model parameters are con-
stant: E;,=50 GPa, v=0.25, C = randomly drawn between
25 and 50 MPa, D =0.05. A-D: Macroscopic strain-stress
curves for confining pressure, o;, ranging from 10 to 40 MPa.
B-E: Avalanche activity versus strain for o; =20 MPa. C-D :
Size and space exponents (b and D2 respectively) calculated
for successive windows containing equal numbers of ava-
lanches. The horizontal bars indicate the period covered by
the calculated exponent, the vertical bars give the estimation
error for a confidence level of 95%. Several values of D have
been tested. This parameter only influences the number of
avalanches during a simulation. The model size is 540 ele-
ments.
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Figure 2. A: Cumulative distributions of avalanche sizes, s.
Each distribution includes the entire simulated population for
¢=0 (open circles) and ¢=45° (black circles) respectively. B:
Exponent b calculated for each entire simulation as a function
of ¢. The vertical bars give the estimation error for a confi-
dence level of 95%. The exponent is calculated for the linear
part of each distribution.

Here we present results obtained for two extreme values of
this parameter (¢=0° as observed for ductile materials, i.e. ice,
and ¢=45° as observed for brittle materials, i.e. granite at low
confining pressure) and for confining pressure ranging from
10 to 40 MPa. The other parameters are kept fixed.

Fig. 1A shows macroscopic stress-strain curves for ¢=0°.
Changes in confining pressure just change the maximal
strength. It does not modify the macroscopic behaviour which
always remains ductile. The simulated avalanche activity is
associated with the so-called macroscopic plastic stage (Fig.
1B) as observed for AE monitoring during laboratory tests on
ice [Weiss and Grasso, 1997]. The simulated avalanche sizes
display a power law distribution with a cut-off corresponding
to a finite size effect (Fig. 2A). In order to explore the tempo-
ral variations of damage, we computed the exponent of the
power law distributions in size and space domains, i.e. b and
D2, for successive windows of equal avalanches number (Fig.
1C). The value for b starts decreasing from above 2 to less
than 1 and stabilises when the steady (plastic) stage is
reached. D2 remains roughly close to 2 which corresponds to
diffuse damage that almost completely fills the space (Fig.
3A). Such a pattern is recurrently observed for all the tested
confining pressures.

Fig. 1(D-E-F) shows results for ¢=45°. The macroscopic
behaviour displays brittleness, i.e. macroscopic instability,
that occurs after elastic behaviour and before plastic steady
behaviour (Fig. 1D-E). The avalanche size still displays
power-law distribution except for the larger event which cor-
responds to the macrorupture (Fig. 2A). The b pattern for suc-
cessive windows displays a minimum value before the macro-
rupture, as classically reported for laboratory tests [e.g. Lock-
ner, 1993; Main et al., 1989; Scholz, 1968]. The progressive
damage localisation, expressed by the decrease of D2 from a
value close to 2 (diffuse within a plane) to a value close to 1
(localised along a line) is shown on Fig. 3B. Such a D2 de-
crease agrees with laboratory AE location observation on
brittle rocks [Lockner, 1993]. Note that macroscopic strain
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Figure 3. Damage evolution during simulation for ¢=0° (A)
and for ¢=45° (B). Each map (1-6) shows the newly damaged
elements during successive simulation steps containing an
equal number of damage avalanches as shown in Fig. 1C and
1F. For (A) the lattice geometry doesn’t change the behaviour.
For (B) the damage directions that result from ¢ change are
also affected by the lattice directions. Tests of the impact of
the size and the aspect ratio of the mesh have shown no effect
on the behaviour [4mitrano, 1999].

softening (Fig. 1D) is obtained without including local strain
softening, contrary to the model of Tang [1997].

Such a pattern is recurrently observed for all the tested

confining pressure values, including zero. We did not ob-
served the « axial splitting » typical of the uniaxial loading,
which is induced by tensile failure. In our model no tensile
criterion is used. As ¢ also influences the maximal macro-
scopic strength, we performed simulations with enlarged C
values for ¢=0° in order to obtain. the same strength value
than for ¢=45°. We recover the same results than the ones
presented on the Fig. 1-3.

These results argue for the difference between diffuse and
localised damage to be related to internal friction ¢ rather than
to the confining pressure or the maximal strength.

Discussion

By tuning the single ¢ parameter, our model allows us to
simulate macroscopic behaviours that range from ductility
with diffuse damage (¢=0°) to brittleness with localised dam-
age (¢=45°).

It has been documented in experimental studies that mate-
rials with large internal friction angle tend to fail by localised
failure when loaded in triaxial compression, whereas those
with very low internal friction angle fail by a diffuse mode
[Jaeger and Cook, 1979]. Moreover, the apparent internal
friction angle (inferred from the slope of the Mohr envelope)
is experimentally reported to decrease with increasing con-
fining pressure [e.g. Hoek and Brown, 1982]. Contemporary
to confining pressure increase the macroscopic behaviour be-
comes more ductile and the damage more diffuse [Ayling et
al., 1995; Brady and Brown, 1993; Velde et al., 1993].

The presented model allows us to simulate these well es-
tablished observations by tuning the ¢ parameter (Fig. 1). The
Mohr-Coulomb criterion we used is linear, i.e. the slope of
the Mohr envelope is constant and does not depend on the
confining pressure. It allows us to uncouple the effect of in-
ternal friction angle (Mohr envelope slope) from those of cen-
fining pressure. Our results argue for the difference between
diffuse and localised damage to be solely related to internal
friction @. Consequently the localised-diffuse damage transi-
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tion and the associated brittle-ductile transition appears to be
driven by the decrease of the internal friction angle @. Note
that when using an empirical criterion where ¢ is pressure de-
pendent [Hoek and Brown, 1982], we recover the observed
macroscopic brittle-ductile transition induced by confining
pressure increase [Amitrano, 1999].

In order to understand why changes on ¢ lead to changes in
the macroscopic behaviour, we study the effect of ¢ on the
Mohr-Coulomb criterion (F in eq. 2) field around a single
isotropic defect. Fig. 4 shows interrelation between ¢ and the
geometry of the F field as the damage increases. For low ¢
value the surrounding F' field shows low gradient that allows
interaction with other defects in any direction (diffuse inter-
action). On the contrary a high ¢ value leads to a F field with
a strong directionality and a strong gradient that both increase
as damage progresses, restricting the possible interaction do-
main (localised interaction).

For each defect ¢ controls the surrounding F field pertur-
bation and thus the nature of interaction. Consequently the lo-
cal interaction geometry driven by ¢ controls the macroscopic
localisation mode (Fig. 3A-B).

The change of local interaction geometry, through ¢
change, also influences the avalanche dynamics as expressed
by the change in the b exponent (Fig. 2A-B). The simulated b
values increase when switching from macroscopic ductility to
brittleness (Fig. 2 A-B). This agrees with the negative corre-
lation between b and the confining pressure observed during
laboratory tests [Amitrano and Hantz, 1998] and with the re-
ported depth dependence of frequency-magnitude distribution
of earthquakes [e.g. Mori and Abercombie, 1997].

One remaining question is why (how) does increased con-
fining pressure cause a change in the apparent value of the
internal friction angle. Classically ¢ is used as an index of the
confining pressure dependence of the material strength that
empirically allows to recover a wide range of macroscopic
behaviours. One way to highlight a physical meaning for ¢
may be found out considering the competition between two
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Figure 4. A map of the F criterion field around a single pre-
damaged defect (Ezy., = 25 GPa) into an homogeneous mate-
rial (Epgeriq= 50 GPa), obtained with ¢=0° (left part) and
#=45° (right part) respectively. The simulations was per-
formed by increasing vertical strain and stopped at three dif-
ferent steps of damage propagation (A, B, C). Negative values
indicate the criterion is not reached. The Dark areas indicate
the zero F value, i.e. the damage process zone. The shaded ar-
eas indicate the damaged element.
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processes, crack/dislocation propagation, associated with two
end member behaviours, brittleness/plasticity.

The dislocation propagation involved in plasticity depends
only on the applied shear stress as expressed by the plasticity
Tresca criterion where ¢=0°. On the other hand, crack propa-
gation, as considered in the Griffith theory, occurs when the
tensile strength at the crack tip is reached. Consequently crack
propagation depends on the confining pressure, what corre-
sponds to ¢> 0. The coexistence of these two processes dur-
ing brittle-ductile transition has been experimentally observed
[e.g. Darot et al., 1985].

The confining pressure increase closes the cracks which
impedes their propagation but has no effect on dislocation
propagation [Guéguen and Palciauskas, 1992]. As the con-
fining pressure increases the crack process is progressively
replaced by the dislocation process, that leads to a ¢ decrease.

Note that if the competition between dislocation and cracks
to accommodate deformation appears as a possible physical
meaning for ¢ change, it does not agree with the damage rules
of our model. We choose to relax stress by decreasing
Young’s modulus that is relevant for crack but irrelevant for
dislocation process. An alternative for stress relaxation could
be to include in simulations a local increase of the permanent
deformation.

Nevertheless our model provides a novel explanation for a
phenomenon observed on rock deformation experiment which
has previously only been described : the localised-diffuse
transition associated to the brittle-ductile transition due to in-
creased confining pressure.

Conclusion

Our model shows how a simple local damage rule can in-
duces a broad type of macroscopic behaviours ranging from
ductility with diffuse damage to brittleness with localised
damage. Simulation results allow us to propose the control
parameter of the diffuse-localised damage transition to be the
internal friction angle of the Mohr-Coulomb criterion. This
parameter controls the local interaction geometry between de-
fects and then the macroscopic damage distribution type, dif-
fuse/localised. The ductile-brittle macroscopic behaviour ap-
pears as a consequence of the progressive localisation of
damage.

The physical meaning of the internal friction angle is not
yet obvious and particularly its dependence on the confining
pressure. We suggest this parameter to decrease as elementary
processes switch from crack propagation to dislocation
propagation when the confining pressure increase.
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