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Rossby waves drifting in the azimuthal direction are a common feature at the onset of thermal
convective instability in a rapidly rotating spherical shell. They can also result from the
destabilization of a Stewartson shear layer produced by differential rotation as expected in the
liquid sodium experiment (Derviche Tourner Sodium) working in Grenoble, France. A usual
way to explain why Rossby waves can contribute to the dynamo process goes back to Busse
[A model of the Geodynamo. Geophys. J. R. Astron. Soc. 1975, 42, 437-459]. In his picture, the
flow geometry is a cylindrical array of parallel rolls aligned with the rotation axis. The axial
flow component (parallel to the rotation axis) is maximum in the middle of each roll and
changes its sign from one roll to the next (case (i)). It is produced by the Ekman pumping at the
fluid containing shell boundary. The corresponding dynamo mechanism can be explained in
terms of an a-tensor with non-zero diagonal coefficients. It corresponds to the heuristic picture
given by Busse (1975). In rapidly rotating objects like the Earth’s core (or in a fast rotating
experiment), Rossby waves occur in the limit of small Ekman number (=10~!%). In that case, the
main source of the axial flow component is not the Ekman pumping but rather the “geometrical
slope effect” due to the spherical shape of the fluid containing shell. This implies that the axial
flow component is maximum at the borders of the rolls and not at the centres (case (ii)). If
assumed to be stationary, such rolls would lead to zero coefficients on the diagonal of the
a-tensor, making the dynamo probably less efficient if possible at all. Actually, the rolls are
drifting as a wave, and we show that this drift implies non-zero coefficients on the diagonal of
the a-tensor. These new coefficients are, in essence, very different from the ones obtained in case
(i) and cannot be interpreted in terms of the heuristic picture of Busse (1975). They were
interpreted as higher-order effects in Busse (1975). In addition, we consider rolls not only
drifting but also having an arbitrary radial phase shift as expected in real objects.

Keywords: Dynamo effect; Mean field electrodynamic; Waves; Ekman number

1. Introduction

Rossby waves naturally result from thermal convection instabilities in a rapidly
rotating shell. Different configurations have been studied depending on whether the
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fluid lies between two concentric spherical shells or inside a full sphere, and on the
type of heating (cither differential or internal). At the instability onset, the motion
takes the form of rolls aligned with the axis of rotation and localized at the vicinity of
a cylinder lying in the bulk of the fluid. These rolls drift usually as a wave in
the prograde azimuthal direction. In each roll in addition to the horizontal flow,
that is, the flow in a plane perpendicular to the axis of rotation, there is also an axial
flow (parallel to the rotation axis) due to the boundary conditions at the ends of
the rolls.

In rapidly rotating objects like the Earth’s core, the Ekman number E, defined as the
ratio of the viscous to the Coriolis forces, is small (E &~ 10~!%). Rossby waves as linear
solutions of the thermal convection problem in the asymptotic limit of small Ekman
number E <« 1 were first proposed by Busse (1970) (see also the contribution by
Roberts (1968)). After several intermediate improvements (Soward 1977, Yano 1992),
an exact solution was given by Jones et al. (2000). Since then, the solution has been
confirmed numerically by Dormy et al. (2004) (see also Zhang 1991, 1992, Zhang and
Jones 1993). These results assume the asymptotic limit Pr/E — oo where Pr is the
Prandtl number defined as the ratio of the viscosity to the thermal diffusivity.
Additional issues have been addressed, in the asymptotic limit Pr/E — 0 (Zhang 1995)
and in the general case 0 < Pr/E < oo (Zhang et al. 2007), including discussions about
the nature of Rossby waves versus inertial waves (Busse ef al. 2005).

Thermal Rossby waves have also been studied experimentally (Busse and Carrigan
1976, Carrigan and Busse 1983, Cardin and Olson 1994, see also the review paper by
Busse 2002 and references therein). Above the onset the flow becomes highly turbulent
and the non-linearities may be strong. Though depending in a complex way on the
parameters of the problem (Grote and Busse 2001, Busse 2002, Morin and Dormy
2004), it is worth noting that the persistence of the columnar structure of Rossby waves
has been observed both experimentally and numerically (Cardin and Olson 1994,
Sumita and Olson 2000, Aubert et al. 2003).

When the fluid is electrically conducting, such Rossby waves, in combination with
differential rotation, are expected to produce dynamo action (Kageyama and Sato
1997, Olson et al. 1999, Ishihara and Kida 2002). In addition, by processes related to
a 2D inverse cascade (Sommeria 1986, Aubert ef al. 2001) or due to the presence of
a strong toroidal magnetic field (Cardin and Olson 1995), the number of rolls for a very
low Ekman number is expected to be much lower than estimated from the asymptotic
theory of the onset of thermal convection. Therefore, though the parameters in
numerical simulations or experiments are far from those of the Earth’s outer core, these
studies suggest that the existence of Rossby waves in the form of columnar structures of
reasonable size may occur and be important in the geodynamo process.

Rossby waves can also be obtained mechanically, instead of thermally, as shown by
Hide and Titman (1967) and Busse (1968). More recently, Schaeffer and Cardin (2005a)
considered a fluid between two concentric spherical shells in fast rotation but with
slightly different rotation rates. They found that the destabilization of the Stewartson
shear layer at the tangent cylinder leads indeed to Rossby waves. They have shown that
such Rossby waves with the strong differential rotation present in the fluid are capable
of dynamo action (Schaeffer and Cardin 2006). This has enforced the interest in
building a new experiment in liquid sodium, called Derviche Tourner Sodium (DTS)
(Cardin et al. 2002, Nataf et al. 2006, Schmitt et al. 2008).
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In dynamo theory, it is known for long that differential rotation, that is the
Q-effect, can generate a toroidal magnetic field from a poloidal magnetic field
(see, e.g. Elsasser 1956). The comprehensive picture given by Busse (1975) illustrates
how the interaction of Rossby waves with a toroidal magnetic field can generate
toroidal electric currents and thus a poloidal magnetic field. Within the mean-field
concept this process can be described in terms of an a-effect. So a dynamo of a2 type
becomes possible.

We can show by simple arguments that the efficiency of the process described by
Busse (1975), or the magnitude of the «-effect, depends critically on the relative
positions of the horizontal and axial components of the flow in each roll. As a first step
let us ignore the drift of the rolls. As illustrated in figure 2(a) overleaf, each roll rotates
around its axis with a rotation rate changing its sign from one roll to the adjacent ones.
We distinguish between the two cases in which the axial flow is maximum either (i)
within each roll or (ii) between two adjacent rolls (top row of figure 1). A given large-
scale azimuthal magnetic field B is stretched by the fluid motion leading to a secondary
magnetic field b (middle row of figure 1). Then an azimuthal electromotive force u x b is
created (bottom row of figure 1). For case (i) all local electromotive forces act in the
same sense and so generate a global azimuthal electric current. This can be interpreted
as an wa-effect. On the other hand, for case (ii) local electromotive forces with opposite
signs occur, implying eventually that there is no global azimuthal electric current, that
is, no a-effect.
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Figure 1. In two adjacent rolls, the fluid velocity u (small arrows and inwards/outwards symbols in first
row) acting on a given azimuthal mean magnetic field B (thick arrow in top row) results in a secondary
magnetic field b (middle row), and so in an electromotive force u x b (bottom row). The radial, azimuthal
and axial directions correspond to s, ¢ and z. Left column: case (i), for which the axial flow is maximum
within each roll. Right column: case (ii), for which the axial flow is maximum between each roll. In case (i)
u and b are clearly not parallel or antiparallel, and the azimuthal component of u x b has the same sign
everywhere in the considered points, that is, its azimuthal average is non-zero. By contrast in case (ii) u and
b are presumably more or less parallel or antiparallel in the considered points so that u x b is small.
Moreover the azimuthal component of u x b has different signs in each cell. These aspects suggest that its
average vanishes.
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Figure 2. Isolines of u. as defined by (11) and according to (49) for ém = n/2 and m=4. Solid and dashed
lines indicate opposite circulations. The left and right figures correspond to cases (a) and (b) given in (48).

In a rapidly rotating shell with a rigid boundary for which the no-slip condition
applies, and relying on the quasi-geostrophic approximation, the axial flow u. in each
roll is the sum of two terms. One term is the Ekman pumping, scaling as E'/? and its
intensity is maximum within each roll as in case (i). The other term is the geometrical
slope effect at the ends of the rolls, scaling as E° and proportional to the radial flow u,.
It is of maximum intensity between two adjacent cells as in case (ii). It is argued in
Schaeffer and Cardin (2005a) that in rapidly rotating spherical shells like the Earth’s
liquid core, the Ekman number is so small that the first term in u. can be neglected
compared to the second one. Then in the light of the arguments illustrated in figure 1 (ii)
the ability of such a flow to generate an a-effect for £ <« 1 could appear questionable.
Actually in such rapidly rotating systems, stationary convection cannot occur. The rolls
have to drift as a wave. Then taking this drift into account, we shall demonstrate that
even in case (ii) an a-effect remains possible. A similar effect is described as a higher-
order effect in Busse (1975). However, we stress here that this a-effect is in essence very
different from the one that would be obtained with a flow geometry (i).

Finally, we stress that the a-effect, so far understood as the generation of a toroidal
mean electromotive force from a toroidal mean magnetic field, and described by only
one a-coefficient, is in fact a special case of a more general connection between mean
electromotive force and mean magnetic field, described by an a-tensor. We shall
calculate the additional coefficients of this a-tensor and give their scaling properties
in terms of the flow parameters like the number of rolls, the Rossby wave frequency and
the magnetic Reynolds numbers (horizontal and vertical) of the flow. Depending on
these parameters these additional coefficients may be dominant compared to the
a-cffect mentioned above and then completely change the overall picture of the possible
dynamo mechanism. We shall see that it is all the more true for rolls not only drifting
but also having a radial shift as expected for Rossby waves traveling in a spherical shell.
In that case the rolls are bent as illustrated in figure 2(b).

In section 2, we set the problem, give the basic equations, define the general
assumptions and specify the velocity field. In section 3, we derive general analytical
expressions for the mean electromotive force with respect to a cylindrical coordinate
system. In section 4, we present asymptotic and numerical results for both cases (i) and
(i1). Finally, in section 5 we discuss our results.
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2. General concept

2.1. Basic equations and assumptions

We consider a body of a homogeneous electrically conducting incompressible fluid,
penetrated by a magnetic field B and showing internal motions with a velocity U. The
magnetic field B is assumed to be governed by the induction equation

nVB+Vx(UxB)—9B=0, V-B=0, (la,b)

where 71 is the magnetic diffusivity, considered as constant.

Referring to a cylindrical coordinate system (s, ¢,z) we define mean fields as in
Braginskii’s theory of the nearly axisymmetric dynamo (Braginskii 1964a, b) by
averaging over ¢. Given a scalar field F, the corresponding mean field is denoted by F.
It corresponds to the axisymmetric part of F. In the case of vectors or tensors the same
definition applies to each component so that, e.g. B = (B, B,, B.).

We split B and U into mean fields, B and U, and deviations b and u from them, that is,

B=B+b, U=U+u. (2a,b)
From the induction equation (1) we obtain
nWVB+Vx(UxB)+VxE—3B=0, V-B=0, (3a.,b)
where
E=uxb “4)

is the mean electromotive force due to u and b.

In view of the generation of a mean magnetic field, two terms of the equation (3) are of
particular interest, that with U and that with £. We assume here that the mean velocity U
corresponds to a rotation about the z axis. We further think of a proper specification of
the small-scale velocity u so that £ covers the effect of Rossby waves. For the
determination of £ we assume rigid-body mean rotation, that is we ignore any
differential rotation, and adopt a co-rotating frame of reference in which U = 0.
According to (4) £ is determined by u, which we consider as given, and b. Using (1)—(3)
we obtain

nVb+VxuxB)+Vx@uxb—uxb)—3b=0 V-b=0. (5a,b)

Clearly, this equation determines b if u and B are given.

In order to make analytical calculations possible we introduce a quasi-linear
approximation (also known as the second-order correlation approximation in mean
field theory), that is we neglect the term Vx(uxb—uxb) in (5a). A sufficient
condition for that approximation is

min(R,,, S;) < 1 (6)

with the magnetic Reynolds number R/, = uy/'/n, and the Strouhal number S; = uy7//,
and where uq is a typical magnitude of u, /" a characteristic small length scale of the roll
and 7 a characteristic time of the Rossby wave. If 7 is interpreted as the inverse wave
frequency, S, is the ratio of the roll’s turn-over frequency to the wave frequency. At the
end of section 2.2 we will come back on the condition (6) for the applicability of the
quasi-linear approximation.
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We assume that the fluid velocity u is non-zero only inside a cylindrical layer with the
mean radius /, and the thickness 28/y (§ < 1), that is, in (1 —8)ly <s < (1 + 8)lp. Its
dependence on s and ¢ and on time will be specified later. Moreover, we consider u as
independent of z (see e.g. Kim et al. (1999) for a similar approximation). Clearly, £ can
only be different from zero inside that cylindrical layer. As for B, which is by definition
independent of ¢, we assume that it is independent on z, too. Further its time
dependence is considered as weak compared to that of u and therefore neglected in the
following calculations. The independence of u and B on z suggests to consider also b as
independent of z. Also £ does no longer depend on z. Of course, in view of applications
of our results to the Earth’s core and the DTS experiment a treatment of the more
general case with z-dependencies of u, B, etc. would be of high interest. This is left for
future work.

In what follows, we measure all lengths in units of /y, the time in units of l% /n and the
velocity u in units of uy. For several purposes it is useful to split u into its parts u; and
uy, perpendicular and parallel to the rotation axis. We measure them in units of uy, and
up introduced analogously to uy. With the assumptions introduced above, (5) turns into

V’b—9b=-VxQ, V-b=0 (7a.,b)
with
Q=R,uxB= (R, u +Ryu)xB ®)
and with the magnetic Reynolds numbers
Ry=tl g el il (9a,b.c)
n n n

In contrast to R),, these quantities are defined with the large-scale parameter /.

2.2. Fluid velocity

Since the fluid is considered as incompressible, we have V-u=0. As u is taken
independent of z, we may represent it in the form

u=—ex Vy + u.e, (10)

where e is the unit vector in the z-direction. The stream function v as well as u. may
depend on s, ¢ and ¢.

With the intention to simulate Rossby waves in their simplest form, we further specify
the velocity u by

¥ = P(s) cos(m(p — @(s)) — wi),  u; = u(s) cos(m(g — P(s)) — wt) (11a,b)

with a positive integer m and constant w. The functions ¢(s) and y(s) describe the radial-
dependent phase shifts of the horizontal and vertical flow components. They can be
enforced, for example, by the spherical geometry. In this case they correspond to the
rolls with horizontal section shapes like bananas (see, e.g. Zhang et al. 2007).
Two examples of the flow streamlines are given in figure 2. Each pattern drifts in the
azimuthal direction with the dimensionless angular velocity w/m.
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For later purposes we define a complex vector u(s), depending on s only, such that
u = Refu(s) exp(—ime + iwt)}. (12)

In a more explicit form, u(s) is given by

i, =~ (s) explim(s)). (13)
fly = —[3,W(s) + im(5)d,@(s)] exp(im@(s)), (13b)
£ = u.(s) exp(im(s)). (13¢)

Various relations between the horizontal and the axial flow, that is between ¥ and u.,
can be specified by the choice of ¢(s) and y(s). As we are mainly interested in the two
cases (i) and (i) described in figure 1, we define the two corresponding flow types,

type (i) : ¢(s) = y(s),  type (ii) : ¢(s) = p(s) + 7/2m. (14a.,b)

The flow of type (i) corresponds to an axial flow driven by Ekman pumping. The zero
lines of the axial flow coincide with the borders of the cells of the horizontal flows.
The flow of type (ii) corresponds to geometrical slope effect as the main cause of the axial
flow. The extrema of the axial flow are at the borders of the cells of the horizontal flow.

Returning to the condition (6) for the applicability of the quasi-linear approximation
we specify now /' and t such that / = 8l and t = £ /nw. Then we have

R, =uysly/n and S, = uply/néw = R, /8 w. (15a,b)

For stationary flows (w = 0), irrelevant for Rossby waves but still of interest for
comparison with some numerical simulations, the condition (6), which is sufficient but
not necessary for the validity of the quasi-linear approximation, takes the form R, <« 1.
However, as it turned out in simulations (Schrinner er al. 2005, 2007), this
approximation may well apply for values of R, up to the order of unity. For a non-
stationary flow with 8% > 1, the condition (6) turns into S; < 1. In view of the Earth’s
fluid core, let us consider that /y ~ 1800 km and 7 ~ 1 m?s~! (which leads to /5 ~ 10°
years). Assuming approximately equal extents of a roll in radial and azimuthal
direction, 28 = w/m, and m =16 pairs of rolls we have § ~ 0.1 (and a radius §/y of
a roll about 180km). A typical drift velocity wn/ml = 0.2 deg per year yields to
w~5.6-10°. Then we find that s>~ 60. Again a sufficient condition for the
applicability of the quasi-linear approximation reads S, < 1. It implies wuy <
0.3mms™~', which gives the flow intensity upper-limit above which the quasi-linear
approximation might no longer work.

3. Calculation of €

3.1. Poloidal-toroidal decomposition and reduction of equations
In order to solve (7), we represent b as a sum of poloidal and toroidal parts,

b=-Vx(exVS)—exVT (16)
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with scalars S and 7 depending on s and ¢. The components of b are given by

19T oT
—_ —— = — — - = —D 1
bS g a(p ) bq) as b bh Sv ( 7a,b,C)
where
oy 1S
Df = ——=. 1
4 5 0s ( s ) te 92 (18)
Likewise, we represent VxQ in the form
VxQ=Vx(exVF)+ex VG (19)

with scalars F and G. Using (7), (16) and (19) we find, excluding singularities of F and G
at s=0 and for s — oo,

DS—3S=F, DT-3T=G. (20a,b)

With the help of the identity e - (V x (e x Vf)) = Df we further conclude from (19)
that

DF=e¢-(VxQ), DG=e-(Vx(VxQ)=—e (V2Q-V(V-Q).  (2lab)

The first of these relations can be written in the form

Qs
o= (3000 -2) )
The second one is equivalent to DG = —DQ. or, if we exclude again singularities at
s=0 and for s — o0, to
G=-0-. (23)

3.2. Calculation of b

Like the components of u, those of Q as well as the functions F and G have
the form

15, 0) = [1(s) cos(me — wi) + £ (s) sin(me — wr) = Re{f(s) exp(—img + ia)t)}, (24)

where f is a complex quantity depending on s only. The same applies to b as well as S
and 7. In this notation the relations in (17) take the form

b= "1, by=—T = DS (250,b.0)

with

of m?
mf — . ( 8.5') S2 f (26)
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The equations (20), (22) and (23) reduce to

(D —i0)S =F, (D —iw)T =G, (27a,b)

. 1/ . R .
DmF=S<aS(SQ¢)+iMQ.Y>, G=—0. (28a,)

In order to determine b we have to solve (27) with F and G satisfying (28).
Generic solutions of such equations are derived in Appendix A. According
to (A.8)—(A.10), the solution of the first equation of (28) can be written in the
form

oy = [T (0,60 + im0 ) ) a5, (9)

where h,(s,s') is the Green’s function defined in (A.11). After integrating by parts

we have
f(s) = f (ah’“(s D05y —im ™5 6, ))s das. (30)

Now from (28), (30) and with the help of (A.l)f(A.3), we may give the solutions of (27)
in the form

S(s) = / / Kon(s, s)<

7(s) = /0 (s, ) O-(5)s d, (31b)

/ //) Qw( //) // m(S SH) QS(SN))S”dS” /dS (313)

where k,,(s,s') is the Green’s function defined in (A.4).
Let us return to b as given by (25). With (31) and (27) we obtain

By(s) = — /0 (5, )0 (322)

by(s) = —/OOC ak’”( $)0-(s)s ds’, (32b)
bu(s) = - / (3’“"’“ 0,5y~ im™D 65 ))v s

+ 160/ / m(S ( m ( / //) Qw(S//) _ // hm(s/ //)Q (S//)>S,/ds//s/ds/. (320)

a /!
After some algebra we further find
~ o0 0N (s, s")
b-(s) = —y Tiedils, 5) ) 0u(s) + (hm(s 5) = iwAs(s, ) Ou(s)) |5 ds’
0
(33)
with
Aq(s,s) = / Kp(s, s )M "ds”,  Ax(s,s) = f K (s, 8 V(8" s))s"ds”.
0 ds’ 0
(34a.,b)
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With the help of relations of Appendix B we can show that

10 1
A1(s,8) = ——(hm — kn)(s,5),  Ax(s,5) = — (hm — kin)(s, ). (35a,b)
1w s’ 1w
This leads to
N 1 Okp(s, s
b= [0, + 00, |5 0. (36)
From the second relation (7) we have
QA‘V = Rmiﬁw Rm Il i E(pa (373)
Qw = Rm HizzP R Pz» (37b)
Q: = RmJ_(’:\lsl_gw E ) (370)
Inserting this into (32) and (36) we obtain
N * km P ! A NTD (o A NTD NS AL
by(s) = —im Ry, 1 / % (i15(s") By(s") — iiy(s") By(s'))s ds’, (38a)
0
* 8km S, S/ A N D / A N D / / /
o) =R [T ) B~ i) B AL G8)

b.5) = ~R / | P B 4 k5.8, |

+ Ry /(; [M (s )—|——km(s §)y(s )]B (s)s' ds'. (38¢)

As mentioned in Appendix A, in the stationary case, that is w = 0, k,,, turns into £,,.
We note that as the fluid is at rest outside the moving layer, the integrations in (38) and
previous equations can be reduced to 1 —§ <s < 146.

3.3. Integral representation of €
According to (4) we have

8:%Re{ﬁ* xﬁ}, (39)

where a* is the complex conjugate of u. When inserting bAS(s), bAw(s), l;;(s) as given by (38)
we see that £ can be written in the form

148
E(s) = K.(s,8) By(s')s' ds'. (40)

Here and in what follows « and A stand for s, ¢ or z. The kernel K, is given by

{ ];mj_ }I%M if (K)\) _ { (SZ)e ((pZ)a (ZS)a (Z fﬂ) , K. 0. (41)
m|

Ko =-1R,
e (59, (59), (99), (99)

l
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The dimensionless quantities K., which no longer depend on R,,; or R, are given by

~ akm A A 8km N A A /
4K5(s,8") = — (5, 8) dg(9) d=(5") — —= (5, 5)iZ () diy(s') + c.c., (42a)
s’ ¢ s ?
T / im /N Ak A akm INAE Al
4K\‘tﬂ(s’ S) = ?km(s’ § ) u(p(s) uz(s) + s (S’ § )MZ(S) uS(S) +c.c., (42b)
" / 3km I\ A% A im 1N Ak A
4K (s,5) = +——(5,5) i (5) Ui (') + — ki (5, 8") T (5) t1,(5") + c.c., (42¢)
os’ 4 s ¢
- / lWl /N A% A / 8k111 I\ Ak A /
4K (s, 5') = —I—Tkm(s, S UE(s) ty(s") + o (s,8) i, (s)u(s') + cc., (42d)
” / im /N Ak AT im N\ A% A
4K (s, 8') = — - e (s, 8') 12(s) ty(s") + ?km(s, $)U(s) i=(s") 4 c.c., (42e)
- / akm I\ Ak A im I\ Ak ~ /
4R ye(s, ) = = S2 ) T) ) = o5, VW) ) + e (42D
r / akm I\ A%k A / lm I\ Ak A /
4KZS(S’ N ) = + as (S, § )u,g (S) u(p(s ) - Tkm(sa s ) u(p(s) u(ﬂ(s ) + C'C" (42g)
v / akm INAE A im N\ Ak A
ARy (5.5 = =S ) () o5, ) T () +eens (42h)

where c.c. denotes the complex conjugate. By symmetry reasons and because of the
z-independence of the flow we always have K.. = 0.

3.4. Expansion of €

We now rely on the integral representation (40) of &, assume that B;(s) varies only
weakly with s and use the Taylor expansion

. . GB
B) = Bolo) + 6 —9) D 43)
In this way we obtain
_ 0B (s
E46) = ) Bu(5) + b T - (44)
with
146 146
aK)»(S) = Kkk(sa S/)S/ dS/’ bl()»S(S) = 10 KK)\.(S’ S/) (S/ - S)S/ dS/. (4521,]3)

1-6 1-6

The factors /y have been inserted in (44) and (45) in order to give b, the dimension of
a magnetic diffusivity. The terms with higher derivatives of B,, indicated by ---, are
ignored in the following. ~

Expressing K,; in the relations (45) in terms of K,; we obtain

ﬁm%?ﬂ@iumzrm“@ G =0, (46)

i), = 5
l i (55), (s9), (99), (9 )
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{ Rt } . { (s2),(92).(z5),(z9)
bK}»S = r)RmJ_ b/c)\s if (K)\) = 5 bzzs - 0, (47)
(55),(59), (¢5), (99)

m|

where a,, and I;m are dimensionless quantities independent of R,,; and R,,. Analytical
expressions for the a,; and b, can be derived on the basis of (41), (42) and (45). Of
course, a.. =0 and bm =0 follow from K.. =0. As for a,. = a,- =0, we note that

1+5 K-(s,5')s'ds’ and [ I+ K, (s, s')s'ds’ with K. and K. according to (42) vanish. This
can n be shown with 1ntegrat10ns by part and using V-u=0.

Let us add a remark on the nature of the expansion (44) and the coefficients a,; and
be.s- In most representations of mean-field electrodynamics the connection between &,
B and its derivatives is, with respect to a Cartesian coordinate system, given in the form
&= a,JB + bl,k BB, /9xy + - - -. (Usually, the notation a;; and by is used instead of a; and
b,/k We deviate from that since a;; and by are already otherwise defined in this article.)
It is understood as a coordinate-independent connection, which implies that &; and B
are components of vectors, and &;, b as well as dB;/dx; components of tensors, all
with the well-known behavior of such objects under coordinate transformations.
The a,;, however, do not completely coincide with the components of the tensor derived
in that sense from the @;. The reason is that the transformation of 3B;/dx; in our
cylindrical coordinate system produces not only terms with derivatives of B, but also
without such derivatives (the same remark would apply if our coordinate system was
spherical instead of being cylindrical). In the common understanding the a-effect is,
again in coordinate-independent manner, defined on the basis of the contribution of
a;B; to &;. We slightly deviate from this definition in what follows. When speaking of
a-effect we refer simply to the contribution of a,; By, to &,. This is insofar justified as it is
just this contribution which describes, e.g. the generation of &, from B,.

4. Some typical examples

4.1. Specification of the flow patterns

In this section, we present numerical results for some typical flow profiles
corresponding to rolls of type (i) and (ii) as defined in (14). In addition, we also
consider two types of phase-shift radial dependence,

@ #9=0 and (b) 9="0T2"D (48a.b)
The flow geometry is further specified by
w= Ty, G=a -8y, =21 i <,
u, =9 =0 otherwise. (49)

Here u. and v are normalized such that at any time the average of u. over a surface
given by 1 =8 <s <1+ and —7/2m < ¢ <m/2m as well as the average of u, at
a given value of p over I < s < 1 + § are equal to unity. Figure 2 shows isolines of u. for
the two cases (a) and (b) defined in (48).
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In case (a), the extent of a flow cell is 28 (in units of /y) in the radial direction and
sr/m in the azimuthal direction. We speak of ‘compact rolls’ if their ratio 28m/m, or
simply &m, is in the order of unity. In that sense figure 2(a) shows compact rolls. In
case (b), the radial phase-shift leads to extended rolls as shown in figure 2(b) even if
dm is in the order of unity. For simplicity we always set 26m /7w = 1 in the rest of this
article.

4.2. The first analysis of the results

The results obtained so far allow us to draw some conclusions concerning the structure
of € and the a-effect. Let us consider the kernel K for flows of types (i) and (ii) defined
in (14) and recall that their axial parts are driven by Ekman pumping or the geometrical
slope effect, respectively.

In the stationary case (w = 0), irrelevant for Rossby waves but still of general interest,
with the help of (14) and (42), we conclude that K has the structure

x 0 0 0 x 0
K=]10 x x |incase(i), K=] x 0 x | in case (i), (50a,b)
0 x 0 0 x 0

where crosses stand for matrix elements which are not necessarily equal to zero. In
case (i), we see from (50) that K leads to non-zero coefficients ay and ay, corresponding
to the dynamo mechanism described by Busse (1975) which can be interpreted as an o?-
mechanism. In the Karlsruhe experiment (Miiller ez al. 2004,2006) the dynamo action
of a mechanism of that kind has been demonstrated. On the other hand, in case (ii) (50)
implies that a,, =0 (and a, = 0) is in accordance with the heuristic arguments of
figure 1.

For drifting waves (w # 0), the kernel components except K.. are not necessarily
equal to zero. Then it may happen that the off-diagonal coefficients be dominant and
therefore the simple a-effect mentioned earlier may not be a relevant part of the
dynamo mechanism. In fact, in addition to the «-effect a transport of mean magnetic
flux by the so-called y-effect can be expected. To derive it we can define a symmetric
matrix « and a vector y in the following way

1 1
Uy, = —E(am +an), yKk= EEMMCI,\H, (51a,b)

where €,,,, has to be interpreted in the usual way (Levi-Civita symbol) identifying the
subscripts s, ¢ and z with 1, 2 and 3, respectively. Then we can write the mean
electromotive force in the form

E=—ao0B—yxB, (52)

in which the s-derivatives of B are not included. As can be seen from the structures of
the matrix a,; contributions to both a« and y are expected. While the role of the
coefficient a, (usual o-effect) in the dynamo process is well understood as being
directly related to the generation of a poloidal field from a toroidal field, the role of the
other coefficients of « is less clear and would need a specific study in itself.
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4.3. Numerical results

In this section, we calculate the coefficients a,; for flows of type (ia) in figure 3, (iia) in
figure 4, (ib) in figure 5 and (iib) in figure 6. We consider rolls satisfying dm = 7/2 and
show results in the double asymptotic limit § < 1 and 8’w < 1. The different line styles
correspond to increasing values of m. We find that the profile of each coefficients a,;
converge in this double limit. We also find some scaling laws in § and w such that

gy ~ 87, (53)

We found that their validity prevails even for wé”> = 1. For flows of types (ia) and (iia) the
scalings in w is consistent with the general structure of the kernel K given in (50) for w =0.

For flows of types (ib) and (iib) the scalings are rather different from those in cases
(ia) and (iia). In particular, we found no w dependency, suggesting that the leading term
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Figure 3. Scaling and &-profile of coefficients G, for ém = /2, § < 1 and 8w <« 1, and for rolls of
type (ia).
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in k,(s,s") is of order 8. Surprisingly enough in case (iib) we found that a,, = 0, ruling
out any chance to explain the dynamo mechanism with a simple «a-effect.

It is interesting to compare the results obtained for the a-effect coefficient «; in the
case of the Roberts flow (Radler et al. 2002) to our results for ay, for a flow of type (i)
with compact cells. The length ¢ used there corresponds to 28/y, and the Reynolds
numbers Rm,; and Rm used there have to be interpreted as 25R,,, and 8R,,
respectively, with our R,,; and R,,. In that sense, the result o) = (7%/16)(n/a)Rm, x
Rmy¢(Rm,) reported in the mentioned paper takes the form o, = (72/16)(n8/l) x
Ryt Ry d(Ry,1)- This quoted result applies to arbitrary Rm and Rmy. The function ¢
is equal to unity for Rm,; = 0 and so in the second-order correlation approximation.
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Figure 4. Scaling and &-profile of coefficients G, for ém = /2, § < 1 and 8w <« 1, and for rolls of
type (iia).
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Figure 5. Scaling and &-profile of coefficients g, for ém = /2, § < 1 and 8w <« 1, and for rolls of
type (ib).

It decreases monotonically if Rm; grows and tends to zero as Rm; — co. According to
(46), we have agyy, = (1/lo)Rpi Rinydy,. The same relation applies with the averages (ay,)
and (d,,) of a,, and a,, over s. We take from figure 3 that (a,,) ~ é. This leads to
(age) = (18/lo) Ry Ry Hence, our result for ay, (derived in the second-order correlation
approximation) is in reasonable agreement with the result for the Roberts flow.

The comparison with the result for the Roberts flow suggest that our result for a,,
remains valid for all values of R,,; and, as can be concluded from the specific properties
of ¢, for values of §R,, up to the order of unity. There is, however, no straightforward
extension of the proof for the linearity in R, to our case. We further learn here that it is
of less importance for the magnitude of the a-effect whether or not a given roll is at all
sides surrounded by other rolls.
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Figure 6. Scaling and &-profile of coefficients g, for ém = /2, § < 1 and 8w <« 1, and for rolls of
type (iib).

5. Conclusions

The main insight of this study is that the a-effect and presumably the dynamo action
generated by Rossby waves depends drastically on the Ekman number E. The reason
for that lies in the competition between Ekman pumping and geometrical slope effect as
the main source of the axial flow, producing different phase shifts between the
horizontal and vertical components of the flow. In the limit £ <« 1 the geometrical slope
effect prevails. In particular, we find that the mean-field coefficients have then different
radial profiles and, probably more important, different asymptotic scalings in the limit
of small rolls radius § « 1 and wave frequency such that 8w < 1.

In addition, we found that for rolls with an arbitrary radial shift the a-tensor is
completely changed not only in terms of the radial profile of the tensor coefficients
but also in terms of scalings in § and w. In particular, we found that the «-effect
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corresponding to the coefficient a,, may disappear, making the interpretation of the
dynamo mechanism difficult, if any.

There are two recent numerical studies in which the a-tensor produced by Rossby
waves has been calculated. Schrinner er al. (2005, 2007) extracted the a-tensor (and
higher-order coefficients) from geodynamo simulations with E = 1073, Schaeffer and
Cardin (2006) did the same with simulations of the Taylor—Couette convection using
the quasi-geostrophic approximation with values of E down to 1078, It is of interest to
compare qualitatively our results to these findings (ignoring the difference addressed at
the end of section 3.4 between the two definitions of the a-effect a,, and dyy).

In the study by Schrinner et al. (2005, 2007), a thermally driven dynamo in a rotating
spherical shell is considered. In a regime not too far from the onset of convection,
drifting rolls are observed. As a consequence of E = 1073, the main cause of the axial
flows in these rolls should be Ekman pumping. Indeed, the dependence of «, on s
corresponds roughly to that of our a,, depicted in figure 3. This shows that for not
a too small Ekman number, the dynamo process can be understood on the basis of the
mechanism described in figure 1(i).

Schaeffer and Cardin (2006) dealt with the Rossby wave instabilities of a geostrophic
internal shear layer produced by differential rotation between two spheres. They used
the quasi-geostrophic approximation, including both Ekman pumping and slope effect
as sources of the axial flow. By inserting the corresponding velocity field in an induction
equation solver they showed that it is capable of dynamo action. They also derived the
a-coefficients from their numerical simulation for E = 10~%. The dependence of their
a4, on s corresponds roughly to that of our a,, when adapting our flow definition (49)
to the quasi-geostrophic approximation. The comparison of the other coefficients is left
for future work.

An interesting aspect of case (iia) is that the sign of a,, varies with the radius.
Investigating a spherical a-effect dynamo model with isotropic a-effect and a spherically
symmetric coefficient «, Stefani and Gerbeth (2005) found polarity reversals
of the mean magnetic field if o changes its sign along the radius (see also Giesecke
et al. 2005a.b).

In our calculations both the fluid flow and the magnetic ficld have been considered
as independent of z. Therefore the results reflect by far not all essential features of the
convection rolls in a rotating liquid sphere. A more realistic treatment of the problem
would require to consider not only the z-dependencies mentioned but also the multi-
scales structure of the flow. The difficulties that arise in this way could perhaps be
reduced by taking advantage of the quasi—geostrophic approximation. It is possible that
only rolls of a certain scale are important for the dynamo process, that is, those for
which 8R,, is sufficiently large to produce dynamo action but not too large in order to
avoid too strong flux expulsion and a-quenching. In this case, the simple picture of
a ring of drifting rolls generating an w«-effect as one part of the dynamo mechanism
(completed by differential rotation) might be still relevant.
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Appendix A: General solutions of equations (27) and (28) in terms of Green’s functions

In view of (27) we consider first the equation

(D — i0)f(s) = g(s) (A.D)

in 0 < s < oo. Its general solution reads
J5) = ellp(Viw ) + 2K, (Vios) — Ku(Vie s) / (Vi §) gl k)5 ds
0
- i) [ Ko ) gl s 0. (A2)
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where ¢; and ¢, are arbitrary constants, and 7, and K,,, are modified Bessel functions of
the first and second kind (Appendix B). In order to exclude singularities at s =0 and for
s — oo, we use (B.2) and (B.3), put ¢; = ¢, = 0 and obtain

fls) = — / k(s, $)g(s)s' ds' (A.3)
0
with a Green’s function k,,, defined by

ki(s,s") = K,(Viw s)I,(Viw s") for s’ <s Ad)
4
kp(s,s") = I,(Viw $)K,,(Viw s') for s <.

Applying this to (27), we find

7(s) = /0 ” (s, s) O-(s)s' ds',  S(s) = — /0 h km(s, s') F(s)s' ds'. (A.5)

The Green’s function k,, defined by (A.4) is complex. Its real and imaginary parts kX
and k!, can be written in the form

kR (s, ') = ker(v/@s) ber,(y/ws') — kein(v/s) bein,(v/ws') fors <s
= ber (v ws) ker,(Vws') — bei,(vws) kei,(Vws) fors >s
kL (s,5") = keip(N@s) bery(vos') + kery(y/os) bein(y/ws') for s’ <s
= bei, (v ws) ker,(Vws') + ber,(vws) kei,(Jws) for s > s,

where ber,,, bei,,, ker,, and kei,, are the Kelvin functions of order m.
In view of (28) we consider first the general ordinary differential equation

Dy f(s) = g(s) (A.8)

in 0 < s < oo. Its general solution reads

(A.6)

(A7)

I g P
S) =" 4+ s — 3 (s’" / g(s) s ds + 57 / g(s) s ! ds’), (A.9)
0 s

where ¢; and ¢, are again arbitrary constants. In order to exclude singularities at s=0
and for s — oo we put ¢; = ¢, = 0. In this way we obtain

s) = — /0 (s, ) g(s))s' d’ (A.10)

with a Green’s function /,,,

(s, s') = L <S> for ¢ <,
2m s (A.11)
hp(s, s') = ﬁ sﬁ " for s <.
As to be expected, k,, turns into 4, if w = 0.
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Appendix B: Useful relations for modified Bessel functions

The modified Bessel functions of first kind, 7,(x), and of second kind, K, (x), are

solutions of the equation

Xy 4 xy = +mP)y =0, m=>0.

From the recurrence relations
m
I;n(x) = +Im—1(x) - ; m(x)
m
K;”(X) = - m_](X) - ;Km(x)

and the Wronskian relation

]m(x)[<m—l(x) + Im—l(x)Km(x) = Im(x)1<m+l(X) + Im+l(x)Km(x) = )lc

we conclude that

1

Im(x)K (X) - rm(x)Kiil(x) = - ; .

m

The modified Bessel functions satisfy the integral relations

/ XML (0)dx = X0 (x), / XL (0)dx = x T

/xnurl[(m(x)dx = —Xm+1[<n1+l(x)a /‘X7"1+1[<171(x)dx = —x7n1+1K,,1_1(x)

as well as the asymptotic relations
Im(x) ~—

i Q) (4 ()) wsxmo

1 x? X
Ki(x) = < <1 +7 10g<§)> as x —> 0

2 2 m—1\2

Ko) ~ D! (f)_V"(l—L(f)z) asx — 0 ifm>2.

and

L (x) ~

1 . T
e, K (x)~ |—e™ asx— oo.
V27x ) 2x

(B.1)

(B.2)

(B.3)



