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Short Note

The Impact of the Spatial Uniform Distribution of Seismicity

on Probabilistic Seismic-Hazard Estimation

by Céline Beauval, Sebastian Hainzl, and Frank Scherbaum

Abstract The first step in the estimation of probabilistic seismic hazard in a region
commonly consists of the definition and characterization of the relevant seismic
sources. Because in low-seismicity regions seismicity is often rather diffuse and
faults are difficult to identify, large areal source zones are mostly used. The corre-
sponding hypothesis is that seismicity is uniformly distributed inside each areal
seismic source zone. In this study, the impact of this hypothesis on the probabilistic
hazard estimation is quantified through the generation of synthetic spatial seismicity
distributions. Fractal seismicity distributions are generated inside a given source zone
and probabilistic hazard is computed for a set of sites located inside this zone. In our
study, the impact of the spatial seismicity distribution is defined as the deviation from
the hazard value obtained for a spatially uniform seismicity distribution. From the
generation of a large number of synthetic distributions, the correlation between the
fractal dimension D and the impact is derived. The results show that the assumption
of spatially uniform seismicity tends to bias the hazard to higher values. The corre-
lation can be used to determine the systematic biases and uncertainties for hazard
estimations in real cases, where the fractal dimension has been determined. We apply
the technique in Germany (Cologne area) and in France (Alps).

Introduction

The first step toward the establishment of a seismic
building code in a country is often the evaluation of proba-
bilistic seismic hazard. The method for estimating probabi-
listic hazard was initiated more than 30 years ago (Cornell,
1968; McGuire, 1976). At a site, estimating hazard in prob-
abilistic terms consists of estimating ground-motion levels
that refer to given probabilities of being exceeded at least once
over given time periods. Since the 1970s, several variants of
the method have been proposed (e.g., Bender and Perkins,
1993; Lapajne et al., 2003) and many aspects of the proba-
bilistic computation have been studied and improved, such
as taking into account long-term (e.g., Cramer et al., 2002)
and short-term time dependence (Beauval et al., 2006a) in
the seismicity models, distributing seismicity in space using
kernel smoothing rather than delineating areal seismic
source zones (e.g., Frankel, 1995; Cao et al., 1996; Beauval
et al., 2006b), including site effects in the probabilistic
framework (e.g., Cramer, 2003; Bazzurro and Cornell, 2004)
and capturing epistemic uncertainty in inputs through logic
trees (e.g., Cramer, 2001). Nonetheless, most probabilistic
hazard studies in low-seismicity countries are still based on
using seismic zones. The hypothesis dealing with the spatial
characterization of seismicity that is still widely used is that

seismicity is uniformly distributed inside large areal source
zones. Indeed, because low-seismicity regions usually dis-
play diffuse seismicity and active faults are very difficult to
identify, large areal source zones are defined according to
different geophysical and geological criteria (e.g., Autran et
al., 1998, for a seismotectonic zoning of the French territory;
or Leydecker and Aichele, 1998, for Germany).

Seismicity is a classical example of a complex phenom-
enon that can be quantified using fractal concepts (Turcotte,
1997). In particular, fault networks and epicenter distribu-
tions are known to have fractal properties (Goltz, 1998).
Thus, a natural way to analyze the spatial distribution of
seismicity is to determine the fractal dimension (D-value).
This D-value is an extension of the Euclidean dimension and
measures the degree of clustering of earthquakes. In a two-
dimensional space, D can be a decimal number and ranges
from 0 (point) to 2.0 (uniform distribution in space). This
study aims at characterizing the bias in probabilistic hazard
estimates resulting from the incomplete knowledge of the
degree of clustering of the “true” seismicity distribution. The
fractal dimension considered in this study is the correlation
dimension (Grassberger and Procaccia, 1983). We first es-
tablish a correlation between D and the associated uncer-
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tainty on hazard through the generation of synthetic seis-
micity distributions. Then we apply this approach in two
regions of France and Germany and deduce, from the D-
value estimations, the corresponding uncertainty bounds on
probabilistic hazard estimations.

Synthetic Source Zone: Which Impact for Which D?

The aim is to compare on a grid of sites the hazard
estimated from the “true” seismicity distribution to the haz-
ard computed from a uniform smoothing of the seismicity
in the source zone, and to link the difference in the hazard
estimates to the fractal dimension of the “true” distribution.
A quadratic seismic source zone is considered (320 km side
length, 5 km unit cell) and the hazard is estimated for a grid
of sites located inside the source zone (Fig. 1).

Generation of Synthetic Distributions

Synthetic seismicity distributions are generated over the
source zone, increasing the clustering of the seismicity from
a line (D � 1.0) to a uniform distribution over the area
(D � 2.0). Surfaces with a fractal dimension D are generated
according to the detailed description in Turcotte (1997):

1. Fourier transformation of a 2L � 2L matrix of random
numbers taken from a Gaussian probability distribution.

2. Division of the Fourier coefficients by the radial wave-
number to the power of 4 � D.

3. Application of the inverse Fourier transform.

To avoid periodicity in the data, the grid is subsequently
restricted to size L � L. The fractal surface in the three-
dimensional space is then transformed into a two-dimen-
sional data set of fractal dimension D � 1 by determining
the contours corresponding to the height z � 0.5 (zmax �
zmin). To get a continuous probability distribution, we
smooth the data set by a Gaussian filter with standard de-
viation r and normalize the distribution. Using this proba-
bility density function to distribute earthquakes yields the-
oretically a fractal epicentral distribution of dimension
Dtheory � D � 1. In our computation, L � 64 and r � 1.
Note that the results are not dependent on these values.

Computation of Fractal Dimension

The D-value of each seismicity distribution is estimated,
showing that the calculated value is within Dtheory � 0.1.
The D-value is computed by estimating the slope of the lin-
ear part of the correlation integral (Grassberger and Procac-
cia, 1983; Goltz, 1998). In a logarithmic scale, the number
of pairs of events separated by a distance smaller than r is
plotted as a function of r. The curve is established from 3000
events generated over the zone according to the spatial
density probability and D is computed over the interval 5–
30 km. Because the number of events is high, all the curves
display a clear linear part in this interval.

Quantification of the Impact on Hazard of the
Uniform Hypothesis

When areal source zones are used in a probabilistic
study, the seismicity inside the source zone is gathered and
a recurrence curve is determined from this subcatalog of
events (evaluation of parameters a and b, i.e., seismicity rate
and b-value slope of the recurrence curve). Then this mod-
eled seismicity is uniformly distributed over the source zone.
For this purpose the source zone is divided into unit zones;
a recurrence curve with the same b-value but with a seis-
micity rate proportional to the surface of the unit is attributed
to each unit. The consequence of such uniform smoothing
is that the seismotectonic zoning usually controls the distri-
bution of the final hazard estimates.

A uniform distribution of seismicity over the source
zone (i.e., D � 2.0) results in identical acceleration values
inside the source zone. Distributing the seismicity in a non-
homogenous manner obviously leads to a nonhomogenous
estimation of hazard at the sites; the closer the site is to the
high seismicity densities the higher is the hazard estimated
at this site. The impact on probabilistic hazard is defined as
the difference between the acceleration calculated for a spa-
tially uniform seismicity Aunif and the estimated one A, nor-
malized by the uniform value and expressed in percentage:

A � AunifI � • 100 (1)
Aunif

Therefore, positive impacts correspond to sites where the
uniform distribution of seismicity results in an increase of
hazard. Note that for very low values of A, the impact is
fixed to a 100% value, but as will be shown in the following,
this happens only for the lowest values of D (highly clustered
seismicity).

Probabilistic Computation

The probabilistic seismic hazard is estimated according
to the classical methodology and earthquakes are assumed
to follow a Poissonian process in time (Cornell, 1968;
McGuire, 1976). An acceleration determined for a return
period of, for example, 475 yr has a probability of 10% of
being exceeded at least once over a time period of 50 years.
Once the spatial density probability distribution is obtained,
the seismicity rate is distributed over the source zone. The
overall seismicity rate is fixed to 100 events with M �3.0 per
year. For each unit, the truncated Gutenberg–Richter mag-
nitude recurrence curve is modeled with a slope b � 1.0
and a maximum magnitude fixed to M 6.0. Furthermore, the
minimum magnitude considered in the probabilistic com-
putation is M 4.5 and the ground-motion predictions of the
attenuation relationship are truncated at �3r above the me-
dian. The attenuation ground-motion model used here is the
Berge-Thierry et al. (2003) relationship (the one best
adapted to France). Of course, any attenuation relationship
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Figure 1. Upper row: D � 1.05; middle row: D � 1.45, bottom row: D � 1.76.
(a) Synthetic seismicity distribution, number of M �3 per year in 5 � 5 km2, square:
grid of sites (180 km � 180 km, every 5 km). (b) Impact of uniform hypothesis on
probabilistic hazard (T � 475 yr), see equation (1). (c) Corresponding distribution of
impacts.

could have been used because we deal here with synthetic
data. When the seismicity is distributed uniformly, the re-
sulting peak ground acceleration (PGA) is 0.29g at 475 yr,
which corresponds to sites of highest seismic hazard in coun-
tries like France or Germany. However, the results of this
study do not depend on absolute values because impacts
correspond to a normalized difference with respect to the
uniform hazard value.

Results for Example Fractal Distributions

Examples of impact estimation are displayed in Figure 1
for three synthetic seismicity distributions characterized by

three different D-values (1.05, 1.45, and 1.76, left column).
Corresponding impacts on hazard are displayed at the site
locations (center column); sites are selected far enough from
the border to avoid boundary effect in the hazard estimation.
As expected, the spatial pattern of the impact estimates is
strongly linked to the spatial distribution of the seismicity.
The impact distribution (Fig. 1c) can be considered as the
uncertainty distribution for hazard, which characterizes the
error resulting from the assumption of uniform seismicity
for the complete source zone in an integral way. In this ex-
ample, a D-value of 1.05 leads to impacts on hazard taking
values between �100% and �100%. A D-value of 1.45
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Figure 2. Impacts of the spatial uniform distribution of seismicity on probabilistic
hazard. (a) Results at 475 yr; crosses, percentiles 15% and 85% of distributions from
30 runs per D-value; curves, mean percentiles computed over 0.1 interval. (b) Percen-
tiles 15% and 85% at 475, 104, and 105 yr; the thicker the line the longer the return
period. (c) Medians of impact distributions.

leads to a narrower distribution of impacts: values between
�50% and �75%. This distribution is rather bimodal; there
are two categories of sites, either close/far to the high-
seismicity densities. A D-value of 1.76 leads to an even nar-
rower impact distribution, with values between �25% and
45%. As expected, the closer the “true” distribution is to a
uniform distribution, the lower are the impacts of the uni-
form assumption in space. The aim here is to quantify such
impacts.

Impact on Probabilistic Hazard Versus D-Value
of Source Zones

The idea here is to correlate the D-value of the source
zone to values quantifying the impact of assuming uniform
spatial distributions on hazard. Probabilistic hazard is com-
puted for three return periods: 475 yr (the return period of
interest for conventional building regulation), 104 and 105 yr
(return periods of interest for special sites such as nuclear
power plants).

For a fixed theoretical D-value, different spatial patterns
and slightly different computed D-values may result. Im-
pacts are determined for 30 runs per theoretical D-value (cor-
responding to 30 values in the interval [Dtheory�0.1 Dtheory

�0.1]). To characterize each distribution, the percentiles
15% and 85% are selected. Figure 2a displays calculated
percentiles versus calculated D-values for the return period
475 yr. Subsequently, for each percentile, mean values are
determined within a 0.1 interval. The results confirm that the
impact distribution narrows and percentiles tend to zero
when the D-value increases. If the real seismicity embedded
in an areal source zone is distributed along a line (D � 1.2),
the uniform assumption in space implies an increase of the
hazard of up to 70% for the 85% percentile (or a decrease

of up to 40% for the 15% percentile). Whereas if the seis-
micity is more diffuse and characterized by a fractal D-value
of 1.6, then the uniform assumption leads to an increase of
hazard values of up to 25%, again for the 85% percentile.

Considering longer return periods (104 and 105 yr),
similar results are observed, with a narrowing of the impact
distribution around zero with increasing values of D
(Fig. 2b). Medians are also displayed for the three return
periods (Fig. 2c) showing that whatever the clustering of the
seismicity, sites where the uniform distribution of seismicity
results in an increase of hazard are more numerous than sites
where it results in a decrease. Thus, the uniform distribution
of seismicity within a large areal source zone tends to lead
to an overestimation of hazard. Note that an increase of the
return period leads to an even stronger overestimation: the
percentiles shift to higher values.

Application to Two Regions: According to D, What
Is the Uncertainty on Hazard?

Now we want to quantify the impact of using homo-
geneous source zones in real cases. For that, we evaluate in
the following the D-value for two exemplary regions: the
Alps at the border between France and Italy, and the Lower
Rhine Embayment close to Cologne, Germany.

In the Alps, D-values are computed from the instru-
mental LDG catalog (homogeneous magnitude ML; Labor-
atoire de Détection et de Géophysique, Bruyères-le-Châtel,
Nicolas et al., 1998). All earthquakes of M �3.0 are taken
into account during the period 1975–1999. For the Lower
Rhine Area, D-values are computed from the instrumental
part of the German catalog (Leydecker, 2004). All earth-
quakes of M �2.5 during the period 1975–2004 are in-
cluded. In both cases, other combinations of minimum mag-
nitude of completeness and time periods have been tested,
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Figure 3. Application in the Lower Rhine Embayment. (a) Mapping of D: for each
grid point, all earthquakes M �2.5 closer than 70 km to the grid point are taken into
account, D is computed from the correlation integral over the range 8–50 km; dashed
lines define the seismotectonic source zone “Lower Rhine area” (zoning by Leydecker
and Aichele, 1998). (b) Misfit (norm of residuals, least square), only D-values with
DD � 0.1 are displayed.

showing that the D-value estimates are rather stable. As
depth determinations bear large uncertainties, distances are
estimated in two dimensions only.

A spatial mapping of the D-value is performed. A grid
of 0.1� � 0.1� is defined over the study region, and for each
grid point, the D-value is computed using all earthquakes
falling inside a circle with a fixed radius (70 km). The dis-
tance range used is 8–50 km; the minimum distance must be
higher than the uncertainty on epicentral location. Results
(Figs. 3 and 4) are displayed only if the number of events
used is higher than 40 and if the misfit on the D-value, DD,
is lower than 0.1 (least square, norm of residuals). In the
Lower Rhine area, the D-value ranges between 1.2 and 1.4,
whereas in the Alps the D-values range between 1.2 and 1.6.
Note that a previous study by Sue et al. (2002) computed
the D-value inside two seismic arcs located in the Western
Alps. They used a different seismicity catalog and different
magnitude ranges; in two dimensions they obtained D-
values of 1.38 � 0.05 and 1.4 � 0.04, which are within the
interval obtained in this study.

Seismotectonic zonings used in seismic-hazard studies
both in Germany (Leydecker and Aichele, 1998) and in
France (Autran et al., 1998) are superimposed on the D-
value mapping. The Lower Rhine area is roughly character-
ized by a D-value between 1.2 and 1.4; based on the corre-
lation established from synthetics, such fractal dimension
indicates an overestimation of hazard inside the source of up
to 70% at the 85% percentile, at 475 yr (Fig. 5). In France,
considering for example the source zone located between
44.2–45� latitude and 6.3–7.0� longitude, the D-value re-
flects a more diffuse seismicity (1.4 � D � 1.6). This D-
value indicates up to a 50% increase of hazard (at the 85%

percentile) for a site located inside the source zone, when
assuming a uniform distribution of seismicity inside the
source zone.

Note that the D-values rely on instrumental earthquakes
only (i.e., recent time periods and predominance of low mag-
nitudes). We have tried to include historical earthquakes in
the fractal analysis, but doing this leads to too-low numbers
of events to establish correlation integrals. Indeed, taking
into account longer time periods (earthquakes prior to the sev-
enties) implies increasing the minimum magnitude for com-
pleteness reasons, thus decreasing strongly the total number
of events. Therefore, we cannot prove the time stability and
magnitude independence of the spatial distribution. How-
ever, this assumption seems to be justified by numerous
observations showing that fault networks (and therefore
earthquakes locations) are self-similar (Turcotte, 1997).

Conclusions

In all probabilistic seismic-hazard studies performed in
low-seismicity regions, most seismic sources identified are
areal zones, because of the large difficulties in identifying
active faults. Recurrence inside the source zone is usually
modeled by a Gutenberg–Richter relation calculated from
the subcatalog of the zone, and the seismicity rates are uni-
formly distributed over the source zone for the probabilistic
computation. In this study, we show that the impact of the
latter assumption can be estimated from the D-value of the
region of interest. For that, we generate fractal spatial seis-
micity distributions changing from highly clustered to dif-
fuse characteristics. For each distribution, the impact on haz-
ard of assuming a uniform distribution of the seismicity is
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Figure 4. Application in the Alps. (a) Mapping of D: for each grid point, all earth-
quakes M �3.0 closer than 70 km to the grid point are taken into account, D is com-
puted from the correlation integral over the range 8–50 km; dashed lines define the
seismotectonic source zones (zoning by Autran et al., 1998). (b) Misfit, only D-values
with DD � 0.1 are displayed.

Figure 5. Deduction of the impact of the uniform
distribution of seismicity on the probabilistic hazard.
Example for a source zone displaying D-values
around 1.4–1.6. Lines: percentiles 15% and 85% at
475, 104, and 105 yr; the thicker the line the longer
the return period (see legend of Fig. 2).

quantified by comparing the “true” hazard with the uniform
hazard value. The results show that, if minimum and maxi-
mum bounds for the fractal D-value can be estimated for a
region, the uncertainties on probabilistic hazard due to the
uniform hypothesis in space can be bounded accordingly. A
correlation between the impacts on hazard and the D-values
of the source zones is derived, showing that a uniform dis-
tribution of seismicity inside an areal source zone leads on
average to conservative hazard estimates. Applying the ap-
proach in the Alps and in the Lower Rhine area yields an
overestimation of the probabilistic hazard of up to 70% for
the 85% percentile (475 yr). The effect is even stronger for
longer return periods. More realistic and reliable hazard es-
timates would be obtained if active faults could be identi-
fied, which would require longer instrumental catalogs and
more multidisciplinary studies (e.g., geophysical, paleoseis-
mological, historical) in low-seismicity countries such as
France or Germany. In the meantime, our results are allow-
ing an adequate correction of systematic errors as well as
the incorporation of realistic uncertainty bounds for hazard
assessment.
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