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How to estimate the Green’s function of a heterogeneous medium between
two passive sensors? Application to acoustic waves
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The exact Green'’s function of a heterogeneous medium can be retrieved from the crosscorrelation
of the fields received by two passive sensors. We propose a physical interpretation based on
time-reversal symmetry. We address the issue of causality and show the role of multiple scattering
for the reconstruction of the Green’s function. Ultrasonic experimental results are presented to
illustrate the argument. Applications to geophysics and ocean acoustics are discussaD3 ©
American Institute of Physics[DOI: 10.1063/1.1617373

In most applications of wave physié¢gnaging, detec- with f(t)=e(t)®e(—t). A physical argument based on
tion, communicatiop it is essential to know the Green’s time-reversalTR) symmetry indicates that the direct Gkg
function (GF) of the medium under investigation. When pos- may be entirely recovered from,g.
sible, the GFor impulse respongéh g between two points As long as the medium does not move, the propagation
A and B is determined by a direct pulse/echo measuremenis reciprocal, i.e.h;(t)=h;(t). So when we crosscorrelate
Recent resulfs® exploited an other idea: when A and B are the impulse responses received in A and B, the resyi{(G
both passive sensorBag can be recovered from the cross- is also equal tdca(—t) ® hge(t). Now, imagine that we do
correlation of the fields received in A and B, the wave fielda fictitious TR experiment: A sends a pulse, C records the
being generated either by deterministic sources or by randofpulse responsbca(t), time reverses it and sends it back;
noise. In a closed reverberant medfumathematical argu- the resulting wave field observed in B would then tne,
ments were given, based on a dlsqrete random moda.I expap=t) g hge(t) which, because of reciprocity, is exactly the
sion. An ensemble-averaged GF is fundamentally differentross._correlation gy(t) of the impulse responses received in
from the actual GF of one realization of disorder. We pro- A and B when C sends a pulse. We would like the G to
pose a simple physical interpretation of the emergence of thg, a1 in this crosscorrelation. But in the most general case,
exact GF in the correlations based on rempromt_y, with nocAB has no reason to be equal figg. Yet we can go be-
reference to a random modal expansion. We particularly a%ond: imagine now that we use several points C, and that we

dressl tV_VO |sbsue$1) Pr;]ysmally, ;[.hT dGFhAB IS C;!JSZL blét Itahe place them in such a way that they fornperfectTR device:
correlation between the wave fields received in Aand B mayy, ., \yoy1d be the case if the sources C were continuously

be noncausal, therefore, should one keep the causal part, t Rtributed on a surface surrounding A, B, and the heteroge-

. . . "
?zr;ulcnagiailnﬁirrtngz]gr:iocuosrrrﬂzgfunrh O\r/vrt:g':hist(t)hzstlom-scatneities of the(losslesy medium. Then a TR operation would
tering in the reconstruction of the GF from field—field corre- be perfect. During the *forward” step, at time=0 A sends a

lations? We also present experimental results to support ﬂ%ulse that propagates evc_arywr_lere in the medjimaluding
argument In B where the field received iBag(t)], may be scattered

To begin with, let us consider two receiving points A and many times and is eventually recorded on every point C,
B and a source C. We will notie,,(t) the scalar wave field with no loss of energy. After the TR, the wave should exactly
sensed in | when a Diraé(t) isIJsent byd. If e(t) is the 90 backwards: it should hit B first and refocus on A at time

excitation function in C, then the wave fields, and ¢g :8 .Wh'Ch ;:’n;r)]hes_tr:at tt::e tﬂeld recelveccji n B.it tlmfetsh
received in A and B will bee(t)@hac(t) and e(t) ) is exactlyhag(—1), the time-reversed version of the

®hge(t), ® representing convolution. The cross—correlationgF' Once the pfulse has :jechuse_d on A, it does nrc]Janop
Cag Of the fields received in A and B is then ( iverges agal_n rom A and gives rise, at tlmeﬁ)., to AB(.t) .
in B. If there is frequency-dependent attenuation, TR invari-

ance is broken but reciprocity still holds: a TR operation

CAB(I)ZJ da(t+0)pg(0)do would only yield a filtered version dfixg(t). Thus the im-
pulse responsk,g(t) can be retrieved from either the causal
=hac(—t)®hgc(t) @ (1) (t>0) or the anticausal part€0) of the sum of field—field

correlations Gg(t), provided that the sources C are placed

aAuthor to whom correspondence should be addressed; electronic maif© that theY_WOL”d form a perfect TR device._ _
arnaud.derode@espci.fr In real life, whatever the type of waves involved, this
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FIG. 1. Experimental setufm). The receiver A is fixed at the origin, the
experiment is done for various position of B ranging frag=—50 mm,
yg=—15 mm toxg=50 mm,yz=15 mm. Twenty-one sources C are used
(size: 0.39 mm, pitch: 0.42 mm, frequency 3.1 MHEhe distance between
A and C is 35 cm(b) Wave form received by A when a s pulse is sent
by one of the sources.
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condition is hard to meet. In seismology for instance the
displacement field at the earth surface is recorded by seismic
stations(A,B) but the source¢C) of the earthquakes are far
from being arranged as a perfect TR device, they are mostlyiG. 2. Cross-correlation gG(t) for: (a) 1 sourcexg=—50 mm,yg=—5
aligned along faults. Yet the elastic GF can be partially re-mm;(b) 21 sourcestg=—50 mm,yg=—5 mm;(c) 21 sources(g=50 mm,
trieved using correlations of the late seismic codas producefp™ "2 MM (d) 21 sourcesxg=25 mm,yz=15 mm.
by distant earthquakéswWhy is this possible when the TR
criterion is not fulfilled? A laboratory experiment can help usent position of B[Fig. 2(c)], Cag(t) shows a peak at time
find an answer and shed light on the role played by multiple =—33.35us, theoppositeof the expected travel time. And
scatteringFig. 1). Piezoelectric transducefA,B) record the  for a third position of B Fig. 2(d)], even with 21 sources, the
wavefields generated by 21 ultrasonic sources C successiveGF does not emerge inag(t). So it appears that the Gat
firing a broadband pulsél us, central frequency 3.1 MHz  least its first arrival can indeed be recognized in the corre-
The experiment takes place in water tankc ( lation Cyg(t), but only at certain timegausal or anticausal
=1.5 mmjus), and a scattering slab is placed between thend for certain positions of B relatively to A. Why is that?
sources and the receivers. It is made of randomly distributed The TR analogy gives the answer: for this particular
steel rods (29.5 rods/@)1 the transport mean-free path* setup, in a fictitious TR experiment where A would be the
was measured to be 3 mm, while the thickness of the slab isource and the 21 C pointsfiaite-sizeTR device, the time-
L =30 mm, the medium is therefore highly scattering as cameversed pulse would hit B at timés:0 only if B is between
be seen from the waveform plotted on Figbjl Frequency- A and C(i.e.,xg>0), and at times>0 only if it is behind A
dependent dissipation is negligible. The experiment is re{xg<<0). Consequently, when one crosscorrelates two wave
peated for various positions of the second receiver B, eacfields in order to reconstruct the GF of an unknown medium,
time we crosscorrelate the 21 pairs of fields received in Aone has to know the location of the receivers relatively to the
and in B. Gg(t) is calculated by summing the 21 crosscor-sources and to the scatterers in order to keep only the rel-
relations. evant part of Gg(t).
The coherent field is totally extinct in the received wave It also appears thdtt,g cannot be properly reconstructed
forms hag andhac. SincelL>¢*, the correlation length of for any position of B, as was shown on Figd® Figure 3
the field emerging from the slab isA/2, and from the Van compares ¢g(t) to the theoretical travel times for 61 posi-
Cittert—Zernike theorem the fields sensed in A and B ardions of B (xg=—50 mm, yg=—15 to 15 mm), with and
spatially incoherent since the transverse size of the slab is 2Bithout the rods: the curvature of the GF emerges only in the
cm while the distance between B and the slab varies betwedonrmer case. This emphasizes the role of multiple scattering:
15 and 25 cm. the region for which the arrival time is well retrieved is much
Here, the GF between A and B is a well-defined pulsesmaller in a homogeneous mediumaten than through the
arriving at time|AB|/c, followed later by lower reflections forest of rods. This too can be interpreted via the TR anal-
on the rods. The experimental results show that the emepgy: a TR experiment works bettémeaning that it recon-
gence of the GF from £(t) highly depends on the position structs better the “initial sceng”through a multiple scatter-
of B, and on the number of sources employed. With only onéng mediun than in a homogeneous mediutrere the initial
source Fig. 2(a)] Cag(t) is too noisy to see the emergence of scene would be the propagation of a spherical pulse emitted
the GF. But at the same point B, with 21 sourEm. 2(b)] by A).
instead of one, ¢x(t) shows a strong peak at time=33.5 In our experiment, there is no statistical average over

us, which is exactly the travel tim@B|/c. Yet for a differ-  disorder. The only average is an average over the sources,
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15 M 'f A sources it is possible to estimgte at Iegst th_e f_irst arrival of the
10 3 0‘0'0 G_F, not everyyvhere at every time but_m a I|m|ted_ area whose
5 ,9.0@ size is larger in the presence of multiple scattering.
£ s’ V7 These results can be extrapolated to various applications
Eo A\ (2) of wave physics, e.g., ocean acoustios seismology. When
> 5 0;\" an earthquake occurs, seismograms can show a long coda
10 ~'\:0\$ & due to multiple scattering in the Earth’s crust. It was recently
\,«\Q\ showr? that the crosscorrelation of coda waves received on
-15 3 3 3 35 two seismic station$A,B), averaged over a hundred earth-
Hs quakes(i.e., sources § exhibited a pulse arriving at the
15 AR same time and with the same polarization as a direct Ray-
10 leigh wave that would travel from A to B. In future develop-
5 7 ments, since the epicenter of earthquakes can be known, it
‘E‘ 0 ® would t_)e possible to determine whether it is the pausal part,
= the anticausal part or both that have to be taken into account
-5 XN in order to have a better estimation of the GF. A more de-
-10 % tailed .publlcatlt')n on this subject is on hand. .The prospects
5 are wlde: the idea dgveloped here are appllcable' to every
32 33 us 34 35 domain of wave physics where one can measure directly the

field (amplitude and phase, not only the intensiand per-

FIG. 3. Cross-correlation () for 21 sources, the position of B is form a crosscorrelation. Acoustic, elastic, or even radio
Xg=—50 mm,yg ranging from—15 to 15 mm, with(a) and without(b) the  waves could be employed. Whatever the type of waves, the
multiple scattering slab. The thick line shows the theoretical arrival time ofTR analogy provides an e|egam way to interpret the emer-

the GF. It is properly reconstructdédithin 0.05 us, which is the sampling . .
time) in an angular sector of 28° with the multiple scattering slab, vs only gegence of the GF from the correlation of the fields.

in water. . .
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