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Energy Partition and Attenuation of Regional Phases

by Random Free Surface

by Li-Yun Fu, Ru-Shan Wu, and Michel Campillo

Abstract The earth’s topography is generally rough at various scales. Numerical
simulation techniques are used in this study to investigate the energy attenuation of
regional phases across a randomly rough topography. We demonstrate a clear statis-
tical correlation of the distance-dependent energy distribution with path topographic
properties parameterized by the surface correlation length a and the surface root-
mean-square height r. Numerical experiments show that interference of randomly
scattered waves by topography can cause regional wave amplitude undergoing strong
variations. The topographic-scattering-driven energy distribution over a long distance
is usually characteristic of an attenuation trend on the long distance scale, accom-
panied by amplitude fluctuations on the smaller distance scale. Total energy atten-
uation can be divided into large-scale and small-scale components that are correlated,
respectively, in quite different manners, with along-path topographic statistics. On
the one hand, the small-scale energy component is strongly related to the near-
receiver topographic geometry. It has a striking similarity to the corresponding to-
pographic curve. The spatial fluctuation of the small-scale component depends on a,
whereas its amplitude amplification/deamplification is mainly related to r, wave-
length, and local incident angles. On the other hand, the large-scale component of
energy curve, described by a scattering Q, demonstrates a scale-dependent relation
with topographic statistics. A two-step analysis method is presented to evaluate the
mantle leakage loss due to topographic scattering. The resultant topographic scatter-
ing Q is comparable with some observations with Q measured as a mean value in
the crust. In summary, the study suggests the concept that topographic scattering
might be a powerful mechanism to attenuate regional waves.

Introduction

Rugged topography and its statistical characteristics, as
traces of the past tectonic processes and physiographic evo-
lution of the earth surface, have a significant influence on
the data interpretation of ground motion and regional phases.
The free-surface stochastic fluctuations of all scales function
as a highly lateral heterogeneity of the crust, with wave-
length-scale variations in wave scattering existing at differ-
ent levels of roughness of the earth surface in different tec-
tonic regions. Forward and back multiple scatterings by
rugged topographies along the path of regional phases tend
to remove some energy from the guided waves and cause
the decay of wave-guide energy (Fu and Wu, 2001). At pres-
ent, however, we still lack a convincing explanation for at-
tribution of the topographic scattering to the attenuation of
regional phases. In this study, more quantitative assessment
of the topographic effects will be conducted by studying the
close relation of the statistical characteristics of random free
surface and its scattering attenuation to regional waves.

With the extensive publications in seismology, the scat-

tering effects from small-scale and large-scale crustal hetero-
geneities on seismic-wave propagation are well explained.
Wave scattering from rough surface has been another major
subject of a large number of research articles, both theoreti-
cal and experimental. The effects of the near-source topo-
graphic scattering were estimated from teleseismic P waves
propagating through a 2D surface topography (McLaughlin
and Jih, 1988) and a 3D topographic scarp (Frankel and
Leith, 1992). In comparison with the near-source topo-
graphic effects, regional phases are more affected by path
topographic properties and the near-receiver topographic ge-
ometry. Bouchon et al. (1996) gave a comprehensive review
of studies of the topographic effects on seismic waves. They
concluded that the topographic scattering is an important
source of seismic coda and the large amplification of ground
motion often occurs near the top of a hill or mountain along
the crest of a ridge. As illustrated with simple model tests
(Jih, 1996), Lg propagation is not affected by a moderate
free-surface topography alone as much as other types of
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heterogeneity because the surface topography variations are
generally small relative to the crustal thickness. It is very
different from the cause of Rg for which the rough free sur-
face is shown to be a strong scatterer because Rg energy is
confined in the uppermost layer. In comparison with the
crustal thickness, the effects of topographic scattering on Lg
or Rg may be more related to the ratio of scatterer size to
wavelength. We conducted numerical modeling tests with
from simple to complex models and found that a moderate
topography generally produces more forward coherent scat-
tering and less backscattering, whereas a rugged topography
can form strong forward diffuse scattering and back multi-
scattering. The topographic scattering is also relative to the
incident angle at which Rg is different from Lg waves. Lg
waves are multiple reflected within the crust and incident on
the Moho at an angle more grazing than the critical angle.

The observations of path effects on Lg propagation in
different geological and geophysical environments have
shown some evidence for the sensitivity of Lg to topographic
properties. Baumgardt (1990) observed that the near-surface
sediment-thickness variations caused by the surface eleva-
tions appear to be more important in attenuating Lg propa-
gation than do the crustal thickness variations. Recent stud-
ies have shown that regional phase amplitude ratios seem to
correlate strongly with the along-path topographic statistics
in the Western United States (Zhang et al., 1996), western
China (Fan and Lay, 1998; Hartse et al., 1998), Alibek,
Turkmenistan (ABKT) (Rodgers et al., 1997), and Eurasia
(Zhang and Lay, 1994), especially for the components at
frequencies greater than 3 Hz in some paths in central Eur-
asia (Baumgardt and Der, 1994). On the one hand, some
plateaus consist of a series of mountain belts in close prox-
imity to each other, which presents a small-scale varying
rough topography ranging a great extent. The topography
can progressively scatter and attenuate regional phases, de-
pending on its statistical characteristics. For example Lg
propagates efficiently across Turkey, Iran, and adjacent re-
gions, but the Lg waves that cross the Turkish and Iranian
plateaus are weak and have relatively long predominant pe-
riods of about 2–5 sec (Kadinsky-Cade et al., 1981). On the
other hand, the large-scale varying topography as a mani-
festation of the varying crustal thickness in some continental
areas has been observed to block Lg phases, as for the Ti-
betan plateau (Ruzaikin et al., 1977; Ni and Barazangi,
1983) and near the Alpine Mountains (Campillo et al.,
1993). Investigations by McNamara et al., (1996) showed
that for paths entirely within the Tibetan Plateau, Lg prop-
agates efficiently, whereas for events located outside of the
Plateau, Lg is either absent or severely diminished when
across both the Himalayan and Kunlun ranges. That is, the
margins of the Plateau weaken Lg transmission. Theoretical
studies of Lg propagation conducted by Kennett (1986),
Campillo (1987), and Maupin (1989) confirmed that the
large-scale lateral changes in crustal discontinuities and
crustal thickness strongly affect regional phases. The above
review of previous studies suggests that scattering by dra-

matic lateral variations of the topography-Moho large-scale
structures combined with the small-scale rough topography
may play a prominent role among the causes for the regional
wave attenuation and blockage. So far, however, the clear
delineation, even a preliminary appraisal of topographic ef-
fects on regional phases, has not been given because of the
complexity of the problem.

In this study, the boundary-element (BE) numerical
technique is modified for long-distance propagation simu-
lation in order to explore the spatial attenuation and energy
partition of regional phases across a randomly rough topog-
raphy. We seek to characterize the correlation of the dis-
tance-dependent energy distribution of regional phases with
path properties parameterized in terms of topographic rough-
ness. This correction may help us define the contribution of
topographic scattering to regional wave attenuation. We first
briefly summarize the numerical simulation technique used
in this study, demonstrate a clear statistical correlation of
topographic scattering characteristics with along-path topo-
graphic statistics, and finally, discuss the Lg-energy attenu-
ation by random topography. A numerical experiment shows
that interference of randomly scattered waves by topography
can cause regional wave amplitude undergoing strong vari-
ations. Total energy attenuation by topographic scattering is
clearly divided into large-scale and small-scale components
correlated respectively in quite different manners with
along-path topographic statistics. This study provides insight
into the calibration of regional discriminants for path effects
in terms of observable surface topography.

Methodology

Lg energy consists of shear waves that are reflected su-
percritically between the topography and the Moho and
therefore trapped in the crust. Four problems associated with
the Lg-propagation simulation have been recognized: large-
scale lateral crustal variations, small-scale heterogeneities in
the crust, computations with higher frequencies, and far re-
gional propagation distances. Analytical solutions can give
insight into wave-propagation phenomena but are only ap-
plicable to very simple models. Complex geological models
can be generally solved by finite-difference and finite-
element methods that, however, are time-consuming and
also lack an analytical guideline for propagation phenomena.
Several efficient semianalytical, seminumerical methods
have been designed to simulate the Lg propagation, for in-
stance, the discrete wavenumber decomposition (Bouchon,
1982), the coupled mode method (Kennett, 1984, 1998), the
global generalized reflection/transmission matrices method
(Chen, 1995), and the BE method (Gibson and Campillo,
1994). These methods, however, are restricted to lower fre-
quencies for Lg simulation at regional distances. To reduce
computation time for Lg simulation, Wu et al. (1996, 2000a)
introduce a one-way, half-space generalized screen propa-
gator (GSP) for modeling the main characteristics of Lg in
smoothly varying heterogeneous crustal waveguides. The
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Figure 1. Geometry of the problem. The free sur-
face and Moho interface have arbitrary shape.

method has been extended to handle mild topographies (Wu
et al., 1999). A hybrid method of BE and GSP for a 2D SH
problem (Fu and Wu, 2001) has been developed to study the
combined effects of both rough topography and heteroge-
neous media on Lg propagation. In the hybrid scheme, the
time-consuming BE method can be used to handle all scat-
terings reverberated inside the rugged free-surface structure,
whereas the large volume of moderately heterogeneous me-
dia can be modeled by the GSP method.

In this study, we use the BE method to investigate the
topographic scattering effects on regional wave propagation.
The method can handle multiple scatterings by rough topog-
raphies. The traction-free condition for rugged free surface
is easy and natural to treat in an accurate and stable manner.
The direct BE method has been widely used due to the ex-
plicit meaning of the unknowns in the formulation (e.g.,
Wong and Jennings, 1975; Dravinski, 1982; Fu and Mu,
1994), whereas the indirect method formulates problems in
terms of force or force moment boundary densities (e.g.,
Sanchez-Sesma and Campillo, 1991). In this section, the di-
rect BE method and its modification for long-distance prop-
agation are briefly described. Consider 2D steady state SH-
wave propagation in a homogenous region X0 bounded by
a rough free surface C0 and an irregular Moho interface C1.
Figure 1 depicts the geometry of the problem. The antiplane
displacement u(r) at a location r in the domain X0 satisfies
the steady-state boundary integral equation

�
C(r)u(r) � u(r�) G(r,r�)��

C �n
� 0� G(r,r�) u(r�) dr� � u (r), (1)��n

where the boundary C � C0 � C1, the coefficient C(r) is
equal either to 1.0 for the location r inside X0 or depends
on the local geometry at r for the location r on C, G(r,r�) is
the free-space Green’s function for the homogeneous media,
�/�n denotes differentiation with respect to the outward nor-
mal of the boundary C, and u0 (r) is incident field. For the
presence of a point source located at r0 inside X0, it can be
expressed by u0(r) � S(x)G(r,r0), where S(x) is the source
spectrum. Applied to topography with the traction-free con-
dition, equation (1) is reduced to

�
C(r)u(r) � u(r�) G(r,r�)dr��

C �n0

�
� u(r�) G(r,r�) (2)� �

C �n1

� 0� G(r,r�) u(r�) dr� � u (r).��n

For SH-wave propagation in X1 bounded by the Moho C1

and an infinite boundary, we have the boundary integral
equation with the following form

�
C(r)u(r) � u(r�) G(r,r�)dr��

C �nt

�
� G(r,r�) u(r�)dr�. (3)�

C �n1

The numerical implementation of the BE method is per-
formed in the frequency domain. Because the Green’s inte-
gral equation formulations enjoy a unique advantage in de-
fining domains extending to infinity, the exterior ends of the
interfaces in the model can be handled using an infinite
boundary element absorbing boundary technique (Fu and
Wu, 2000). Equation (3) is approximated by boundary ele-
ments respectively in each X0 and X1 and transformed into
a simultaneous system of linear equations using the follow-
ing boundary conditions of continuity for displacements and
stresses across the Moho interface:

u � u1 2

, (4)�u �u1 2�l � l1 2�n �n

where l is the shear modulus, u1 and u2 are the displace-
ments, above and below the Moho interface, respectively.
The boundary integral representation in equation (3) makes
it convenient to compute the observation field scattered from
either the topography or the Moho. We can also divide the
model into several subregions. The composite observation
fields can be represented as a summation of integrals over
the subregions, by which we can split up the observation
fields into different parts that are contributed from different
subregions of the model, particularly separating topographic
scattering from the overall observation field in the crustal
wave guide.

The BE formulations generally give rise to a large sys-
tem of equations for Lg simulation. Because the considerable
amount of matrix operations are involved and the matrix for
each frequency component must be inverted, the BE method
is computationally intensive at high frequencies. The nu-
merical burden of this method can be circumvented with the
use of (1) a variable element dimension technique (Fu,
1996), in which the element dimension for each frequency
is computed according to the medium velocity and the fre-
quency and the model is then automatically discretized; and
(2) a threshold criterion (Bouchon et al., 1995) to invalidate
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Figure 2. Comparison of results to exact solution
for a semicircular canyon topography with 60� inci-
dent SH wave for various dimensionless frequencies
g. The solid lines denote our results, and the dotted
lines denote the exact solutions (Trifunac, 1973).
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Figure 3. Snapshots of SH waves passing a ho-
mogeneous wave guide with a randomly rough free
surface of the surface rms height r � 2.5 km. The
source depth is 2.0 km, and the wave-guide thickness
is 20 km. Seismograms are computed in the frequency
range of 0–2 Hz.

very small entries in the coefficient matrix in terms of the
significant spatial decay of Green’s functions at far regional
propagation distances.

For an event at far regional distance up to several thou-
sand kilometers, the BE method can be used section by sec-
tion, with the output of previous section as the input to the
next section in order to complete the entire crustal wave
guide computation. A boundary connection technique (Fu
and Wu, 2001) has been developed to couple the fields cal-
culated in two adjoining sections. The division of sections
is based on the topographic features. The purpose is to min-
imize the possible multiple backscattering between sections
so that the transmission between sections can be treated by
one-way approximation. This section-by-section approach to
long regional wave guides leads to significant computational
savings in time and memory compared with taking the whole
wave guide as one section. It becomes a computationally
viable technique for practical Lg modeling.

Trifunac’s half-space semicircular canyon topography
of radius a0 is used to test the accuracy of the computation
program described previously. Trifunac (1973) gave the ex-
act solution in the frequency domain. Figure 2 shows the
comparison with good agreement between our results and
analytical solutions for 60� incident SH wave and for various
normalized frequencies g defined as g � 2a0/k, where k is
the wavelength. We can see some minor departures because
of the numerical approximation of element length to the arc
of the semicircular canyon. The second example shows, by

intuitional snapshots, the significant impact of rough random
free surface on the seismic response. The medium consid-
ered consists of a homogeneous crustal wave guide, 200 km
long and 20 km thick, overlaying a flat mantle half-space.
The root-mean-square (RMS) height of the random topog-
raphy is 2.5 km. The point source (Gaussian derivative func-
tion) is located on the left boundary at 2.0-km depth. The
snapshots shown in Figure 3, calculated at 25, 35, and 50
sec, respectively, demonstrate the development of mantle
wave and head wave, as well as the formation of crustal-
guided waves as repetitive reflections at both the free surface
and the Moho. The SH waves incident upon the free surface
and the Moho at an oblique angle can be divided into two
systems, one set off at the free surface and another off at the
Moho. These two systems of waves bounce back and forth
between the free surface and the Moho and will be confined
in the wave guide at a postcritical angle. These snapshots
demonstrate a clear onset with maximum amplitude in the
consecutive wavefronts. The bundle of repetitive reflections,
however, exhibits strong apparent attenuation due to the
scattering by rough topography. The strong diffuse scatter-
ing along the topographic surface depends on the surface
shape. The backscattering by local irregular topography
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Figure 5. A 32-km-thick crust model with the ran-
dom surfaces (Fig. 4) of r � 2.5 km and r � 0.5
km, respectively. The model is used to calculate en-
ergy distributions. The source function is a Gaussian
derivative with dominant frequency of 1.0 Hz and
computation frequency range 0.0–2.0 Hz.

Figure 4. Randomly rough surfaces of the same
correlation length (a � 4.0 km) but the different sur-
face rms height (r) of 2.5 km (thin line) and 0.5 km
(thick line).

tends to remove much energy from the guided wave, with a
large percentage leaking into the mantle and the rest con-
tributed to the coda along the wave train as time progresses.
In summary, the rough topography can increase energy dif-
fusion and complexity of regional wave propagation. It can
be expected that a rough surface topography with its scale
length close to the dominant wavelength will be very effi-
cient in attenuating regional waves.

Studies of the Effect Pattern of Along-Path
Topographic Statistics on Regional

Wave Propagation

Statistical Description of Rough Surfaces

The earth’s surface is generally rough with features ex-
hibiting a random heterogeneity on a wide variety of scales.
These scales, relative to the wavelength of incident waves,
are crucial in determining how energy is scattered. Beyond
the empirical description, the geometrical heterogeneities of
surface topography can be characterized by different statis-
tical parameters. Assuming the surface height distribution
function is h(r), where h is the height of the surface from
the reference surface and r is the position of points on the
reference surface. The rms height of the surface h(r) is then
defined as the standard deviation where � . . . �2r � �h ��
denotes the process of spatial averaging across the surface.
In this study, the surface is assumed spatially stationary and
ergodic, with its h(r) being zero mean (i.e., �h� � 0).

The roughness of the random surface height h(r) is de-
fined by its second moment, that is, the surface correlation
function, defined as C(r) � �h(r�)h(r� � r)�/r2, where r2

is simply the variance at a lag of r � 0 and used to normalize
the autocovariance �h(r�)h(r� � r)�. The normalized auto-
correlation function has the property that C(0) � 1, decaying
to zero as r increases. The shape of this decay depends on
the type of the surface, and the decay rate depends on the
correlation length, that is, the distance beyond which the
surface profile becomes uncorrelated. The Fourier transform
of the autocorrelation function is the roughness spectrum
that measures the height variation with spatial frequency for
a random surface. Much of the literature on wave scattering
from rough surface assumes that surface correlation func-
tions are Gaussian given by exp(�|r|2/a2) or exponential by
exp(�|r|/a), where a is the correlation length, a distance
over which the correlation function falls by 1/e. In practice,
rough surfaces often possess more than one correlation
length, especially for a long propagation distance over which
more than one geological process is responsible for forming
the path surface. In our computations, we use a standard
crustal waveguide with Vcrust � 3.5 km s�1, qcrust � 2.8 g
cm�3, Vmantle � 4.5 km s�1, and qmantle � 3.2 g cm�3, the
Moho interface at 32-km depth, and the source at 2.0-km
depth. The critical distance of crustal wave is around 90 km
for this wave guide. We only concentrate on the surface rms
height r and the surface correlation length a with an expo-

nential correlation function for the analysis of energy distri-
bution of regional waves.

Effects by the Surface RMS Height r

We first investigate how the surface rms height affects
wave scattering behavior and energy partition. Figure 4
shows two random topographies of the same correlation
length (a � 4.0 km) but different surface rms heights, one
with r � 2.5 km (thin line) and the other with r � 0.5 km
(thick line). These profiles show similar spatial variation pat-
tern but markedly different magnitude. We use them as the
surface profile, respectively, for the model in Figure 5 in the
computation and compare the numerical results. The wave
guide in Figure 5 has a homogeneous medium with a flat
Moho interface to exclude anelastic attenuation and scatter-
ing attenuation by volume heterogeneities. Synthetic seis-
mograms are calculated by the BE method at all discrete
points along the random free surface to produce an energy
profile versus distance. The energy loss of the guided wave
for this homogeneous wave guide is caused only by topo-
graphic scattering, geometrical attenuation, and leakage to
the mantle.

Figure 6 shows a comparison of total energy attenua-
tions for different surface profiles shown in Figure 4. Energy
computation is done by a summation of all frequency com-
ponents for each synthetic seismogram. The energy curves
are scaled in each simulation with respect to the first receiver
that is set at 0.0 km horizontally from the source. We use a
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Figure 6. Total energy distribution versus distance for the model in Figure 5 with
three different free surfaces: r � 2.5 km (solid line), r � 0.5 km (dash line), and r
� 0.0 km (dotted line), calculated by the BEM (thick line) and Born approximation
(thin line).

flat free surface as the reference wave guide for comparison.
We see that the reference energy profile (dotted line) is kept
basically constant after passing 80 km that is termed the
critical distance. From the figure, we see that the energy
attenuation curve for large r (thick solid line) is much
steeper and fluctuates much stronger than the curve of small
r (thick dash line). In contrast to deterministic intrinsic at-
tenuation, the scattering apparent attenuation from random
media is usually statistic in nature. That is, the trend of the
exponential decay of waves over a long distance is generally
accompanied by amplitude fluctuations on the smaller dis-
tance scales. From Figure 6, we see that for the small-scale
fluctuations, both the patterns r � 2.5 and r � 0.5 share
the similar variations at all bounce points because of their
same local topographic structures, whereas the difference
lies in magnitude. A following more-detailed discussion on
the small-scale fluctuations will show that the surface rms
height r mainly affects the fluctuation amplitude of an en-
ergy profile. We see that beyond a certain distance, the trend
for r � 2.5 decreases more rapidly, with the rate of decrease
depending on the value of r. The average slope of the energy
curve is largely related to the surface rms height and is used
for Q estimation of scattering attenuation.

Comparisons with Perturbation Approaches

We also compare the BE method with perturbation ap-
proaches to show the extent to which the perturbation theory
can be used for regional wave simulation. The thin solid and
thin dash lines in Figure 6 are computed using Born ap-
proximation for the surface profiles r � 2.5 and r � 0.5,
respectively. In our computations, the Born approximation
is only applied to the displacement on the free surface,
whereas the quantities (displacement and stress) on the
Moho interface are obtained by solving the matrix equation
associated with the crust and the mantle. For the rough sur-
face r � 2.5, the comparison between the thick solid (by
the BE method) and the thin solid (by the Born approxima-
tion) shows that the Born approximation greatly impairs the

large-scale energy component and therefore totally under-
estimates energy attenuation. The Born approximation, how-
ever, shares some characteristics in the small-scale compo-
nent with the BE method. For the gentle rough surface r �
0.5, the comparison between the thick dash (by the BE
method) and thin dash (by the Born approximation) dem-
onstrates that the Born approximation can model, to a large
degree, both the large-scale and small-scale components in
energy. However, the error in the small-scale component
increases rapidly with propagation distance, especially be-
yond 400 km where the energy fluctuations (by Born ap-
proximation) are obviously flattened.

Perturbation theory has been widely used in studies of
wave scattering from volume heterogeneities and irregular
surfaces. Kennett (1972) used Born theory approximation in
the propagator matrix formalism to model layer irregularity.
Perturbation methods generally assume a distant observation
from scattering points, small height of topographic irregu-
larity, and small topographic slope. Hudson et al. (1973)
studied the accuracy of perturbation theory applied to Ray-
leigh-wave scattering from triangular grooved surfaces and
demonstrated that the accuracy of the theory decreases as
the angle of incidence increases and as the slope angle in-
creases. It has often been suggested by numerous studies of
wave scattering from irregular surfaces that perturbation the-
ory is usually appropriate for slightly rough surfaces where
the scattered field is regarded as only slightly altered by the
presence of roughness. For regional phases, our study shows
that perturbation theory, though ignoring the effects of mul-
tiple scattering at a rough surface, can preserve the relative
variation in the small-scale energy components for a certain
distance. This may be the reason that some perturbation
methods can model waveforms to some degree within a cer-
tain propagation distance, even for moderate rough surfaces.
However, the decreasing accuracy by flattening fluctuations
is apparent as the propagation distance increases. The scat-
tering attenuation by rough surfaces is usually measured by
the average energy decay.
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Figure 7. Backscattering-energy distribution versus distance for the model in Figure 5
with two different free surfaces: r � 2.5 km (solid line) and r � 0.5 km (dash line),
calculated by the BEM (thick line) and Born approximation (thin line).

Backscattering Energy from Rough Surfaces

A major impetus to understand the detailed character-
istics of regional waves comes with efforts to unravel seis-
mic-coda waves. The generation of S-coda waves is believed
to be the backscattering by the heterogeneities in the litho-
sphere, which feeds shear-wave energy into the later parts
of the seismogram. Assuming the Born approximation, the
strength of backscattering can be analytically determined by
the mean square impedance perturbation of the medium
(Wu, 1985). More accurate calculation can be obtained using
energy transfer theory considering the effects of multiple
scattering (Sato and Fehler, 2000). For rough surfaces, we
lack reliable theoretical models for analytical evaluations of
the separate components: forward-scattering fields, back-
scattering fields, and Mantle waves. The integral represen-
tation for wave scattering defined in terms of the integrals
over the free surface and the Moho interface allows us to
use numerical methods for computing these components, re-
spectively.

Figure 7 shows the backscattering energy attenuation
versus distance calculated from backscattered seismograms
recorded at all discrete points along the random free surface.
The energy at a near-source receiver comes cumulatively
from the back propagation waves that are scattered from the
distant parts of the path. Therefore, a common feature of
these energy curves is the gradual reduction of backscattered
energy at increasing distance. This leads to a general reduc-
tion of the coda amplitude along the wave train as distance
progresses. It should be noted that much of the backscattered
energy leaks to the mantle (see Fig. 3). As was expected, the
backscattering response to the rough case r� 2.5 is stronger
than that of the gently rough case r � 0.5. The local-
irregularity-dependence of the small-scale energy compo-
nent is quite complicated, particularly for the rough surface
r � 2.5, whereas the large-scale component appears rela-
tively stable over distance. For a mild topography, the back-
scattered energy is weak, Lg energy loss is caused mainly
by forward diffusion scattering with large angles, and one-
way approximation to wave propagation can be applicable.
The Born approximation assumes that the wavefield on to-

pography equals the incident wave, neglecting the multiple
scatterings at the topography. This makes the backscattered
energy even stronger in this two-way wave equation simu-
lation. Therefore in Figure 7, we see that the Born approx-
imation overestimates backscattered energy for both cases
r � 2.5 and r � 0.5.

The Moho Leakage Loss

Backscattering only accounts for one part of Lg energy
loss; another part results from the Moho leakage attenuation.
The Moho leakage also removes some topography-scattered
waves out of the waveguide. Wu et al. (2000b) conducted
simulations for wave guides filled with random heteroge-
neities and showed that the leakage attenuation caused by
large-angle forescattering by random volume heterogeneities
is significant and may become the dominant attenuation
mechanism in some regions. Figure 8 shows the Moho leak-
age loss versus distance calculated from synthetic seismo-
grams observed at one-wavelength depth below the Moho
interface with 1.0-km apart horizontally. A glance at the fig-
ure shows a strong variation of energy leaking into the man-
tle arising at the crust-mantle interface up to the critical dis-
tance (�90 km). We see that beyond the critical distance,
the mantle energy for all cases remains approximately the
same order. This indicates that for Lg phases, the trapping
of shear energy is quite efficient, and even in the presence
of lateral heterogeneities, most of the energy can still be
trapped in the crust (Kennet, 1989). From Figure 8 we see
that due to the attenuation of the total crustal energy and the
geometric spreading along the wave guide, the Moho energy
is proportionally reduced. Because of the strong energy loss,
the leaked mantle energy decreases rapidly for the case of
r � 2.5. The crosspoint between r � 2.5 and r � 0.5 is
at the distance of 225 km. The Born approximation under-
estimates the Moho leakage for both cases r � 2.5 and
r � 0.5.

Effects of the Surface Correlation Length a

As one of two essential aspects to the nature of a random
rough surface, the surface correlation length a plays an im-
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Figure 10. Total energy distribution versus dis-
tance for the wave guides with different free surfaces
(see Fig. 11): a � 2.2 km (solid line), a � 22 km
(dash line), and a flat surface (dotted line), calculated
by the BEM in the frequency range of 0–4.0 Hz.

Figure 9. Rough surfaces of the same surface rms
height (r � 0.8 km) but different correlation length
of 2.2 km (thin line) and 22.0 km (thick line), re-
spectively.

Figure 8. Moho leakage loss versus distance for the model in Figure 5 with three
different free surfaces: r � 2.5 km (solid line), r � 0.5 km (dash line), and r � 0.0
km (dotted line), calculated by the BEM (thick line and dotted line) and Born approx-
imation (thin line).

portant role in affecting regional wave propagation. Figure
9 shows two random topographies, at 0.5-km spacing, of the
same surface rms height (r � 0.8) but different surface cor-
relation length, one with a � 2.2 (thin line) and another a
� 22 (thick line). The value of a carries information about
how far away different parts of the surface variations are still
correlated each other. The interval used to discretize a ran-
dom surface should be at least as small as one-tenth of the
correlation length so that the full random nature of the sur-
face can be measured (Ogilvy, 1991).

Synthetic seismograms for these two topographic pro-
files are calculated with a frequency range of about 0–4 Hz.
Figure 10 demonstrates how the surface-correlation length

a affects the topographic scattering behavior for regional
phases. These energy curves are not normalized in order to
show discrepancy among the curves in absolute values. The
solid line is for a � 2.2, the dash line is for a � 22, and
the dotted line is for the reference waveguide. From the
large-scale energy component, we see that the case of a �
2.2 is associated with stronger attenuation than a � 22. The
marked difference between these two cases is in the small-
scale component where the case a � 2.2 is characterized,
against the case of a � 22, by a small-magnitude, short-
wavelength roughness of the energy curve, as consistent
with its topographic profile (see the thin curve in Fig. 9).
The total energy profiles in Figure 10 are calculated includ-

ing both the coherent and diffuse components of the scat-
tered fields, where the diffuse component is scattered out of
the Lg window and contributed to Lg coda. Correlations
along the surface therefore affect scattering, particularly
when comparable to the dominant wavelength of incident
waves. The waves scattered from different parts of the sur-
face will be strongly correlated if their phase differences are
comparable with, or smaller than, the surface correlation
length. In general, the diffuse field becomes small if ka k

1 (Wu, 1982).

The Small-Scale and Large-Scale Components
of Wave-Train Energy

Approach to Modeling the Small-Scale Component

In general, topographic scattering is most significant
when the wavelength of the incident wave is comparable to
the scale of the roughness. Four models are calculated with
different Gaussian-type random topographies marked in Fig-
ure 11. Each total energy curve is decomposed into a small-
scale component (high-frequency fluctuations) and a large-
scale component (low-frequency tendency). Figure 11
shows the comparison between the random topographic
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Figure 11. Comparison between the topographic curve (solid line) and the small-
scale components (dotted line) of the corresponding energy profile. From top to bottom,
four topographic models are used with different roughness of the correlation length a
and the surface rms height r.

curve (solid line) and the small-scale component (dotted
line) of the computed total energy curve versus distance.

We see that for all the models, the small-scale energy
profiles show strong similarity with random topographic
curves. Especially for the upper three models, the fit of the
solid with the dotted lines is better than that in the bottom
model where the surface correlation length a increases to 22
km. The correlation between these two types of curves is
further depicted in Figure 12, where the cross-correlation
function between the topography curve and the small-scale
component of energy curve for each model is plotted as a
function of shift. The correlation coefficients for these four
cases presented in Figure 11 reach up to 0.766, 0.765, 0.706,
and 0.638, respectively. The reason for the bad fit in the
bottom model lies probably in the sensitivity of wavelength
to roughness scales, that is, the dominant frequency of the
source wavelet chosen for simulation appears to be much
smaller than the topographic scale. The contribution of to-
pographic scattering to the variation of energy curve comes
mainly from the wave-field component with its wavelength
comparable to the topographic scales.

Figure 11 also illustrates that rough surface structures

remove some energy from the specular direction and lead to
energy attenuation of regional phases. An important fact ex-
posed by the small-scale energy profile is that the construc-
tive/destructive interference in a local topographic structure
has a short range of action. The effect extends only to the
neighborhood of a number of surface-scattering points. Bou-
chon (1973) and Boor (1973) have noted that convex topo-
graphic features usually cause larger amplifications than
concave topography. The energy curves in Figure 11 show
that energy focusing occurs at the convex surfaces, while
energy defocusing occurs at the concave surfaces. Relating
individual variations in the energy curves in Figure 11 to the
local geometric features in the topographic curves reveals
the dependence of amplification on the ratios of height-to-
half-width of a convex. This amplification pattern was
clearly demonstrated by Bouchon et al. (1996). They used
a semianalytical, seminumerical method to investigate the
effect of a 3D hill on ground motion and confirmed that
amplification occurs near the top of the hill. Sensors in the
summit area of convex topography will detect prominent
arrivals due to the scattered energy trapped within the hills.
Topographic amplification, sometimes quite big, is consid-
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Figure 12. Cross-correlation function of the topographic curve with the small-scale
energy components, plotted as a function of separation. Four graphs with different
roughness parameters (a and r) correspond to those presented on Figure 11.

erably complex and hard to estimate from the information
of topographic geometry (see Fig. 11). The evaluation of
amplification has been conducted by many researchers (e.g.,
Sauchez-Sesma and Campillo, 1993) for relatively simple
topographies. For arbitrarily irregular topographies, the level
of amplification may be statistically estimated, as implied by
this study. The numerical calculations, however, often sys-
tematically underestimate the actual amplifications observed
in the field (e.g., Geli et al., 1988). Amplification is currently
assumed to depend on the ratios of height-to-half-width of
a hill and the local angles of incidence. The two factors,
however, for a rough surface, will vary along the surface,
depending on the local surface gradient.

Approach to Modeling the Large-Scale Component

If topographic properties are described by statistical ap-
proaches, the scattered field from a random topography will
itself be random and can be characterized by statistical pa-
rameters. Scattering attenuation is represented by the large-
scale component of the energy curve. It is characterized by
an exponential decay and may be expressed by a scattering
Q that is implicitly associated with topographic statistics.
The analysis of spatial attenuation of Lg waves can be ap-
proached by a number of approximate solutions depending
on the complexity of the problem. The attenuation mecha-
nisms involved with Lg waves include anelastic absorption,
scattering, geometrical spreading, and leakage to the mantle.
For stable continental areas, Campillo (1990) pointed out
that the major characteristics of Lg might be well understood
in terms of wave propagation in standard flat-layered crustal

models. The quality factor of Lg in the group velocity win-
dow 3.5–2.8 km sec�1 may be computed from the observed
decay of amplitude with epicentral distance if the geomet-
rical attenuation of the phase can be evaluated theoretically.
In our homogeneous wave guides, the distance-dependent
attenuation of guided waves includes backscattering, geo-
metrical spreading, and Moho leakage.

In our homogeneous wave guides with rough topogra-
phies, the decay of the guided wave energy with distance
from an initial energy E(x0) at a near-source receiver x0 can
be modeled as

E(x) � E(x )G(x)exp(�gx), (5)0

where x is the epicentral distance, G(x) represents the geo-
metric factor, and g is a constant that represents the apparent
attenuation coefficient for guided crustal waves. In this
study, we use two steps to evaluate scattering Q. First, using
least-squares fits, we compute the geometrical attenuation of
Lg for the reference wave guide in the absence of topo-
graphic scattering. Second, the scattering effects from rough
topographic waveguides can be regarded as a deviation from
the reference wave guide, and equation (5) is used to extract
apparent attenuation coefficients from the decay of Lg en-
ergy with distance.

Figure 13 shows the energy attenuation for the reference
wave guide with its critical distance around 90 km. The dot-
ted line is the best fit to the energy curve. It denotes a com-
bined attenuation of the geometrical spreading and the Moho
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Figure 13. Total energy attenuation versus
distance for the reference wave guide. The dot-
ted line is the best fit to the data by the geo-
metric spreading G(x) in equation (6).

Figure 14. Total energy attenuation versus dis-
tance for two topographic models (see Fig. 4). The
exponential fit is calculated using equation (5) with
G(x) given by Figure 13.

penetration before critical angle, computed by least-squares
fits:

�0.5 �0.5x /x , x � 90 km0
G(x) � (6)

�1 �0.5�x /x , x � 90 km0

The fitting of the energy curve has to be separated into two
parts (i.e., precritical and postcritical distances) because of
their different behaviors of wave propagation. Within the
precritical distance, a considerable portion of energy with
steep angles is removed because of the Moho penetration.
The attenuation reduces after passing the critical distance,
and the energy becomes constant with distance. Clearly,
equation (6) is a good approximation to the reference wave
guide.

In the second step, we change the flat free surface of
the reference wave guide into a randomly rough surface.
Two random topographies with the same scale length (ka �
7.18) but different surface rms heights, (one with r � 0.5
and another with r � 2.5) are used in the scattering Q eval-
uation. Figure 14 gives the attenuation curves (thick line)
for these two random topographies. Stronger attenuation is
as expected with r � 2.5. The large-scale trends of the en-
ergy profiles can be fitted into the exponential pattern in
equation (5) by least-square fits. Due to the reason men-
tioned in the previous paragraph, the scatter of the data in
the pre-critical distance less than 100 km is large. Beyond
the critical distance, the attenuation curve fits well with the
exponential law. The scattering Q values measured from the
exponential decay curves are 786 for r � 0.5 and 197 for
r � 2.5.

Figure 14 illustrates that the large-scale energy com-
ponent is representative of spatial attenuation of Lg waves
caused by topographic scattering. The topographic scattering
Q measured by the large-scale component is strongly de-
pendent on both the surface correlation length and the sur-
face rms height. More detailed investigation on topographic
scattering Q from the decay of Lg amplitude with distance
is discussed through numerical simulation in the next
section.

Energy Attenuation in Wave Guides
with Random Topography

Although topography statistics have been known em-
pirically to affect regional wave propagation, there is a lack
of understanding on why and how they works. It is often
difficult to separate topographic scattering attenuation from
other attenuation mechanisms (e.g., intrinsic attenuation,
Moho leakage, and scattering attenuation by small-scale vol-
ume heterogeneities) along the propagation path. However,
numerical simulation can offer some help in solving this
problem. In this section, the Lg attenuation mechanism by
randomly rough topographies is further studied based on
synthetics. We use the two-step analysis method described
in the last section to study the relation of the apparent inverse
quality factor Q�1 and the scale length ka of a random to-
pography, where k � 2p/k0 and k0 is the dominant wave-
length of the incident wave. We vary a but fix r in order to
relate scattering attenuation to the dimensionless length ka.
In our numerical modeling, we use three different topogra-
phies: the reference wave guide with a flat surface, the large-
a wave guide with a � 22, and the small-a wave guide with
a � 2.2. The topographic curves for the latter two wave
guides are shown in Figure 9. For each wave guide, synthetic
seismograms observed along the topography are computed
for all the cases listed in Table 1. Here a case means a com-
puter run of a model. The wavelet dominant frequency f 0

and the frequency range computed are different for each
case, corresponding to different ka value. The total energy
attenuation curve is calculated against distance from the syn-
thetic seismograms for each case.
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Table 1
The Wavelet Dominant Frequency f 0 and Computed Frequency

Range for All the Cases

Case* f 0 (Hz) Band (Hz)

1 0.2 0.0–1.0
2 0.5 0.0–1.0
3 0.7 0.0–1.4
4 1 0.0–2.0
5 1.3 0.0–2.4
6 1.6 0.0–2.8
7 2 0.0–3.4
8 2.3 0.0–4.0
9 2.6 0.0–4.5

10 3 0.0–5.4
11 3.5 0.0–6.4
12 4 0.0–7.4

*Computer run of the model.

Figure 15 presents the curved surfaces of energy atten-
uation against distance and frequency in a 3D plot, from top
to bottom, corresponding to the reference wave guide, large-
a wave guide, and small-a wave guide, respectively. We see
that the energy partition and attenuation due to topographic
scattering depend very strongly on frequency and the char-
acteristic scales of random topographies. The energy surface
for the reference wave guide is quite flat. This provides a
proper ground to identify the deviation caused by topo-
graphic-scattering attenuation. Large changes occur in the
energy surface of the small-a waveguide where the surface
gradient varies dramatically along both the frequency and
the distance axes. As expected, the maximum attenuation is
at the vicinity of the characteristic frequency. An unexpected
problem in this energy surface is that there appears to be
more than one energy minimum concave along the fre-
quency axis when propagating beyond about 400 km.

It should be noted that the attenuation surface of total
energy presented in Figure 15 is the energy contained in the
whole seismogram recorded on the surface, that is, it in-
cludes the Lg coda. The built-up energy by forward and
backscattering along the path partly contributes to the Lg
coda and partly leaks to the mantle. The topographic-
scattering-driven leakage is the only source of wave-train
energy loss in our examples. The two-step energy analysis
method is employed to fit the total energy attenuation for
each case in order to evaluate the Moho leakage loss due to
the topographic scattering. The results are shown in Figure
16 for the large-a wave guide and in Figure 17 for the small-
a wave guide. We see that equation (6) fits the energy of the
reference wave guide well for all the cases. This provides a
proper G(x) evaluation accounting for the geometrical
spreading and the Moho leakage in the reference wave guide
during the Lg-formation process. Given G(x), equation (5)
appears to fit the energy curves excellently for both the large-
a and small-a wave guides in each case, especially at dis-
tances beyond the critical distance. The apparent attenuation
coefficient g and the apparent inverse quality factor Q�1 are

calculated for all the cases and plotted in Figure 18 as func-
tions of wavelength and frequency, respectively.

Note that enhanced attenuation occurs over a limited
range of frequencies around 0.5–1.5 Hz for the small-a wave
guide and 1.0–2.0 for the large-a wave guide, in which the
trapped energy for both the cases generally remains fairly
stable with less frequency sensitivity. In the range of higher
or lower frequencies, the topographic scattering attenuation
becomes weak. As expected, the scattering attenuation in the
small-a wave guide is stronger than in the large-a wave
guide. The frequency dependence of topographic scattering
Q is demonstrated in the figure for the large-a and small-a
wave guides, which is found to be modeled as Q �Q0f n,
where n describes the frequency dependence of Q. The ex-
ponent n is strongly related to the tectonic features of the
region of Lg propagation and has been widely used as a
continental index (e.g., Nuttli, 1973; Mitchell, 1980; Sato,
1984; Campillo et al., 1985; Xie, 1993; McNamara et al.,
1996). For example, Campillo et al. (1985) combined data
analysis and numerical modelling to give Q � 290f 0.52 for
the crust beneath central France. McNamara et al. (1996)
found Lg Q � (366 � 37)f (0.45�0.06) for event/station paths
confined to the Tibetan Plateau. Stable regions such as east-
ern North America are characteristic of lower values (Mitch-
ell, 1980). A least-squares fit to the curve Q�1 � f in Figure
18 gives Q � 269 f 0.44 for the small-a wave guide and Q
� 764f 0.2 for the large-a wave guide. From these compar-
isons, we may conclude that the levels of Lg attenuation
caused only by topographic scattering in these two scales are
comparable to those observed in some regions.

Figure 19 shows the apparent inverse quality factor Q�1

plotted against the dimensionless scale length ka for the
small-a and large-a wave guides. We see that Q�1 at its peak
value of �1.9 around ka � 0.8–1.0 in the small-a wave
guide decreases gradually until ka � 2.0 and then reduces
rapidly to the value of �3.0 at ka � 10.0. As pointed out
by Wu (1982), for backscattering, the maximum scattering
Q�1 is around ka � 1.0 and decreases rapidly after ka �
1.0, whereas for large-angle forescattering, the plateau with
high Q�1 is quite wide after ka � 1.0. Like volume-
scattering attenuation, topographic scattering is also an ap-
parent attenuation. The energy is redistributed by scattering
along the rough surface that progressively shifts energy off
the specular direction. The portion with large-angle waves
tends to leak into the mantle and causes energy loss. The
scale-dependent behavior of Q�1 in Figure 19 might imply
that the Moho leakage loss due to topographic scattering in
the small-a wave guide results largely from the backscatter-
ing with large angles. Unexpectedly, Q�1 seems to reach its
second peak around ka � 25.0–40.0 with a wide plateau in
the large-a waveguide. The slow decrease of Q�1 with ka
indicates the feature of large-angle forescattering dominance
in the large-a wave guides. Here we only model two corre-
lation lengths with a � 2.2 and a � 22, which cannot pro-
vide a complete description of scattering attenuation Q�1

along the ka axis. The earth’s surface generally has multiple-
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Figure 15. Energy attenuation surface versus distance and frequency. From top to
bottom, the reference wave guide, the large-a wave guide, and the small-a wave guide.

Figure 16. Least-squares fitting of the total
energy attenuation for each case in the large-a
waveguide. First, the energy (thin solid) of the
reference wave guide is fitted by equation (6)
to produce G(x) (thin dotted line). Then equa-
tion (5) is used for the energy (thick solid) of
the large-a waveguide to produce an exponen-
tial fitting curve (thick dotted line).
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Figure 17. Least-squares fitting of the total
energy attenuation for each case in the small-
a wave guide. First, the energy (thin solid) of
the reference wave guide is fitted by equation
(6) to produce G(x) (thin dotted line). Then
equation (5) is used for the energy (thick solid)
of the small-a wave guide to produce an ex-
ponential fitting curve (thick dotted line).

Figure 18. Apparent attenuation coefficient and
apparent inverse quality factor as a function of wave-
length and frequency, respectively. The solid line for
the small-a wave guide can be fitted by the functional
relationship Q � 269f 0.44. The dotted line for the
large-a wave guide can be fitted by Q � 764f 0.2.

Figure 19. Apparent inverse quality factor as a
function of the scale length ka from the small-a wave
guide (left panel) and the large-a wave guide (right
panel).

scale inhomogeneities that complicate the frequency- and
ka-dependent relations of topographic scattering attenuation
Q�1. These relations are very path-dependent due to scat-
tering sensitivity to characteristic scales of rough topogra-
phies encountered by propagation. Numerical experiments
combined with analytic studies need to be conducted in the
future for more complete assessment of the frequency- and
ka-dependent behavior of topographic scattering Q�1 for re-
gional phases.

Conclusion and Discussion

The efficient propagation of Lg up to a few thousand
kilometers is associated with its mode of multiple, super-
critical reflections (Bouchon, 1982) in the crust, largely be-
tween the Moho and free surface. Strong attenuation and
blockage of Lg are related to the disruption of the propa-
gation mode. Numerical modeling is used in this study to
identify the topographic scattering characteristics with re-
spect to regional phases. We investigate the spatial pattern
of distance-dependent variations of the wave-train energy
caused by topographic scattering along the path and aim to
characterize its scale-dependent relations with topographic
statistics. The study strengthens the concept that topographic
scattering might be a powerful mechanism to attenuate re-
gional waves. The main conclusions can be summarized as
follows:

1. The topographic-scattering-driven energy distribution
over a long distance is usually characteristic of an atten-
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uation trend on the long-distance scale accompanied by
amplitude fluctuations on the smaller-distance scales. The
energy curve can be divided meaningfully into small-
scale and large-scale components that are correlated with
along-path topographic statistics in quite different
manners.

2. The small-scale energy component, leading to anomalous
waveform distortions in the time domain, is strongly re-
lated to the near-receiver topographic geometry. The
small-scale energy curve has a striking similarity to the
corresponding topographic curve. The fluctuation of am-
plitude is mainly related to the surface rms height r, the
wavelength of the incident wave, and the local incident
angles.

3. Topographic scattering attenuation is represented by the
large-scale energy component on the long-distance be-
havior of the scattering surface. For a trapped mode, the
component can be described by a topographic scattering
Q. The topographic scattering Q is dependent on the sur-
face rms height r, the surface correlation length a, and
the wavelength of the incident wave.

4. A two-step analysis method is presented to evaluate the
leakage loss due to topographic diffusion scattering. Nu-
merical simulations (see Table 1) have found Lg Q �
269f 0.44 for the small-a wave guide and Q � 764f 0.2 for
the large-a wave guide. These are comparable with some
observations with Q measured as a mean value in the
crust. More quantitative assessment of the frequency- and
ka-dependent behavior of topographic scattering Q�1 for
regional phases needs to be conducted in the future.
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