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73376 Le Bourget-du-Lac Cedex, France
hassani@univ-savoie.fr
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Abstract. The steady-state unidirectional (anti-plane) flow for a Bingham fluid is
considered. We take into account the inhomogeneous yield limit of the fluid, which
is well adjusted to the description of landslides. The blocking property is analyzed
and we introduce the safety factor which is connected to two optimization problems
in terms of velocities and stresses.

Concerning the velocity analysis the minimum problem in BV (�) is equivalent
to a shape-optimization problem. The optimal set is the part of the land which slides
whenever the loading parameter becomes greater than the safety factor. This is
proved in the one-dimensional case and conjectured for the two-dimensional flow.
For the stress-optimization problem we give a stream function formulation in order to
deduce a minimum problem in W 1,∞(�) and we prove the existence of a minimizer.
The L p(�) approximation technique is used to get a sequence of minimum problems
for smooth functionals.

We propose two numerical approaches following the two analysis presented
before. First, we describe a numerical method to compute the safety factor through
equivalence with the shape-optimization problem. Then the finite-element approach
and a Newton method is used to obtain a numerical scheme for the stress formulation.
Some numerical results are given in order to compare the two methods. The shape-
optimization method is sharp in detecting the sliding zones but the convergence is
very sensitive to the choice of the parameters. The stress-optimization method is
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more robust, gives precise safety factors but the results cannot be easily compiled
to obtain the sliding zone.

Key Words. Rigid viscoplastic inhomogeneous Bingham fluid, Landslides mod-
eling, Variational inequalities, Blocking property, Shape optimization, Minimization
of supremal functionals.
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1. Introduction

Recently the inhomogeneous (or density-dependent) Bingham fluid was considered in
landslides modeling [10], [5], [11], [19]. This rigid viscoplastic model is very simple
exhibiting only two constitutive constants: viscosity and yield stress. Another important
advantage of using this model is the fact that the initial distribution of the stress in the
soil is not required.

Although the Bingham model deals with fluids, it was also seen as a solid, called
the “Bingham solid” (see for instance [26]) and investigated to describe the deformation
and displacement of many solid bodies. The inhomogeneous yield limit is a key point in
describing landslides phenomenon. Indeed, due to their own weight, the geomaterials are
compacted so that the mechanical properties also vary with depth. Therefore the yield
limit g and the viscosity coefficient η cannot be supposed homogeneous. In contrast
to the previous works dealing only with homogeneous Bingham fluids [16], [21], [22],
[25], we are interested here in a fluid whose yield limit is inhomogeneous (see [19] for
the mathematical modeling).

A particularity of the Bingham model lies in the presence of rigid zones located
in the interior of the flow of the Bingham solid/fluid. As the yield limit g increases,
these rigid zones become larger and may completely block the flow. When modeling
landslides, the solid is blocked in its natural configuration and the beginning of a flow
can be seen as a “disaster”.

In this paper we consider the “safety factor” in order to obtain a qualitative and
quantitative evaluation of the blocking phenomenon. More precisely, through the safety
factor we study the link between the yield limit distribution and the external forces
distribution (or the mass density distribution) for which the flow of the Bingham fluid is
blocked. The safety factor can also be related to the limit load of a rigid perfectly plastic
solid (see [8] for a complete description of the limit analysis of collapse states). Different
linear programming methods (see [8] and the references given there) and, more recently,
a Newton barrier method [8], [1] were considered to solve this problem. Neither of these
two methods is used here.

We give the outline of the paper. The evolution equations describing the flow of an
inhomogeneous Bingham fluid are recalled in Section 2. The steady-state unidirectional
(anti-plane) flow is considered in Section 3, where the variational formulations in terms
of velocities and stresses are recalled from [19]. In Section 4 the blocking property is
analyzed and we introduce the safety factor which is connected to two optimization
problems (velocity and stress formulations). The analysis in terms of velocities is given
in Section 5. Here, we recall from [20] the equivalence between the minimum problem in
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BV (�) and a shape-optimization problem. The optimal set is the part of the land which
slides whenever the loading parameter becomes greater than the safety factor. This is
proved in the one-dimensional case and conjectured for the two-dimensional flow. In
Section 6 we study the stress-optimization problem. We give a stream function formula-
tion in order to deduce a minimum problem in W 1,∞(�) and we prove the existence of a
minimizer. The L p(�) approximation technique is used to get a sequence of minimum
problems for smooth functionals. Finally, we propose two numerical approaches follow-
ing the two analysis presented before. First, we describe a numerical method to compute
the safety factor through equivalence with the shape-optimization problem. After that we
use a finite-element discretization and a Newton method to obtain a numerical scheme
for the safety factor through stress analysis. We compare and analyze the two approaches
through two numerical examples. The shape-optimization method is sharp in detecting
the sliding zones but the convergence is very sensitive to the choice of parameters. The
finite-element method is more robust, giving a more precise safety factor but the results
cannot be easily compiled to obtain the sliding zone.

2. The Mechanical Model

We recall here from [19] the evolution equations in the time interval (0, T ), T > 0,
describing the flow of an inhomogeneous Bingham fluid in a domain D ⊂ R

3 with
a smooth boundary ∂D. The notation u stands for the velocity field, σ denotes the
Cauchy stress tensor field, p = − trace(σ)/3 represents the pressure and σ′ = σ + pI
is the deviatoric part of the stress tensor. The momentum balance law in the Eulerian
coordinates reads

ρ

(
∂u
∂t
+ (u · ∇)u

)
− divσ′ + ∇ p = ρf in D × (0, T ), (1)

where ρ = ρ(t, x) > 0 is the mass density distribution and f denotes the body forces.
Since we deal with an incompressible fluid, we get

div u = 0 in D × (0, T ). (2)

The conservation of mass becomes

∂ρ

∂t
+ u · ∇ρ = 0 in D × (0, T ). (3)

If we denote the rate deformation tensor by D(u) = (∇u+∇T u)/2, the constitutive
equation of the Bingham fluid can be written as follows:

σ′ = 2ηD(u)+ κ D(u)
|D(u)| if |D(u)| = 0, (4)

|σ′| ≤ κ if |D(u)| = 0, (5)

where η ≥ 0 is the viscosity distribution and κ ≥ 0 is a non-negative continuous function
which stands for the yield limit distribution in D. The type of behavior described by (4)
and (5) can be observed in the case of some oils or sediments used in the process of oil
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drilling. The Bingham model, also denominated the “Bingham solid” (see for instance
[26]), was considered in order to describe the deformation of many solid bodies (see [9]
for metal-forming processes).

Recently, the inhomogeneous (or density-dependent) Bingham fluid was chosen in
landslides modeling [10], [5], [11], [19]. This rigid viscoplastic model is very simple
exhibiting only two constitutive constants: viscosity and yield stress. Another important
advantage of using this model is the fact that the initial distribution of the stress in the
soil is not required.

When considering a density-dependent model, the viscosity coefficient η and the
yield limit κ depend on the density ρ through two constitutive functions, i.e.

η = η(ρ(t, x)), κ = κ(ρ(t, x)). (6)

3. The Steady-State Unidirectional Flow

We consider in this paper the particular case of the steady-state unidirectional flow
(stationary anti-plane flow). Therefore, D = � × R, where � is a bounded domain in
R

2 with a smooth boundary ∂�. We are looking for a flow in the Ox3 direction (see
Figure 1), i.e. u = (0, 0, u), which does not depend on x3 and t so that ρ = ρ(x1, x2)

and u = u(x1, x2). Note that under these assumptions, (2) and (3) are satisfied, hence
the density ρ now represents a parameter of the inhomogeneous problem and we cannot
talk about a density-dependent model anymore. Indeed, the density is implied only in the
spatial distribution of inhomogeneous parameters κ, η and the body forces f are defined
as follows:

η(x1, x2) = η(ρ(x1, x2)), κ(x1, x2) = κ(ρ(x1, x2)),

f (x1, x2) = ρ(x1, x2) f3(x1, x2),

where f3 denotes the component of the forces in the Ox3 direction.

x1

x2

x3

u = (0, 0, u)

Γ1

Γ0

Ω

Figure 1. The anti-plane flow geometry.
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The non-vanishing components of the rate deformation tensor D are D13 = D31 =
∂x1 u/2, D23 = D32 = ∂x2 u/2 and through (4) we get that the non-vanishing shear
stress components are σ31 = σ13(x1, x2), σ32 = σ23(x1, x2), denoted in the following by
τ = (σ13, σ23). Finally, the constitutive equation of the Bingham fluid (4)–(5) can be
written in terms of shear stress τ and ∇u as follows:

τ = η∇u + g
∇u

|∇u| if |∇u| = 0, (7)

|τ | ≤ g if |∇u| = 0, (8)

where g(x1, x2) =: κ(x1, x2)/
√

2 is called in the following the (anti-plane) yield limit.
The momentum balance law (1) reads

div τ + f = 0 in �. (9)

In order to complete (7)–(9) with some boundary conditions we assume that the
boundary of � is divided into two parts:  = 0 ∪ 1. On 0 we suppose an adherence
condition and 1 is considered a rigid roof surface (also called “stress free”). More
precisely we have

u = 0 on 0, τ · n = 0 on 1, (10)

where n stands for the outward unit normal on ∂�.
We suppose in the following that

f, g, η ∈ L∞(�), g(x) ≥ g1 > 0, η(x) ≥ η0 > 0, a.e. x ∈ �.
If we define

V = {v ∈ H 1(�); v = 0 on 0}
then the variational formulation for the unidirectional (anti-plane flow) is

u ∈ V,
∫
�

η(x)∇u(x) · ∇(v(x)− u(x)) dx +
∫
�

g(x)|∇v(x)| dx

−
∫
�

g(x)|∇u(x)| dx ≥
∫
�

f (x)(v(x)− u(x)) dx, ∀v ∈ V . (11)

The above problem is a standard variational inequality. If meas(0) > 0 then it has a
unique solution u. If 0 = ∅ and

∫
�

f (x) dx = 0 then a solution exists and it is unique
up to an additive constant. In the following we always assume that the former case holds;
the other one can be deduced with obvious minor changes.

In order to give a variational formulation in terms of stresses for (11) we define

Af = {σ ∈ (L2(�))2; divσ = − f in �, σ · n = 0 on 1}, (12)

where σ · n is considered in H−1/2(). Let T : L2(�)2 → R be defined by

T (σ) =
∫
�

1

2η(x)
[|σ(x)| − g(x)]2

+ dx, (13)

where [ ]+ is the positive part. We recall from [19] the following result:
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Theorem 3.1.

(i) There exists at least a τ ∈ Af minimizing T on Af , i.e. T (τ ) ≤ T (σ), for all
σ ∈ Af , which is characterized by

τ ∈ Af and
∫
�

[|τ (x)| − g(x)]+
η(x)|τ (x)| τ (x) · σ(x) dx = 0, ∀ σ ∈ A0 (14)

(where A0 is Af with f = 0).
(ii) Let u be the solution of (11). Then we have

∇u(x) = [|τ (x)| − g(x)]+
η(x)|τ (x)| τ (x), a.e. x ∈ �. (15)

When considering a viscoplastic model of Bingham type, one can observe rigid
zones (i.e. zones where ∇u = 0) in the interior of the flow of the solid/fluid. The above
theorem gives the opportunity to describe the rigid zones �r and the shearing zones �s

defined by

�r = {x ∈ �; |∇u(x)| = 0}, �s = {x ∈ �; |∇u(x)| > 0}.
From (15) we deduce |τ (x)| = g(x)+η(x)|∇u(x)| in�s and that the solution τ of (14)
is unique in�s (i.e. if τ 1, τ 2 are two solutions of (14) then τ 1(x) = τ 2(x) a.e. x ∈ �s).
For any τ solution of (14) we have

�r = {x ∈ �; |τ (x)| ≤ g(x)}, �s = {x ∈ �; |τ (x)| > g(x)}. (16)

4. The Blocking Property and the Safety Factor

The previous description of the rigid zones can be used to study the blocking property,
i.e. when the whole � is a rigid zone (� = �r). When g increases, the rigid zones are
growing and if g becomes sufficiently large, the fluid stops flowing [18]. Commonly
called the blocking property, such a behavior can lead to unfortunate consequences in
oil transport in pipelines, in the process of oil drilling or in the case of metal forming. In
contrast, in landslides modeling it is precisely the blocking phenomenon which ensures
stability of the soil.

Proposition 4.1. The following three statements are equivalent:

(i) The Bingham fluid is blocked, i.e. u ≡ 0 is the solution of (11).
(ii) The blocking inequality holds:∫

�

g(x)|∇v(x)| dx ≥
∫
�

f (x)v(x) dx, ∀ v ∈ V . (17)

(iii) There exists τ ∈ Af such that |τ (x)| ≤ g(x) a.e. x ∈ �.

Proof. The equivalence of (i) with (ii) follows from (11). Indeed, if u = 0 is a solution
of (11) then (17) holds. Conversely if (17) holds then u = 0 is the unique solution of
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(11). We now prove that (i) is equivalent to (iii). If the fluid is blocked then � = �r and
from (16) we get (iii). If (iii) holds then T (τ ) = 0 ≤ T (σ), i.e. τ is a solution of (14)
and from (16) we have � = �r, hence u = 0 is the solution of (11).

In order to give another characterization of the blocking property we define

B(v) :=

∫
�

g(x)|∇v(x)| dx
∣∣∣∣
∫
�

f (x)v(x) dx

∣∣∣∣
, s := inf

v∈V
B(v), (18)

S(σ) := ess sup
x∈�

|σ(x)|
g(x)

, µ := inf
σ∈Af

S(σ). (19)

Then we have the following result.

Proposition 4.2. The following equality holds:

s = 1

µ
. (20)

Moreover, the Bingham fluid is blocked if and only if s = 1/µ ≥ 1.

In the case of landslides modeling s = 1/µ appears here as a safety factor. To see
this, one can consider a loading parameter t , i.e. we put tf in (9) instead of f and a
family of variational inequalities where f is replaced by tf and ut ∈ V is the family of
solutions:

ut ∈ V,
∫
�

η(x)∇ut (x) · ∇(v(x)− ut (x)) dx +
∫
�

g(x)|∇v(x)| dx

−
∫
�

g(x)|∇ut (x)| dx ≥ t
∫
�

f (x)(v(x)− ut (x)) dx, ∀ v ∈ V . (21)

We obtain the existence of a critical loading tcr = s which characterizes the blocking
phenomenon: the blocking occurs (i.e. ut ≡ 0) if and only if t ≤ tcr.

Proof. For a fixed f let s( f ) = infv∈V B(v) and µ( f ) = infσ∈Af S(σ). We remark
that s(tf ) = s( f )/t and µ(tf ) = µ( f )t for all t ∈ R∗+. Let ut be the solution of (21).
From the equivalence between (i) and (ii) of Proposition 4.1 we get that that ut = 0 if
and only if t ∈ (0, s( f )]. Now using the equivalence between (i) and (iii) we obtain that
ut = 0 if and only if t ∈ (0, 1/µ( f )], hence 1/µ( f ) = s( f ).

The last assertion is a direct consequence of the previous proposition.

Remark 1. We note here that the safety factor, defined before, can be related to the
limit load of a rigid perfectly plastic solid. The limit analysis (see [8] for a complete
description) models the collapse of material subject to a static load distribution. In
this context one can formulate two minimization problems, which are similar to (19)
and (18), called the “static” and “kinematic” principles, respectively. As in the above
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proposition, there exists a duality between these two principles which reduces them to
a saddle-point problem. For the static principle the yield condition was linearized and
different linear programming methods were used (see [8] and the references given there).
A Newton barrier method for a sum of norms was considered in [1] to solve the kinematic
principle. Neither of these two methods is used here.

5. Velocity Analysis

We suppose, throughout this section, that g and f are continuous functions on �. Since
the trace map is not lower semicontinuous with respect to the weak* topology of BV (�)
we have to relax the boundary condition v = 0 on 0. Indeed, if we denote

W := {v ∈ BV (R2) : v = 0 a.e. in RN\�},
then for all v ∈W there exist ϕn ∈ C∞c (R

2) ∩ V such that
∫
�

f (x)ϕn(x) dx →
∫
�

f (x)v(x) dx, (22)
∫
�

g(x)|∇ϕn(x)| dx →
∫
�

g(x) d|∇v|(x)+
∫
0

g(x)|v(x)| d S, (23)

where |∇v| is the variation measure of v and |v| on 0 have to be understood in the
sense of the trace map on BV (�). That means that we have to introduce the boundary
condition into the functional B, i.e. to extend B for all v ∈W as follows:

B(v) =

∫
�∪0

g(x) d|∇v|(x)
∫
�

f (x)v(x) dx
. (24)

Note that 0 may be non-negligible with respect to the variation measure |∇v|. We also
remark that if v ∈ BV (�) then∫

�∪0

g(x) d|∇v̄|(x) =
∫
�

g(x) d|∇v|(x)+
∫
0

g(x)|v(x)| d S, (25)

where v̄: R2 → R is the function v extended by 0 outside� (i.e. v̄(x) = v(x) for x ∈ �
and v̄(x) = 0, for x ∈ R2\�).

From the above equality it is now clear that B has an extension on W , i.e. B(v̄)
given by (24) coincides with B(v) given by (18) for all v ∈ V . Then we have [20]:

Theorem 5.1. There exists v∗ ∈W such that

s = B(v∗) = min
v∈W

B(v). (26)

Remark 2. In the special case f ≡ 1 ≡ g and 1 = ∅ the minimum in (26) is the first
eigenvalue of the so-called 1-Laplacian operator [14], [15], [23]. The latter is the limit, as
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p→ 1, of the p-Laplacian operator whose first eigenvalue λp(�) can be estimated from
below by the Cheeger constant h(�) = infω⊂� |∂ω|/|ω| with λp(�) ≥ (h(�)/p)p, see
[24]. For p = 2, this is the well-known Cheeger’s inequality [7], which was the initial
motivation for the study of Cheeger’s problem.

We now consider the functional J defined for open sets ω ⊂ � with regular
boundary:

J (ω) =
∫
∂ω\1

g(x) d S∫
ω

f (x) dx
. (27)

Let ω ⊂ � be given and let 1ω be its characteristic function. Then one can check that
1ω ∈W and since ∂ω∩(�∪0) = ∂ω\1 we haveJ (ω) = B(1ω).The integrals in (27)
can be considered for any set ω with finite perimeter (that is, such that its characteristic
function 1ω belongs to BV (RN )). Hence we may extend the definition ofJ (ω) for these
sets. In this case ∂ω has to be replaced by the reduced boundary ∂∗ω ofω (see Section 5.7
of [17]) and we can write

∫
∂∗ω\1

g(x) d S, instead of
∫
�∪0

g d|∇1ω|. Even if the set ω
does not have a finite perimeter, then the integral on the boundary ∂∗ω can be considered
infinite and we will define J (ω) = +∞ regardless of the value of

∫
ω

f (x) dx . Since we
shall investigate a minimization problem for J , such a set ω is not relevant, because it
is not a minimizer. Finally we have

J (ω) = B(1ω), ∀ ω ∈ O,
whereO is the set of open subsets of�with finite perimeter. In the following we denote
the set of simply connected open subsets of � by O1 ⊂ O.

We recall from [20] the link between the blocking inequality (17) and a shape-
optimization problem (i.e. a minimum problem forJ ), and some existence and regularity
results:

Theorem 5.2. We have

s = inf
ω∈O
J (ω). (28)

Moreover, if � is simply connected then the infimum in (28) is attained by some simply
connected open set X , i.e.

s = J (X) = min
ω∈O1

J (ω). (29)

Additionally, if g ∈ C1(�), then any minimizer X of J has a boundary of class C2 in
� and C1 in any point x0 ∈ 0 where the tangent cone K (x0) =

⋃
λ>0 λ(� − x0) is

a convex set. If ∂X crosses 1 at some point x0 ∈ 1 where 1 is C1, then ∂X has a
tangent line orthogonal to 1 at x0.

A weaker result was obtained many years ago in [25]. For the homogeneous case
( f ≡ 1 ≡ g and 1 = ∅) they proved the existence of a minimum s of J on the set of
open subsets of � with a smooth boundary.
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We now investigate the physical interpretation of the optimal subset X . For this we
consider ut , the family of solutions of (21), and let

�0
t := {x ∈ �; ut (x) = 0}, �sl

t := {x ∈ �; ut (x) = 0} = �\�0
t (30)

be the family of subsets of�where the fluid is at rest or sliding, respectively. As follows
from the previous section we have �0

t = �,�sl
t = ∅ for all t ∈ (0, s].

Conjecture 5.1. The optimal subset X is the part of the fluid (land) which slides when-
ever the loading parameter t becomes greater than s. More precisely, there exists lim

t→s+�
sl
t

and

X = lim
t→s+�

sl
t = �\ lim

t→s+�
0
t

is a solution of the shape-optimization problem (29).

As will be proved below, the conjecture is true for the one-dimensional flow (� ⊂ R)
between an infinite plane (x = 0) and a rigid roof (x = �) which models landslides on
a natural slope (see [10]). In this case the body forces f are positive and are given by
f (x) = γρ(x) sin θ > 0, where θ is the angle of the slope, ρ(x) > 0 is the mass density
distribution and γ is the vertical gravitational acceleration.

Proposition 5.1. Let � = (0, �) ⊂ R, 0 = {0} and 1 = {�} and suppose that
f (x) > 0 in �. Then for all t ≥ s there exists αt ∈ [0, �), such that

�0
t =

{
� if t ≤ s,
(0, αt ] if t > s,

�sl
t =

{∅ if t ≤ s,
(αt , �) if t > s,

(31)

and there exists X = limt→s+�sl
t = (αs, �)which is a solution of the shape-optimization

problem (29).

Proof. The set Af is reduced to a single function g∗ (the inhomogeneous critical yield

limit), that is g∗(x) = ∫ �x f (y) dy, Af = {g∗}, hence we can easily compute µ = 1/s =
supy∈(0,�) g∗(y)/g(y) through (19). In order to define αt we denote G(x) := g(x)/g∗(x),
H(x) := infy∈(0,x) G(y) and we note that H(�) = s = 1/µ and G(x) ≥ s for all x ∈ �.
Since H is continuous and non-increasing on (0, �) for all t ≤ H(0+) = G(0) there
exists αt ∈ [0, �] such that (0, αt ) = H−1((t,+∞)). If t < s we note that αt = � and
for t > H(0+) we put αt = 0.

We claim that G(αs) = s. To prove this let us suppose that G(αs) > s. Since
s ≥ H(αs) we deduce that infy∈(0,αs) G(y) ≤ s and from G(αs) > s we deduce that
there exists β < αs with H(β) = infy∈(0,β) G(y) = s which contradicts the fact that
(0, αs) = H−1((s,+∞)).

We now analyze the optimization problem (29). Bearing in mind thatO1 is the set of
open intervals O1 = {(a, b); 0 ≤ a < b ≤ �} and J ((a, b)) = (g(a)+ g(b))/(g∗(a)−
g∗(b)) ≥ G(a) = g(a)/g∗(a) = J ((a, �)) if b < �, we can restrict the shape min-
imization problem to the set of intervals {(a, �); a ∈ (0, �)}. Let X = (αs, �). We
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have J (X) = G(αs) = s ≤ G(a) = J ((a, �)) for all a ∈ (0, �) which means that
X = (αs, �) is an optimal set.

We recall from [19] the analytical expression of the family of solutions:

ut (x) =
∫ x

0

1

η(y)

[
tg∗(y)− g(y)

]
+ dy.

We deduce that ut is non-decreasing, hence �0
t and �sl

t are intervals of type (0, α]
and (α, �), respectively. Bearing in mind that (0, αt ) = H−1((t,+∞)), from the above
expression of ut we get α = αt , therefore (31) holds. Since H is continuous and non-
increasing the map t → αt is right continuous. Therefore limt→s+(αt , �) =
(αs, �).

6. Stress Analysis

We suppose in this section that1 is simply connected and |1| > 0. From Proposition 4.2
we have that the problem of the safety factor s = 1/µ in terms of stresses reduces to

µ = inf
σ∈Af

S(σ). (32)

We suppose in the following that A∞f := Af ∩ (L∞(�))2 is not empty and let σ f =
(τ

f
1 , τ

f
2 ) ∈ A∞f . Then we have A∞f = A∞0 + σ f , where A∞0 is A∞f with f = 0. For all

σ = (τ1, τ2) ∈ A∞0 the condition ∂x1τ1 + ∂x2τ2 = 0 implies that there exists a function
ϕ (the stream function) such that ∂x1ϕ = −τ2, ∂x2ϕ = τ1 in �. The condition σ · n = 0
on 1 means that the tangential derivative of ϕ on 1 is vanishing. This means that ϕ is
constant on 1 and since ϕ is only defined up to an additive constant, we can assume
ϕ = 0 on 1.

In order to give a formulation of (32) in terms of stream functions we define

W∞ := {ϕ ∈ W 1,∞(�) | ϕ = 0 on 1},

P(ϕ) := ess sup
x∈�

|∇ϕ(x)+ τ f (x)|
g(x)

,

where τ f = (−τ f
2 , τ

f
1 ) ∈ L∞.

Since for all ϕ ∈ W∞ we haveσ = (∂x2ϕ,−∂x1ϕ) ∈ A∞0 and S(σ+σ f ) = P(ϕ)we
can replace (32) with a minimization problem for P on the space of the stream functions.

Since the integrand x → |A+τ f (x)|/g(x) is not regular enough we cannot directly
apply a result of [2] to deduce the lower semicontinuity of P with respect to the weak-∗
topology in W 1,∞(�). This property follows from the uniform coercivity property of the
integrand (see [6]). More precisely we have the following result:

Proposition 6.1. There exists a ψ ∈ W∞ solution of

µ = P(ψ) = min
ϕ∈W∞

P(ϕ). (33)
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Proof. Let (ϕn) be a minimizing sequence for P . It follows from the expression of P
that ‖∇ϕn‖L∞(�) ≤ C‖g‖L∞(�)+

∥∥τ f

∥∥
L∞(�); hence∇ϕn is bounded in L∞(�). From the

boundary condition ϕn = 0 on 1 we get that (ϕn) is bounded in W 1,∞(�). Therefore,

there exists ψ ∈ W 1,∞(�) with ψ = 0 on 1 so that ϕn
∗
⇀ ψ in W 1,∞(�). Since

the function (x,σ) → |σ + τ f (x)|g(x)−1 is uniformly coercive in σ, the function P
is lower semicontinuous [6, Theorem 3.3] with respect to the weak-∗ convergence in
W 1,∞(�). From this result we get that P(ψ) ≤ lim inf P(ϕn) = µ and (33) results.

In order to use the L p approximation method we introduce the following sequence
of spaces and functionals for p > 1:

Wp = {ϕ ∈ W 1,p(�) | ϕ = 0 on 1},

Qp(ϕ) = 1

|�|
∫
�

|∇ϕ(x)+ τ f (x)|p
g(x)p

dx, Pp(ϕ) = Qp(ϕ)
1/p.

Theorem 6.1. For all p > 1 there exists a unique solution ψp of the optimization
problem for Pp:

µp := Pp(ψp) = min
ϕ∈Wp

Pp(ϕ). (34)

The minimum µp converges to µ as p goes to∞. Moreover, there exist a subsequence
of (ψp)p>1, again denoted by (ψp)p>1, and ψ ∈ W∞, a solution of (33), such that
ψp ⇀ ψ in Wq for all q > 1.

The proof below does not make use of the-convergence method introduced in [13] (see
[12] for more details). Since the integrand does not satisfy the linear growth condition
given in Theorem 3.1 of [6] we need to give a direct proof here.

Proof. It is a classical result that the existence of a minimizer in (34) follows the strict
convexity and coercivity of Qp.

In order to prove that µp → µ, we notice first that if p ∈ (q,+∞] then Wp ⊂ Wq

and, using the Hölder inequality, Pq(ϕ) ≤ Pp(ϕ) for all ϕ ∈ Wp. This implies that
µp ≤ µ for all p > 1, hence lim supp→∞ µp ≤ µ.

Let p > q . Bearing in mind that

µ ≥ µp = Pp(ψp) ≥ Pq(ψp) ≥
∥∥∇ψp

∥∥
Lq (�)

‖g‖L∞(�)
−
∥∥∥∥ |τ f |

g

∥∥∥∥
Lq (�)

we deduce that (ψp)p>q is bounded in Wq .
Therefore there exists ψ ∈ W2 and a subsequence of (ψp)p>2, again denoted by

(ψp)p>2, such thatψp ⇀ ψ in W2 as p→∞. Since (ψp)p>q is bounded in Wq we deduce
that ψ ∈ Wq and ψp ⇀ ψ in Wq , with q > 2, as p → ∞. Hence (∇ψp + τ f )/g ⇀
(∇ψ + τ f )/g in Lq(�) and we have

µ ≥ lim inf
p→∞ µp = lim inf

p→∞ Pp(ψp) ≥ lim inf
p→∞ Pq(ψp) ≥ Pq(ψ). (35)
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From (35) we have (∇ψ + τ f )/g ∈⋂q>2 Lq(�) and
∥∥(∇ψ + τ f )/g

∥∥
Lq (�)

is bounded
with respect to q . Using a classical argument we now deduce that (∇ψ + τ f )/g is
essentially bounded, so we have ψ ∈ W∞.

Passing to the limit q →∞ in (35) and using limq→∞ Pq(ψ) = P(ψ), we get

µ ≥ lim sup
p→∞

µp ≥ lim inf
p→∞ µp = lim inf

p→∞ Pp(ψp) ≥ P(ψ) ≥ µ.

This proves that ψ is a solution of (33) and limp→∞ µp = µ.

7. Numerical Illustration

In this section we present some numerical results obtained for the two approaches
described in Sections 5 and 6 in order to compare them. It is not our intention to
give a numerical analysis (convergence, optimal parameters, . . .) here for the numer-
ical methods described below. We just want to compare velocity and stress analysis
through some numerical experiments in order to get some general features of these two
approaches.

In order to discretize the shape-optimization problem (28) for n = 200 we have
considered γn a piecewise affine Jordan curve with n edges [xi , xi+1], 1 ≤ i ≤ n
(where xn+1 = x1). We denote the interior of γn by ωn , i.e. γn = ∂ωn . Then we define
Jn: �n → R as Jn(x1, . . . , xn) := J (ωn). Since it is not the goal of this paper to discuss
the more appropriate method for the resulting non-convex optimization problem (i.e. for
Jn), we have chosen a basic one: the gradient method. As expected, we have noted that
a large number of iterations are needed but the method is quite precise. On the other
hand, in some cases the method is converging to a local minima different from the global
minimum. Even with the choice of an initial shape close to the optimal shape, the step
has to be very small to ensure convergence to the global minimum.

For the stress analysis (described in Section 6) a finite-element approximation of the
problem (34) with a uniform mesh of 100× 100 finite elements of degree one was used.
In order to solve the resulting finite-dimensional optimization problem we have used
a classical Newton iterative method. The parameter p was chosen up to 200 and rapid
convergence of the Newton method was noted. As a matter of fact we have changed p at
each iteration to ensure the convergence with respect to these two parameters in the same
time. Due to the L p approximation, in some cases, the distribution of |∇ψp + τ f |/g in
� is not sharp enough to distinguish the sliding and rigid zones.

The domain was chosen to be � = {(x, y);−1 < y < h(x), x ∈ (−1, 1)} with
h(x) = 1 if |x | > 0.5 and h(x) = 2 + cos(2πx) for |x | < 0.5. The free surface (rigid
roof) was 1 = {y = h(x); x ∈ (−1, 1)}.

Firstly we have considered f = g = 1, i.e. the homogeneous case. For the safety
factor (µ = 1/s = 1.093180 and µ = 1/s = 1.09959) and the sliding domain (see
Figure 2) the results are close. It was difficult to get the global minimum X with the
shape-optimization method. Indeed, even with an appropriate choice of the initial shape,
the method converged to a domain (probably a local minimum). Only with a very small
step in the gradient method, was convergence towards the optimal set ensured.
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Figure 2. The domain � = {(x, y);−1 < y < h(x), x ∈ (−1, 1)} (light grey) with the (stress) free surface
1 = {y = h(x); x ∈ (−1, 1)} for the homogeneous case f = g = 1. (a) The computed distribution of
|∇ψp + τ f |/g solution of the stream optimization problem (34) with µ = 1/s = 1.09959. (b) The computed
domain X (dark grey) solution of the shape-optimization problem (29) with µ = 1/s = 1.093180.

In the second example we have considered the non-homogeneous case with functions
which depend on the vertical variable y. The distribution is linear with respect to the
depth for the body forces f (y) = 3 + 2(1 − y) and quadratic for the yield stress
g(y) = 2 + 2(1 − y)2 as proposed in [5]. The computed safety factor was µ = 1/s =
0.94104 for the stress formulation and µ = 1/s = 0.93781 for the shape-optimization
method. We remark that the sliding domain is smaller than in the homogeneous case (see
Figure 3). The distribution of |∇ψp + τ f |/g in � is not sharp hence the stress analysis
cannot give the sliding domain in this case. Since the shape functional has almost the
same value for all interior boundaries included in a large band the method had slow
convergence.

If we compare the two approaches the conclusions are:

1. The shape-optimization method is sharp in detecting the zones in sliding but
convergence to a global minimum, which is very sensitive to the choice of the
parameters, is not ensured.

2. The stress-optimization method is more robust, gives precise safety factors but
the results cannot be easily compiled to obtain the sliding zone.

As a corollary of this conclusion one can choose to proceed in two steps: first to
use the stream function method to approach the safety factor s and then to use this
information to get a convenable initial guess for the shape-optimization problem and
adjust the step size to get the global minimum.



Landslides Modeling 363

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

2.6

2.8

3.0

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0

0.9280 0.9304 0.9328 0.9352 0.9376 0.9400

-1

-0.5

0

0.5

1

1.5

2

2.5

3

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

(a) (b)

Figure 3. The domain � = {(x, y);−1 < y < h(x), x ∈ (−1, 1)} (light grey) with the (stress) free surface
1 = {y = h(x); x ∈ (−1, 1)}with non-homogeneous body force and yield limit f = f (y) = 3+2(h(x)−y)
and g = 2+2(h(x)− y)2. (a) The computed distribution of |∇ψp+ τ f |/g solution of the stream optimization
problem (34) with µ = 1/s = 0.94104. (b) The computed domain X (dark grey) solution of the shape-
optimization problem (29) with µ = 1/s = 0.93781.
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propre pour −�1: Some existence results for partial differential equations involving the 1-Laplacian:
Eigenvalues for −�1, C. R. Math. Acad. Sci. Paris 334(12) (2002), 1071–1076.

16. G. Duvaut and J.-L. Lions, Les inéquations en mécanique et en physique, Dunod, Paris, 1972.
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