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PACS 62.20.-x — Mechanical properties of solids

PACS 64.60.De — Statistical mechanics of model systems (Ising model, Potts model, field-theory
models, Monte Carlo techniques, etc.)

PACS 91.60.Ba — Elasticity, fracture, and flow

Abstract — Being ubiquitous in a large variety of geomaterials, granular assemblies play a crucial
role in the mechanical stability of engineering and geophysical structures. For these applications,
an accurate knowledge of the processes at the origin of shear localization, i.e. faulting, in frictional
granular assemblies submitted to compressive loading is needed. Here we tackle this problem by
performing discrete-element numerical simulations. A thorough analysis of the evolution of multi-
scale mechanical properties as approaching sample macroscopic instability is performed. Spatial
correlations operating within the shear stress and strain fields are analyzed by means of a coarse-
graining analysis. The divergence of correlation lengths is reported on both shear stress and strain
fields as approaching the transition to sample instability. We thus show that the crossover from
a quasi-static regime where the sample deforms infinitely slowly to a dense flow regime, where
inertial forces play a significant role, can be interpreted as a critical phase transition. At this

transition, no shear band of characteristic thickness can be defined.

Copyright © EPLA, 2013

Introduction. — The mechanical behavior of granu-
lar materials is of wide concern, from natural hazard
to engineering applications. However, the evolution of
properties towards the flowing instability is still partially
understood. For assemblies of non-frictional, hard (non-
deformable) and spherical particles submitted to a macro-
scopic shear stress, the concept of jamming [1] provides a
powerful framework to understand the onset of granular
flow. Force chains, i.e. heterogeneous distributions of con-
tact forces on a scale much larger than the typical particle
size, allow assemblies of non-frictional particles to exhibit
jammed states [2]. These jammed states correspond to
assemblies resisting small stresses without irreversible de-
formation, i.e. to assemblies that exhibit a macroscopic
friction inherited from cooperative effects, whereas un-
jammed states are associated to irreversible flow under
any applied shear [3,4]. The jamming transition for such
spheres is controlled by the critical packing fraction ¢ [1].

(a) Present address.

Here we investigate the transition of granular assem-
blies toward macroscopic instability in a different situa-
tion. Elastically deformable and frictional disks are loaded
under multi-axial compression. This compressive loading
situation is relevant when studying geophysical instabili-
ties such as the mechanics of granular gouges within fault
zones or the dynamics of landslides. In the 2-dimensional
configuration we consider, multi-axial loading consists in
increasing the axial stress o; while keeping the radial
stress o3, i.e. the confining pressure, constant (see fig. 1).
Doing so allows sample shearing, as the deviatoric stress
T = 01 — 03 is continuously increased.

The differences between this configuration and classi-
cal ones used to study jamming [1] are twofold. First,
in assemblies of frictional grains, the parameter that con-
trols whether the grain assembly behaves as a jammed
or an unjammed state is the fraction of grains that carry
forces, named non-rattler grains, rather than the pack-
ing fraction [5]. Second, instead of keeping the sam-
ple volume constant during mechanical testing, the
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Fig. 1: (Color online) Multi-axial loading configuration on a
sample made of 225 grains. Empty circles correspond to sample
replication.

compressive loading conditions considered here involve a
confining pressure that prevents the non-rattler-grain frac-
tion from evolving freely. As a consequence, a percolating
strong force network remains in the flowing phase, called
the dense flow regime [6].

To investigate the behavior of geomaterials at the ap-
proach of macroscopic instability under these compressive
multi-axial conditions, laboratory experiments have been
previously conducted on either continuous rocks [7,8] and
discrete materials such as sand [9] or synthetic analogous
media [10]. In continuous materials, the bifurcation theory
has been widely used to describe the macroscopic insta-
bility. This theory considers a transition from homoge-
neous to heterogeneous deformation materialized by the
creation of a perennial macroscopic shear band of char-
acteristic thickness, spanning the whole sample [11,12].
Within granular materials, either in experiments [9] or in
simulations [13], deformation fields computed over large
macroscopic strain windows in the vicinity of macroscopic
instability also show perennial shear bands, with a possible
characteristic size. On the other hand, by considering rela-
tively small temporal scales under similar loading configu-
rations, other studies report heterogeneous and long-range
correlated kinematics of quasi-static granular flow [14,15].
At which temporal and spatial scales and at which stage
of the loading does the granular assembly deform homoge-
neously? What are the relevant key features of the stress
and strain fields associated to the onset of macroscopic
instability? Here we investigate this problem using nu-
merical simulations. We thoroughly quantify the hetero-
geneity of stress and strain fields at the approach of the
transition from a quasi-static regime, where the sample
resists to the applied stress by deforming infinitely slowly,
to a dense flow regime, where inertia comes into play.

Simulation setting. — The numerical simulations
we conduct use the molecular-dynamics discrete element
method [16]. Two-dimensional granular assemblies of a
number N, of frictional circular grains are considered.
To characterize sample size effects [17], 320 simulations
with Ny = 2500, 80 simulations with N, = 10000 and 20
simulations with N, = 45000 have been performed. The
results presented here concern 10000 grains samples. The

grains areas are uniformly distributed. The largest grain
diameter D,,q; is set such that D,,.. = 3D . Grains
interact via linear elastic laws and Coulomb friction
when they are in contact [18]. The normal contact
force f, is proportional to contact interpenetration § via
fn = kn x 0§, where k, is the normal contact stiffness
coefficient. The tangential component f; of the contact
force is proportional to the tangential elastic relative dis-
placement, with a tangential stiffness coefficient k; = k,.
Neither cohesion nor rolling resistance is considered at
grain contacts. The Coulomb condition |fi| < fmicrofn,
where ficr0 18 the grain friction coefficient, requires an
incremental evaluation of f; every time step, which leads
to some amount of slip each time one of the equalities
ft = Tlmicrofn 18 reached. A normal viscous component
opposing the relative normal motion of any pair of grains
in contact is also added to the elastic force f,, to obtain
a damping of the dynamics.

The simulation procedure is divided into two steps.
First, the granular assembly is built by performing an
isotropic compression of dilute frictionless grains sets.
This method builds dense and highly coordinated initial
packings, characterized by a packing density of ¢; ~ 0.85
and a backbone coordination number of 2z = 4, where
z} is expressed as z7 = 2N./(Nyg(1 — xz0)) [19], N.
being the total number of contacts and xy the fraction
of rattlers grains. Second, multi-axial compression tests
are conducted using fmicro = 1. We perform the exter-
nal mechanical loading on the grain assembly by using
periodic boundary conditions [16]. A rectangular, peri-
odic, simulation cell is defined by writing the linear op-
erator h as h = (hm 0

0 hy
to the size of the cell period in the radial and axial di-
rection (see fig. 1). Then, stresses are applied solving for
the dynamic equations of motion of h by ensuring that
the internal stresses computed over the whole grain as-
sembly following eq. (1) (see below) are equal to the pre-
scribed external stresses o7 and o3. We increase the axial
stress o1 at constant rate by imposing a stress increment
/525,
where M., is the mass of the lightest grain. This stress
control loading mode avoids stress relaxations and asso-
ciated feedbacks that would be obtained under strain-
controlled loading, i.e. adjusting do!" in order to axially
deform at constant rate é;, where e; is the axial defor-
mation. In this stress-controlled case, stress and strain
localization structures develop freely. We keep the confin-
ing pressure o3 as constant and sized by setting the con-
tact stiffness k = k;, /o3 equal to 1000 [16]. While chosen
relatively low to ensure moderate computational times,
this value of contact stiffness remains relevant for applica-
tions in geophysics and engineering mechanics. Within the
Earth’s crust, wave speeds [20] suggest k-values of approx-
imately 10® from hundreds of meters to several kilometers
depth. Moreover, compression experiments performed on

, where h, and h, correspond

doy" at each discretization time interval ¢, =
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Fig. 2: (Color online) Macroscopic response of a 10000 grains
sample compressed at constant stress rate doi” = 1.10 ®os.
The inertial number I and the sample surface variation AS/So
are defined in the main text. Color dots correspond to color
lines in figs. 4 (top) and 5 (top). Dashed lines indicate the limit
between quasi-static and dense flow deformation regimes.

assemblies of glass beads of approximate Young’s modu-
lus E = 70 GPa submitted to 100 kPa of confining pressure
lead to a k-value of 700.

Results. —

Macroscopic behaviour.  Figure 2 shows the macro-
scopic response of a granular sample loaded using
§oi" = 1.107%5. The inertial number I quantifies the
ratio between inertial forces and imposed forces and is
defined as I = é1y/m/o3 [16], where T is the average
grain mass. Initially,  is of the order of 1075-107° (see
fig. 2(a)). As 7 increases towards 205, while undergo-
ing fluctuations associated to plastic events, I remains
lower than 104, which is often considered an upper bound
for quasi-static conditions [16,21]. Hence, in the range
0 < 7 < 203, the sample undergoes quasi-static defor-
mation. At values of 7 larger than 7. ~ 203, [ in-
creases by several orders of magnitudes, reaching values
of about 1073-102. This drastic change in I-values de-
fines the macroscopic instability and the transition to a
dense flow regime, where inertial forces become significant.
Figure 2(b) shows the surface change of the granular as-
sembly AS/Sy = W, where 0 and 1 denote
the initial and current comg'iguration. Sample contraction
is observed in the early stages of mechanical testing and
essentially results from contacts elasticity, as it would not
be observed in the limit of rigid grains [22]. Sample di-
lation irreversibly occurs after the maximum contraction
and the dense flow transition observed at 7. ~ 203 occurs
at packing fractions larger than the initial one.

The critical shear stress value 7. &~ 203 materializes the
softening of the granular assembly, as it corresponds to
a macroscopic friction coefficient of piecro =~ 0.5 that is
significantly smaller than the friction piero = 1 consid-
ered at the grain scale. While macroscopic hardening
can be associated to the non-zero macroscopic friction
obtained for an assembly of frictionless circular parti-
cles submitted to a similar compressional loading [3], the
assemblies of frictional particles herein considered show a
reverse behaviour, characterized by macroscopic softening.
In the present configuration, collective effects and struc-
tural rearrangements generate weak zones whose spatial
extent that are much larger than the particle size grows
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Fig. 3: (Color online) Left: Delaunay (top) and modified
Voronoi (bottom) tesselations for a polydisperse granular ma-
terial. Right: coarse-graining analysis on a 2500 grains sample.

towards the macroscopic instability. Inelastic deformation
and flow concentrate within these weak zones, resulting
in a macroscopic softening. The quantification of these
effects towards the macroscopic instability through the
analysis of stress and strain fields is the backbone of this
manuscript.

Multi-scale analysis. ~ We first characterize the stress
field by quantifying the spatial extent of stress concentra-
tion regions using a coarse-graining analysis [23,24]. An
average shear stress rate (7) (see footnote ) is computed
at different stages of mechanical testing (cf. color dots
in fig. 2) over a time window 7" and over a broad range
of spatial scales L, ranging from the micro-scale corre-
sponding to mesh size (see fig. 3 (left)), to the macro-scale
corresponding to sample size. Subsystems of the granular
assembly are selected by defining square boxes of size W
(see fig. 3 (right)). Grains are considered to belong to a
given subsystem if their mass centers are included in the
box of size W. For a given box of size W, the actual area
spanned by the mesh associated to the selected grains as-
sembly slightly differs from the area of the box W?2. This
difference is due to the irregularity of the contour of the
mesh at the boundary of the domain. Thus, for a set of
Npor boxes of size W, we define the average scale L as
L= ﬁ ZkN:bf Ly, where Ly, is the scale associated to the
box number k, computed as the square root of the sum of
mesh element surfaces. The smallest subsystem of average
size L = 1.1D,,,4, shows a maximum standard deviation of
Ly-values of 0.2D 4, for the Voronoi triangulation used to
compute stresses and of 0.13D,,,,, for the Delaunay trian-
gulation used to compute strains (see fig. 3). No overlap
of scales Lj occurs through successive values of W. For
a given assembly of grains included in the box number k,
the stress tensor is computed over all contacts carried by
each grain using [25], i.e. writing

koL

i T 2 ZZ(rfk

kgk Ck

o (1)

— T;-qk )fjgkck ’

IThe invariant x, where = represents 7 for the shear stress or v
for the shear strain, is computed as x = x; — x 7, where x; and zjy
are the principal components of the stress or strain tensor.
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Fig. 4: (Color online) Multi-scale analysis performed on the
shear stress rate field 7. A selection of corresponding fields is
shown on the right side: an arbitrary color scale (not shown)
has been chosen for each snapshot. Top: (7) vs. L for decreas-
ing values of A. Configuration locations on the stress-strain
curve are shown in fig. 2. The timescale T is used to compute
values of (7). The inset displays data collapse with respect
to A (eq. (2)). We find v = 1.3, C = 0.5 and § = 1. Bot-
tom: (7) vs. L at A = 0.005 when increasing the timescale ¢
from ¢t = T to t = 167T. For graphical convenience, all com-
puted values have been normalized by the ones computed at
the micro-scale.

where f7** is the j-th component of the contact force ex-
erted on grain gj at contact ¢y, r;* is the i-th component
of the position vector of ¢, and r?* is the i-th component
of the position vector of the mass center of grain gi. The
stress rate tensor is obtained by differentiating the stress
tensor components calculated at two successive configu-
rations. These successive configurations are selected in
time and separated one from the other by a time interval
T = \/Wg x 100 X t, that corresponds to the travel time
of elastic waves through the whole sample [17].

Figure 4 (top) shows the results of the multiscale analy-
sis performed on the stress rate field from the early stages
of biaxial testing up to 7. &~ 203. Curves are selected with
respect to the control parameter A defined as A = ===,
At the early stages of macroscopic deformation, i.e. “at
large values of A, and at small spatial scales, (7) de-
creases as L increases. Moreover, for L-values larger than
a crossover scale ¥, (7) remains constant. We conclude
that associated shear stress rate fields are heterogeneous
for | < IZ and homogeneous for [ > [*. Associated fields
provided on the right-hand side of fig. 4 illustrate the con-
nection between [ and the size of spatial zones of stress
concentration. For A = 0.42, the stress rate field shows
a roughly homogeneous pattern at large spatial scales,
i.e. scales larger than [F ~ 3D, in that case, while
the region of stress localization observed on the top-left

part of the snapshot exhibits a spatial extent of the or-
der of IZ &~ 3D,q, that corresponds to the crossover scale
of the associated curve. We interpret [ as the correla-
tion length [24]. As macroscopic deformation proceeds, I
grows until reaching the size of the system at 7.. At that
point, a power law scaling (7) ~ L™~ is observed over the
entire scale range, with p, = 0.38. We verified using vari-
ous sample sizes that the cut-off remaining on the scaling
at A — 0 is a finite-size effect [17]. At 7 = 7., large and
strongly localized structures characterize the shear stress
rate field (see snapshot at A = 0.005). These scalings
suggest a progressive structuring of the stress rate field as
approaching the transition to the dense flow regime. We
report an associated divergence of the correlation length
I* by performing a collapse analysis (inset of fig. 4 (top))
and formulating that [* = [* diverges as

L(S

where L, is the square root of the sample area and
v =v; = 1.3+ 0.1 is the exponent of divergence. The
parameters ¢ and C' characterize the finite-size effect [17].
The divergence of IX ~ A7 at A — 0 is confirmed from
a similar analysis performed on other moments (77) of
the shear rate [17], revealing the multi-fractality of the
shear rate field at the critical point. These particular fea-
tures of the shear stress rate field are only observed at the
specific timescale t = T, that corresponds to the travel
time of elastic waves. At increasing timescales, i.e. for
t > T, the departure from the power law scaling observed
in fig. 4 (bottom) denotes a progressive homogenization of
the shear stress rate field, materialized by the decrease of
I* as t increases (see also the associated snapshots). We
interpret the multi-scale properties of the shear stress rate
field observed at t = T to be associated to stress concentra-
tion events occurring simultaneously to the propagation of
elastic information throughout the sample, which operates
by means of elastic waves. The loss of scaling properties
reported beyond this time, i.e. for ¢ > T, implies that
the multi-scale localization structures observed at t = T
have little memory, limited to the travel time of an elas-
tic wave. In other words, the loss of scaling properties at
t > T is explained by the superposition of several stress
concentration events operating at t = T', but uncorrelated
in time one with the successive other.

We then investigate whether similar features character-
ize the shear strain field. A Delaunay triangulation is per-
formed on the grain centers of the non-rattler-grains set
(fig. 3). The partial derivatives are computed at the mesh
scale as €; = 1/2(0u;/0z; + Ou;/0x;), where (uy,us)
and (x1,x2) are, respectively, the incremental displace-
ments and spatial coordinates of grain centers. By av-
eraging the partial derivatives, an average value of the
shear strain rate is computed at increasing spatial scales
L using the coarse-graining analysis exposed previously.
Using the constant timescale t = T to compute displace-
ment rates, the correlation length associated to the shear

l*
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Fig. 5: (Color online) Multi-scale analysis performed on the
incremental shear strain field 6. A selection of corresponding
fields is shown on the right side: an arbitrary color scale (not
shown) has been chosen for each snapshot. Top: (6v) vs. L
for decreasing values of A towards the critical point. The de-
formation scale de; = dep = 1.107° is used to compute values
of (0v). The inset displays data collapse with respect to A
(eq. (2)). We find vy = 1.3, C = 0.5 and § = 1. Bottom: ()
vs. L at A = 0.005 when increasing de1 from de; = Jep to
d€r = 329¢p. The inset displays data collapse with respect to
&= % (eq. (3)). We find o, = 0.4. For graphical conve-
nience, all computed values have been normalized by the ones
computed at the micro-scale.

strain rate field does not diverge as approaching the tran-
sition to the dense flow regime (not shown). Thus, the
structure of the strain rate field does not form simulta-
neously in time with the stress rate field, which would
be the case if one considered only the elastic component
of the strain. Here, for N, = 10000, approximately 10
stress increments are prescribed during the propagation
time of an elastic wave throughout the sample. Hence,
a multitude of contacts, in our case about 5% of the
whole contact network, are sliding although elastic infor-
mation does not have time to travel across the entire sam-
ple. However, a progressive structuring of the shear strain
field is observed when computing the scaling of the in-
cremental shear strain (§v) for constant macroscopic de-
formation windows de; = ¢, = 1.107°. The divergence
of the correlation length [ as approaching the transition
to the dense flow regime is reported on the incremental
shear strain field in fig. 5. This divergence is similar to
the one observed on the shear stress rate field, as we find
vy = v, = 1.3 (eq. (2)). For larger macroscopic deforma-
tion windows de; > de,, the deformation field no longer ex-
hibits multi-scale properties and /5 continuously decreases
as de increases. This observation is in agreement with the
study of [14], who reported a narrowing of the fluctuation

Fig. 6: (Color online) Susceptibility analysis performed in the
quasi-static region on the sliding contacts belonging to the ma-
jor (red curves) and minor (black curves) network. The vertical
dashed line indicates the deformation value de, = 1.107°.

velocity distributions at increasing timescales. As the ma-
terial softens when 7 increases (see fig. 2(a)), the time of
integration associated to the constant deformation win-
dow de; = d€, decreases when approaching the dense flow
transition. This time can be either smaller or larger than
the travel time T of an elastic wave, depending on the
imposed loading rate do". All the presented scalings are
indifferently obtained for loading rate values do'" smaller
than do}" = 1.107%. For larger values of do|", the diver-
gence of the correlation length is no longer observed [17].
In that case, the mechanical behavior of the granular as-
sembly is related to a dense flow regime from the initial
stages of deformation, attesting that the scalings reported
in this study are associated to the transition from quasi-
static to dense flow regimes of deformation. Interestingly,
de; = Je, remains equal to 1.107° whatever the loading
rate considered, suggesting that a given, constant, amount
of plastic activity has to operate in order to observe multi-
scale properties within the incremental shear strain field.

To better understand the role of plastic activity in set-
ting the characteristic value de,, we perform a four-point
dynamic susceptibility x4 analysis on the inter-particles
contact network [26,27]. From an “initial” contact config-
uration selected at an axial deformation €™, we compute
the self-overlap order parameter Qi (de1) = N% Zf";l w,
where N, is the number of the non-sliding contacts of
the initial configuration and w; is a step-function cutoff
that equals 1 if no sliding event occurred at contact i over
the deformation window ei™ — €t 4+ §e;, and 0 other-
wise. The first two moments Q(de1) = (Qcyu(de1)) and
Xa(de1) = Ne[(Qepe(d€1)?) — (Qepi (9€1))?] of Qeinn(der)
(calculated from sample-to-sample fluctuations) are com-
puted for initial configurations selected at the previously
used A-values, i.e. within the quasi-static region (7 < 7).
This analysis evaluates the number and the associated spa-
tial heterogeneity of sliding events that occur as the ax-
ial deformation increases. As no significant variations of
Q(0€1) and x4(de1) are observed with respect to A, fig. 6
shows the average functions (Q(de1)) and (y4(de1)) com-
puted over all the values of A. Major and minor force
networks, defined by selecting contact forces larger and
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smaller than the average force, are considered separately.
By construction, (Q(de1)) is initially equal to 1. As deq
increases, (Q(dey)) decreases but never reaches 0, as about
35% (respectively, 55%) of the contacts of the minor (re-
spectively, major) network never slide. These non-sliding
contacts associated to the remaining rigid bodies illustrate
the localization of permanent deformation. At low values
of 8e1, (xa(der)) increases as (y4(de1)) ~ d¢? with = 1.8.
This increase results from the nucleation of spatially corre-
lated events of contact sliding. As de; exceeds the thresh-
old value de, = 1.107°, (x4(de1)) saturates. Thus, at
de, = 1.107°, i.e. when multi-scale properties are ob-
served on the shear deformation field (see fig. 5), all the
spatially correlated contacts located close to the Coulomb
criterion, i.e. susceptible to slide, have been destabilized.
At this stage, only 4% (respectively, 3%) of contacts have
slid in the minor (respectively major) network.

Conclusion. — We have shown that, in dense granular
assemblies, stress and strain fields are both characterized
by a growing correlation length that diverges as approach-
ing the onset of macroscopic instability. This instability
can therefore be identified as a critical point. A similar
behavior has recently been reported in compressive failure
of continuous materials [24,28]. Herein, this behavior is
observed as long as the macroscopic instability is reached
in the quasi-static regime. On the reverse, the critical be-
haviour is no longer observed for imposed loading rates
large enough so that the inertial number is larger than
10~ before the instability [17]. We interpret these stress
and strain specific structures as resulting from dynamic
stress redistributions induced by the local dissipation of
elastic energy, materialized by contact sliding. These fea-
tures can only be observed for characteristic timescales for
stresses, and characteristic macroscopic strain increments
for strains. These characteristic timescales may be sensi-
tive to varying initial packing properties, such as, for ex-
ample, low coordinated and/or loose initial samples. This
sensitivity has not been investigated in this study.

The last question that arises is whether a limit in de-
creasing correlation length [7 is reached at A — 0 for
values of de; much larger than de,. If so, this limit value
observed on the shear strain field would characterize the
thickness of a perennial macroscopic shear band poten-
tially formed at the onset of instability. We hypothesize
that, close to the critical point (A — 0), I3 varies as

LS
5 G e )

Ser—de,
where I = 22—
€p

with respect to II. This hypothesis is tested from a col-
lapse analysis (inset of fig. 5). We find ay = 0.4, mean-
ing that I, keeps decreasing as the considered deformation
window size de; increases. Thus, no intrinsic scale of sat-
uration, potentially associated to a shear band thickness,
is identified at the onset of macroscopic instability.

and a is the exponent of divergence

X K X
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