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Abstract

We present theory and numerical simulations to model seismic wave propagation in the Earth crust. We compare them to

observations made in Mexico. � 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The seismic coda refers to the pronounced exponen-
tial time tail observed in the seismograms of regional
earthquakes in the frequency band 1–10 Hz, reaching the
level of seismic noise after sometimes more than 10 times
the travel time of direct waves. Many recent studies have
made an attempt to relate physical properties of the
Earth lithosphere to the observed regional seismic coda.
This relation is suggested by the observational fact that
the time decay coefficient of the energy in the seismic
coda, the coda Q factor, is seen to be a regional constant
[1,2], dependent on frequency, but largely independent
on details of the seismic source, such as distance, depth,
magnitude and orientation. Whereas early work [1,3,4]
tried to model the coda as singly scattered waves in a
uniform space, recent numerical studies suggested the
importance of multiple scattering [5–8]. Coda signals
often extend to more than 200 s, and their possible in-
terpretation as a genuine multiple scattering phenome-
non is in order. The recognition of multiple scattering
would facilitate the application of many ‘‘mesoscopic
tools’’, developed in the last decennium in condensed

matter physics, optics and acoustics [9] in the under-
standing and modeling of seismic data, with the ultimate
goal to do the inverse problem.

Several phenomena studied in ultrasonics, such as
equipartition [10], coherent backscattering [11] and
‘‘ultrasonics without a source’’ [12], are now under ac-
tive study in seismology.

2. Modelisation of seismic multiple scattering

Our first challenge is to come to a quantitative model
for the characteristic decay of the seismic coda, and to
see if multiple scattering can explain the observed de-
cays. Empirically, the elastic (kinetic) energy measured
after an earthquake is described by the formula [1]

qðtÞ � 1

tn
exp

�2pft
Qc

� �
; ð1Þ

where n is a number between 1 and 2, f is the frequency,
and Qc an empirical parameter that quantifies the coda.
The latter is known to be largely independent of loca-
tion, distance and magnitude of the earthquake and is
therefore believed to be a local characteristic of the
Earth crust. It depends on frequency and also varies a
lot across the Earth [13,14], typically between 50 and
1000.

The physical interpretation of Qc and its relation to
scattering and intrinsic absorption of the lithosphere are
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still actively debated [5,15,16]. We have developed a
Monte-Carlo program that calculates the scattering of
acoustic waves from small random impurities, treated in
the Born approximation [17]. We confined the scatterers
in a geometry that is known to be relevant for seismic
wave propagation in the frequency band 1–20 Hz (Fig.
1): A heterogeneous crust having a depth of roughly 30
km, overlying a rather homogeneous mantle, covered by
a free surface. The wave speeds are higher in the mantle
than in the crust (by a factor of roughly 1.4), implying
the possibility of guided waves [18].

For an ‘‘optically thick’’ crust, i.e. when its mean free
path is smaller than its depth H � 30 km, multiple
scattering can be modeled by a diffusion equation [17],

otqðr; tÞ � Dr2qðr; tÞ þ 1

sa
qðr; tÞ ¼ Kdðr� r0ÞdðtÞ; ð2Þ

where sa is the absorption time and D ¼ 1
3
v‘	 is the dif-

fusion constant in terms of the (dominating S) wave

velocity, and the transport mean free path ‘	. At large
lapse time the solution of the diffusion equation, sup-
plied by the boundary conditions is simply,

qðr; tÞ � 1

Dt
exp

�
� r2

4Dt

�
exp

�
� Dtn2

0

H 2
� t

sa

�
; ð3Þ

with n0 the smallest root of the eigenvalue equation
n tan n ¼ H=z0‘	, where z0 � 1 for the Moho.

The resemblance of this solution to the empirical re-
lation (1) is striking. It is consistent with n ¼ 1 and
suggests the following expression for the Coda Q,

1

Qcðf Þ
¼ Dn2

0

2pfH 2
þ 1

Qi

: ð4Þ

The first term on the right hand side represents the
‘‘leakage’’ of energy into the mantle, hindered by in-
ternal reflection and multiple scattering. The second
term stands for the intrinsic inelastic effects, with
Qi 
 2pf sa. Since the absorption of elastic energy per
cycle T ¼ 1=f is likely to be a constant, Qi depends only
weakly on frequency. Eq. (4) suggests that inelastic ef-
fects dominate the physics of Coda Q at high frequen-
cies. At smaller frequencies, scattering dominates, and
observations suggest that Qc � f . This would imply a
frequency-independent diffusion constant, consistent with
small fluctuations with a correlation length large com-
pared to the wavelength (the so-called Rayleigh–Gans
regime). An amusing, so far non-observed feature of Eq.
(2) is that the diffuse maximum propagates along the
surface with the subsonic velocity vD ¼ 2

3
v‘	=H .

The above analysis, and hence Eq. (4), hold only in
the diffuse regime ‘	 < H . Nevertheless, our simulations

Fig. 1. Geometry for which the radiative transfer equation is solved.

Fig. 2. Numerical solution for the inverse coda quality factor 1=Qc at 1 Hz of acoustic waves in a crust of depthH, as a function of its mean free path

‘	. A velocity contrast vM=vC ¼ 1:35 between mantle and crust has been adopted.
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have confirmed their validity for all values for ‘	=H ,
though with the first term modified. Fig. 2 shows the
numerical solution for Qc of the full (acoustic) radiative
transfer equation without absorption. For small mean
free paths, the diffusion approximation applies and 1=Qc

increases with increasing mean free path, i.e. with de-
creasing heterogeneity. For large mean free paths the
opposite occurs: 1=Qc decreases with mean free path. In
this regime, the coda is caused by leakage of energy
limited by the rate with which guided modes are singly
scattered into ‘‘leaky’’ modes who, for a velocity mis-
match 1.32 at the Moho, disappear on a rapid time scale
H=v. Hence in this regime,

1

Qc

� 1

2pf sG
þ 1

Qi

; ð5Þ

with sG � v‘ the extinction time of guided waves.

3. Observations of coda in Mexico

We have considered a data set of 45 local earthquakes
[19], with a maximum epicentral distance less than 50
km, recorded at stations CAIG, HUIG, PNIG and
ZIIG of the Mexican broad-band network [20], located
along the Mexican coast. All events showed a clear ex-
ponential coda decay, obeying the law (1).

Fig. 3 shows the observed parameter 1=Qc as a
function of frequency, showing it to decay roughly as
1=f at small frequencies, before it saturises at larger
frequencies. This can be explained by the relation (4), if
one assumes, quite reasonably, that Qi is independent of
f, and that the mean free path varies slowly in this re-
gime (dashed lines). For Qi ¼ 1000, H ¼ 30 km, and the
observed value Qc ¼ 240 at f ¼ 1 Hz, Eq. (4) provides
‘	 � 20 km, which would put the Mexican crust well in
the multiple scattering regime. Note that Fig. 2 excludes
a Moho depth H > 30 km.

4. Equipartition of seismic waves

One of our main challenges was to find a model-
independent confirmation of the pertinence of multiple
scattering. To this end, we have investigated the prin-
ciple of equipartition [10,21–23], based on the fact that
multiple scattering tends to homogenize phase space: the
spectral energy density at a specified frequency, origi-
nally distributed in phase space in a fashion that largely
depends on the nature of the source, eventually becomes
uniform. Although a genuine consequence of multiple
scattering, equipartition has the remarkable property to
be independent of the unknown fluctuations that cause
the scattering.

If u(r,t) is the local, time-dependent displacement
vector in some small frequency band, it can be expanded

into the eigenfunctions un of the elastic medium with
eigenfrequency xn,

uðr; tÞ ¼
X
n

ene
�ixntunðrÞ ð6Þ

In the presence of disorder, all modes get mixed
and the en become time-dependent random variables.
The simplest way of expressing equipartition is that
the average heni ¼ 0 and that hene	mi ¼ r2ðtÞdnm [24]. It
can easily be verified that this statement implies an
‘‘equipartition’’ of elastic energy (7) among the different
modes.

Fig. 3. Observed values for Qc at different stations, as a function of

frequency. Dashed lines show the predictions of multiple scattering

theory, for two different depths of the Moho, assuming a constant

absorption Qi ¼ 1000, and different mean free paths.
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The total elastic wave energy density is given by [25]

W ðr; tÞ ¼ 1

2
qðotuÞ2 þ

1

2
ðk þ 2lÞðdivuÞ2 þ 1

2
lðcurluÞ2 þ I :

ð7Þ

Here q denotes the mass density. In our study, the Lam�ee
coefficients k and l of the strain–stress tensor are as-
sumed constant and equal in the Earth’s crust. The
different terms represent, respectively, kinetic (K), com-
pressional (P), and shear (S) energy density. The last
term (I) is an interference term involving cross-terms of
the kind oiujokul that only persists near boundaries. We
also investigated the ratio of kinetic energies u2i for
elastic displacements in different directions.

The derivatives ‘‘div’’ and ‘‘curl’’ discriminate be-
tween transverse and longitudinal displacements. The

aperture array used by us, a 50 m side square [26], was
temporarily set up close to the city of Chilpancingo
(Mexico). The high seismic rate in Mexico made it
possible to record, during the three months of the ex-
periment, a series of local earthquakes with magnitudes
between 4 and 5, and a spread of roughly 300 km in
epicentral distance. The three vertical derivatives ozui
were deduced from the measured two horizontal partial
derivatives by imposing the stress free condition at the
local Earth surface.

In the regime of seismic coda, all energy ratios satu-
rise until the signal-to-noise level is reached [27]. The
first arrivals were also investigated but their energy ra-
tios were seen to exhibit very large fluctuations. Fig. 4
show that the measured energy ratios are roughly the
same for all 12 sources, in spite of their large variations

Table 1

Observed averaged energy ratios (in the frequency range 1–3 Hz, with standard deviation) compared to theory [27]a

Energy ratio Data Exact theory Theory (z ¼ 0)

z ¼ 0 z ¼ 0 z ¼ 1
2
k z ¼ 1 Rayleigh only Bulk only

S=P 7.47� 0.57 7.19 6.76 10.39 6.460 9.76

K=ðS þ P Þ 0.59� 0.12 0.534 1.03 1 0.268 1.19

I=ðS þ PÞ �0.63� 0.02 �0.617 0.334 0 �1.464 �0.336

H 2=V 2 2.38� 0.34 1.774 2.96 2 0.464 4.49

X 2=Y 2 0.6� 0.20 1 1 1 1 1

a The kinetic, compressional, shear and interference contributions to the elastic energy in Eq. (7) are denoted by K, P, S and I; H 2 ¼ X 2 þ Y 2

denotes the kinetic energy involved in the horizontal motion, V 2 the one in the vertical motion. The third column is calculated by considering bulk

and Rayleigh waves. It also shows the predicted depth dependence of the ratios. The forth column is calculated by considering the surface Rayleigh

waves only while the last column is calculated by considering bulk waves only.

Fig. 4. Observed time-averaged energy ratios S=P of shear to compressional energy (top right), K=ðS þ P Þ of kinetic to potential energy (top left),

H 2=V 2 of horizontal displacements to vertical displacement (bottom right) and I=ðP þ SÞ surface interference to potential energy. The solid line

denotes the mean value adopted for the ensemble-average. The error bars estimate the standard deviation from their average, which is much larger

than the time-dependent fluctuations around the average for one event.
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in seismic magnitude and distance. Especially the vari-
ation of I=ðS þ PÞ is weak, only 3%. Its non-zero value
indicates the role of mode conversions at the Earth’s
surface.

We interpret the observed time-independent energy
ratios as a sign of equipartition, and will calculate them
for a random Poissonian (k ¼ l) medium, bounded by a
free surface. The values for the infinite medium, hIi ¼ 0,
hKi=hS þ P i ¼ 1 and hSi=hP i ¼ 10:39 [10,22], are in
clear disagreement with the observations. A more real-
istic model should take into account the mode conver-
sions at the Earth’s free surface. In that case all
equipartition ratios oscillate near the free surface and
finally converge towards the bulk values (Table 1).
Apart from the two kinetic ratios (that we will not dis-
cuss here), the values at the surface agree very well with
observations. In particular, Table 1 shows that the
Rayleigh surface waves should participate in the equi-
partition process to come to a quantitative agreement.

What useful information can be retrieved from the
equipartition process? The theoretical expectation is that
it takes typically one mean free time for the modes to
equipartition. As a result, the equipartioning process
should be immediate for receivers at distances r > ‘	

from the source. Fig. 5 shows the equipartition process
obtained from a Monte-Carlo simulation of elastic
waves in a layer geometry, and for an explosion source.
Very near the source, as in Fig. 5, equipartition sets in
after roughly one mean free time (here 35 s).
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la Terre of the INSU/CNRS, the Groupement de Re-
cherches 1847 PRIMA of the CNRS, and the Mexican

CONACYT project J32308-T. We are also indebted to
S.K. Singh, and R. Weaver for their help and support.
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